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Chapter 11

Sensors and Information Spaces

Up until now it has been assumed everywhere that the current state is known.
What if the state is not known? In this case, information regardinghe state
is obtained from sensors during the execution of a plan. This situaticarises in
most applications that involve interaction with the physical worll. For example, in
robotics it is virtually impossible for a robot to precisely know itsstate, except in
some limited cases. What should be done if there is limited informatiaegarding
the state? A classical approach is to take all of the information ailable and try to
estimate the state. In robotics, the state may include both the map ohe robot's
environment and the robot con guration. If the estimates are su cienty reliable,
then we may safely pretend that there is no uncertainty in state informeon. This
enables many of the planning methods introduced so far to be appliedthvlittle
or no adaptation.

The more interesting case occurs when state estimation is altogether awmid
It may be surprising, but many important tasks can be de ned and solvedithout

ever requiring that speci c states are sensed, even though a state space is de ned

for the planning problem. To achieve this, the planning problem iV be expressed
in terms of aninformation space Information spaces serve the same purpose for
sensing problems as the con guration spaces of Chapter 4 did for problertiat
involve geometric transformations. Each information space represeritse place
where a problem that involves sensing uncertainty naturally lives. Succesif
formulating and solving such problems depends on our ability to miulate, sim-
plify, and control the information space. In some cases elegant solut®exist, and
in others there appears to be no hope at present of e ciently solving thenilhere
are many exciting open research problems associated with information spa and
sensing uncertainty in general.

Recall the situation depicted in Figure 11.1, which was also shown ire&ion
1.4. Itis assumed that the state of the environment is not known. Therare three
general sources of information regarding the state:

1. The initial conditions can provide powerful information before any actions
are applied. It might even be the case that the initial state is givenAt the
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Figure 11.1: The state of the environment is not known. The onlynformation
available to make inferences is the history of sensor observations, actichat have
been applied, and the initial conditions. This history becomes thaformation
state

other extreme, the initial conditions might contain no informatian.

2. The sensor observationprovide measurements related to the state during
execution. These measurements are usually incomplete or involve distur-
bances that distort their values.

3. The actions already executed in the plan provide valuable information re-
garding the state. For example, if a robot is commanded to move east (i
no other uncertainties except an unknown state), then it is expected that
the state is further east than it was previously. Thus, the applied aatins
provide important clues for deducing possible states.

Keep in mind that there are generally two ways to use the informatiospace:

1. Take all of the information available, and try to estimate thetate. This is
the classical approach. Pretend that there is no longer any uncertainty i
state, but prove (or hope) that the resulting plan works under reasotde
estimation error. A plan is generally expressed as: X | U.

2. Solve the task entirely in terms of an information spacévlany tasks may be
achieved without ever knowing the exact state. The goals and analysieea
formulated in the information space, without the need to achieve p#cular
states. For many problems this results in dramatic simpli cations. A fan
is generally expressed as: |! U for an information space| .

The rst approach may be considered somewhat traditional and can be hdled
by the concepts of Chapter 8 once a good estimation technique is de ned.oM
of the focus of the chapter is on the second approach, which representsoaverful
way to express and solve planning problems.

For brevity, \information" will be replaced by \I" in many terms. Hence, infor-
mation spaces and information states become I-spaces and I-states, respegtivel
This is similar to the shortening of con guration spaces to C-spaces.

Sections 11.1 to 11.3 rst cover information spaces for discrete state spaces.
This case is much easier to formulate than information spaces for caonibus
spaces. In Sections 11.4 to 11.6, the ideas are extended from discrete stadeep
to continuous state spaces. It is helpful to have a good understanding the
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discrete case before proceeding to the continuous case. Section 11.7 exterels th

formulation of information spaces to game theory, in which mulgile players inter-
act over the same state space. In this case, each player in the game has ita ow
information space over which it makes decisions.

11.1 Discrete State Spaces

11.1.1 Sensors

As the name suggestssensorsare designed to sense the state. Throughout all of
this section it is assumed that the state spaceX, is nite or countably in nite,

as in Formulations 2.1 and 2.3. Asensoris de ned in terms of two components:
1) an observation spacewhich is the set of possible readings for the sensor, and
2) a sensor mapping which characterizes the readings that can be expected if
the current state or other information is given. Be aware that in tle planning
model, the state is not really given; it is only assumed to be given whenoaeling

a sensor. The sensing model given here generalizes the one given in SectioB.9.2.

In that case, the sensor provided information regarding instead of x because
state spaces were not needed in Chapter 9.

Let Y denote anobservation spacewhich is a nite or countably in nite set.
Let h denote thesensor mapping Three di erent kinds of sensor mappings will
be considered, each of which is more complicated and general than the jwes
one:

1. State sensor mapping: In this case,h: X ! Y, which means that given
the state, the observation is completely determined.

2. State-nature sensor mapping: In this case, a nite set, ( x), of nature
sensing actionsis de ned for eachx 2 X. Each nature sensing action,
2 ( x), interferes with the sensor observation. Therefore, the state-
nature mapping, h, produces an observationy = h(x; ) 2 Y, for every
x2 X and 2 ( x). The particular chosen by nature is assumed to be
unknown during planning and execution. However, it is speci ed as partfo
the sensing model.

3. History-based sensor mapping: In this case, the observation could be
based on the current state or any previous states. Furthermore, a nature
sensing action could be applied. Suppose that the current stagekis The
set of nature sensing actions is denoted by (x), and the particular nature
sensing action is ¢ 2 ¢(x). This yields a very general sensor mapping,

(11.2)
in which yy is the observation obtained in stagek. Note that the mapping is

denoted ashy because the domain is di erent for eaclk. In general, any of the
sensor mappings may be stage-dependent, if desired.
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Many examples of sensors will now be given. These are provided to illuge
the de nitions and to provide building blocks that will be used h later examples
of I-spaces. Examples 11.1 to 11.6 all involve state sensor mappings.

Example 11.1 (Odd/Even Sensor)
Y = f0; 1g. The sensor mapping is

Let X = Z, the set of integers, and let

0 if xis even

y=h)=""1 itxis odd. (11.2)

The limitation of this sensor is that it only tells whetherx 2 X is odd or even.
When combined with other information, this might be enough to infethe state,
but in general it provides incomplete information.

Example 11.2 (Mod Sensor) Example 11.1 can be easily generalized to yield
the remainder whenx is divided by k for some xed integerk. Let X = Z, and
letY =f0;1;:::;k 1g. The sensor mapping is

y = h(x) = xmodk: (11.3)

Example 11.3 (Sign Sensor)
mapping is

Let X = Z,and letY = f 1;0;1g. The sensor

y = h(x) = sgnx: (11.4)

This sensor provides very limited information because it only indicatesn which
side of the boundaryx = 0 the state may lie. It can, however, precisely determine
whether x = 0.

Example 11.4 (Selective Sensor) Let X = Z Z, and let (i;j) 2 X denote
a state in whichi;j 2 Z. Suppose that only the rst component of {;j ) can be
observed. This yields the sensor mapping

y=h(@j)=i

An obvious generalization can be made for any state space that is formi&gdm
Cartesian products. The sensor may reveal the values of one or more congs,
and the rest remain hidden.

(11.5)

Example 11.5 (Bijective Sensor) Let X be any state space, and le¥ = X.
Let the sensor mapping be any bijective functioh : X ! Y. This sensor provides
information that is equivalent to knowing the state. Sinceh is bijective, it can be
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inverted to obtain h *:Y !
x = h (y).

A special case of theijective sensoris the identity sensor, for which h is the
identity function. This was essentially assumed to exist for all plannip problems
covered before this chapter because it immediately yields the state. Howe\any
bijective sensor could serve the same purpose.

X. Foranyy 2 Y, the state can be determined as

Example 11.6 (Null Sensor) Let X be any state space, and leY = f0g. The
null sensoris obtained by de ning the sensor mapping af(x) = 0. The sensor
reading remains xed and hence provides no information regarding ¢hstate.

From the examples so far, it is tempting to think about partitioning X based on
sensor observations. Suppose that in general a state mappihgjs not bijective,
and let H (y) denote the following subset oK :

H(y) = fx2 X jy = h(x)g; (11.6)
which is the preimageof y. The set of preimages, one for each 2 Y, forms
a partition of X. In some sense, this indicates the \resolution" of the sensor.
A bijective sensor partitions X into singleton sets because it contains perfect
information. At the other extreme, the null sensor partitionsX into a single set,
X itself. The sign sensor appears slightly more useful because it partitioXs
into three sets: H(1) = f1,2;:::g, H( 1) = f:::; 2 1g, and H(0) = f0Og.
The preimages of the selective sensor are particularly interesting. For bac2 Z,

H (i) = Z. The partitions induced by the preimages may remind those with an
algebra background of the construction of quotient groups via hasmorphisms
[34].

Next consider some examples that involve a state-action sensor mapping.
There are two di erent possibilities regarding the model for the natte sensing
action:

1. Nondeterministic:  In this case, there is no additional information regard-
ing which 2 ( x) will be chosen.

2. Probabilistic: A probability distribution is known. In this case, the prob-
ability, P( jx), that  will be chosen is known for each 2 ( x).

These two possibilities also appeared in Section 10.1.1, for nature aos that
interfere with the state transition equation.

It is sometimes useful to consider the state-action sensor model as a prohigbil
distribution over Y for a given state. Recall the conversion frorR( j )to P(yj )
in (9.28). By replacing by X, the same idea can be applied here. Assume that
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if the domain of h is restricted to somex 2 X, it forms an injective (one-to-one)
mapping from to Y. In this case,

P( ix)

. for the unique such thaty = h(x; ).
Phix)= q y= o)

if no such exists. (11.7)

If the injective assumption is lifted, thenP( jx) is replaced by a sum over all
for whichy = h(x; ).

Example 11.7 (Sensor Disturbance) LetX =27Z,Y=Z,and = f 1,0;1g.
The idea is to construct a sensor that would be the identity sensor if it weneot
for the interference of nature. The sensor mapping is

y=nh(x )=x+: (11.8)

It is always known that jx yj 1. Therefore, ify is received as a sensor reading,
one of the following must be truex =y 1,x=y,orx=y+1,

Example 11.8 (Disturbed Sign Sensor)
= f 1;0;1g. Let the sensor mapping be

Let X = Z, Y = f 1;0;1g, and

y=h(x; )=sgn(x+ ): (11.9)
In this case, ify = 0, it is no longer known for certain whetherx = 0. It is possible
that x = 1orx=1. If x=0, then it is possible for the sensor to read 1, 0, or
1.

Example 11.9 (Disturbed Odd/Even Sensor) Itis not hard to construct ex-
amples for which some mild interference from nature destroys all ofdhinforma-
tion. Let X = Z,Y = f0;1g, and = f0;1g. Let the sensor mapping be

0 ifx+

is even.
y=h0a )= 1 irx+

is odd. (11.10)

Under the nondeterministic model for the nature sensing action, the sensomo-
vides no useful information regarding the state. Regardless of the obssion, it

is never known whetherx is even or odd. Under a probabilistic model, however,
this sensor may provide some useful information.

It is once again informative to consider preimages. For a state-action sem
mapping, the preimage is

H(y)=fx2Xj 9 2 (x)forwhichy=h(x; )g: (11.12)
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Figure 11.2: In each stagek, an observation,y, 2 Y, is received and an action
Uk 2 U is applied. The state,xx, however, is hidden from the decision maker.

In comparison to state sensor mappings, the preimage sets are larger fatest
action sensor mappings. Also, they do not generally form a partition of . For
example, the preimages of Example 11.8 ar&(1) = f0;1;:::9,H(0) = f 1,0;1g,
andH( 1) = f:::; 2, 1;0g. This is not a partition because every preimage
contains 0. If desired,H(y) can be directly de ned for eachy 2 Y, instead of
explicitly de ning nature sensing actions.

Finally, one example of a history-based sensor mapping is given.

Example 11.10 (Delayed-Observation Sensor) Let X = Y = Z. A delayed-
observation sensocan be de ned for some xed positive integei asyyx = X j.

It indicates what the state wasi stages ago. In this case, it gives a perfect mea-
surement of the old state value. Many other variants are possible. Foraxple,

it might only give the sign of the state fromi stages ago.

11.1.2 De ning the History Information Space

This section de nes the most basic and natural I-space. Many others willeb
derived from it, which is the topic of Section 11.2. Suppose that, U, andf have

been de ned as in Formulation 10.1, and the notion of stages has been ded

as in Formulation 2.2. This yields a state sequence;, X, :::, and an action

sequenceus, U,, ::: during the execution of a plan. However, in the current
setting, the state sequence is not known. Instead, at every stage, an obseomt

Yk, iS obtained. The process depicted in Figure 11.2.

In previous formulations, the action spacelU(x), was generally allowed to
depend onx. Sincex is unknown in the current setting, it would seem strange to
allow the actions to depend orx. This would mean that inferences could be made
regarding the state by simply noticing which actions are availabl’ Instead, it
will be assumed by default thatU is xed for all x 2 X . In some special contexts,
however,U(x) may be allowed to vary.

Initial conditions As stated at the beginning of the chapter, the initial condi-
tions provide one of the three general sources of information regarg the state.
Therefore, three alternative types of initial conditions will be dbwed:

1Such a problem could be quite interesting to study, but it will not be considered here.
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1. Known State: The initial state, x; 2 X, is given. This initializes the
problem with perfect state information. Assuming nature actions intdere
with the state transition function, f, uncertainty in the current state will
generally develop.

2. Nondeterministic: A set of states,X; X, is given. In this case, the
initial state is only known to lie within a particular subset of X . This can be
considered as a generalization of the rst type, which only allowed siregjbn
subsets.

3. Probabilistic: A probability distribution, P(x;), over X is given.

In general, let o denote the initial condition, which may be any one of the three
alternative types.

History  Suppose that thekth stage has passed. What information is available?
It is assumed that at every stage, a sensor observation is made. This resultsin
sensing history

(11.12)

(11.13)

Note that the action history only runs to uy 1; if ux is applied, the statexy+; and
stagek + 1 are obtained, which lie beyond the current stagek. By combining the
sensing and action histories, thdistory at stagek is (b 1; ¥«).

History information states The history, (& 1;¥«), in combination with the
initial condition, o, yields the history I-state, which is denoted by . This
corresponds to all information that is known up to stagek. In spite of the fact
that the states, xi, :::, Xk, might not be known, the history I-states are always
known because they are de ned directly in terms of available informatn. Thus,
the history I-state is

k=( ot 1Y) (11.14)

When representing I-spaces, we will generally ignore the problem of nestpayen-

theses. For example, (11.14) is treated a single sequence, instead of a sequence

that contains two sequences. This distinction is insigni cant for the prposes of
decision making.
The history |-state, , can also be expressed as

k=( k 13Uk 13 YK); (11.15)

by noticing that the history I-state at stage k contains all of the information from
the history I-state at stagek 1. The only new information is the most recently
applied action,uy 1, and the current sensor observationy.
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The history information space The history I-space is simply the set of all
possible history I-states. Although the history I-states appear to be dt@ compli-
cated, it is helpful to think of them abstractly as points in a new space. dde ne
the set of all possible history I-states, the sets of all initial conditios, actions,
and observations must be precisely de ned.

The set of all observation histories is denoted a%; and is obtained by a
Cartesian product ofk copies of the observation space:

Y = |Y_Y{i:: \i: (11.16)

Similarly, the set of all action histories isUy ;, the Cartesian product ofk 1
copies of the action spac#.

It is slightly more complicated to de ne the set of all possible initiakconditions
because three di erent types of initial conditions are possible. Ldty denote the
initial condition space. Depending on which of the three types of initial conditions
are used, one of the following three de nitions off o is used:

1. Known State: If the initial state, xi, is given, thenl, X. Typically,
I o = X; however, it might be known in some instances that certain initial
states are impossible. Therefore, it is generally written that, X.

2. Nondeterministic:  If X, is given, thenly, pow(X) (the power set of
X). Again, a typical situation is | o = pow(Xx); however, it might be known
that certain subsets ofX are impossible as initial conditions.

3. Probabilistic: ~ Finally, if P(x) is given, thenly P (X), in which P(x) is
the set of all probability distributions over X .

The history I-space at stagek is expressed as

lk=1lo U1 Yi (11.17)

Each ¢ 2 | ¢ yields an initial condition, an action history, and an observation
history. It will be convenient to consider I-spaces that do not depend ok This
will be de ned by taking a union (be careful not to mistakenly think d this
construction as a Cartesian product). If there areK stages, then thehistory
I-spaceis

Ihist:IO[I 1[| 2[ [l K - (1118)

Most often, the number of stages is not xed. In this casd, s is de ned to be
the union of | over allk 2f0g[ N:

Fhist = Toll 2[1 2] (11.19)

This construction is related to the state space obtained for time-vamg motion
planning in Section 7.1. The history I-space is stage-dependent becaus®rin
mation accumulates over time. In the discrete model, the reference to time
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only implicit through the use of stages. Therefore, stage-dependent |-spacee
de ned. Taking the union of all of these is similar to the state space #t was
formed in Section 7.1 by making time be one axis of the state space. Fbe
history I-space,l it , the stage indexk can be imagined as an \axis."

One immediate concern regarding the history I-spade,s; is that its I-states
may be arbitrarily long because the history grows linearly with te number of
stages. For now, it is helpful to imagind s; abstractly as another kind of state
space, without paying close attention to how complicated each2 | yix may be
to represent. In many contexts, there are ways to simplify the I-space. This the
topic of Section 11.2.

11.1.3 De ning a Planning Problem

Planning problems will be de ned directly on the history I-space, whichmakes it
appear as an ordinary state space in many ways. Keep in mind, howeverattit
was derived from another state space for which perfect state observatiormuld
not be obtained. In Section 10.1, a feedback plan was de ned as a fuectiof the
state. Here, a feedback plan is instead a function of the I-state. Decisions nah
be based on the state because it will be generally unknown during the exeon of
the plan. However, the I-state is always known; thus, it is logicaltbase decisions
on it.
Let k denote aK -step information-feedback planwhich is a sequence (,
2, 15, k) of K functions, ¢ : 1! U. Thus, at every stagek, the I-state
k 2|  is used as a basis for choosing the actiop = ( ). Due to interference
of nature through both the state transition equation and the sensamapping, the

plan terminates.

As in Formulation 2.3, it will be convenient to assume thatJ contains atermi-
nation action, ur. If ur is applied at stagek, then it is repeatedly applied forever.
It is assumed once again that the statg, remains xed after the termination con-
dition is applied. Remember, howeverxy is still unknown in general; it becomes
xed but unknown. Technically, based on the de nition of the historyl-space, the
I-state must change afterur is applied because the history grows. These changes
can be ignored, however, because no new decisions are made aftés applied. A
plan that uses a termination condition can be specied as = ( 1; »;:::) because
the number of stages may vary each time the plan is executed. Using the bist
I-space de nition in (11.19), aninformation-feedback planis expressed as

s ! U (11.20)

We are almost ready to de ne the planning problem. This will requie the spec-
i cation of a cost functional. The cost depends on the histories of states and
actionsu-as in Section 10.1. The planning formulation involves the folldng com-
ponents, summarizing most of the concepts introduced so far in Section 1{s&e
Formulation 10.1 for similarities):
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Formulation 11.1 (Discrete Information Space Planning)

1. A nonempty state spaceX that is either nite or countably in nite.

2. A nonempty, nite action spaceU. It is assumed thatU contains a special
termination action, which has the same e ect as de ned in Formulation 2.3.

3. A nite nature action space( x;u) for eachx 2 X andu 2 U.

4. A state transition function f that produces a state,f (x;u; ), for every
x2X,u2U,and 2 ( x;u).

5. A nite or countably in nite observation spacer .
6. A nite nature sensing action spaceg x) for eachx 2 X.

7. A sensor mappindh which produces an observatiory = h(x; ), for eachx 2
X and 2 ( x). This de nition assumes a state-nature sensor mappings. A
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The cost of a plan  The next task is to extend the de nition of the cost-to-go
under a xed plan, which was given in Section 10.1.3, to the case of iexpect
state information. Consider evaluating the quality of a plan, sohat the \best"
one might be selected. Suppose that the nondeterministic uncertainty issed to
model nature and that a nondeterministic initial condition is gien. If a plan

is xed, some state and action trajectories are possible, and others aretn
It is impossible to know in general what histories will occur; howeverhe plan
constrains the choices substantially. LeH(; o) denote the set of state-action
histories that could arise from applied to the initial condition .

The cost of a plan from an initial condition  is measured usingvorst-case

analysisas n o

G (0= max LOsw)

11.22
(se)2H (5 o) ( )

Note that x includesx, which is usually not known. It may be known only to lie
in X4, as specied by o. Let denote the set of all possible plans. An optimal

state sensor mapping or history-based sensor mapping, as de ned in Section
11.1.1, could alternatively be used.

plan using worst-case analysis is any plan for which (11.22) is rivirized over all
2 and 21y Inthe case of feasible planning, there are usually numerous
equivalent alternatives.

8. A set of stages each denoted byk, which begins atk =1 and continues Under probabilistic uncertainty, the cost of a plan can be measured using

inde nitely.
9. An initial condition ¢, which is an element of annitial condition space, | ¢.

10. A history I-spacel it which is the union oflgand 1 =19 Ux 1 Yy for
every stagek 2 N.

11. LetL denote a stage-additive cost functional, which may be applied to any

pair (%k +1 ; b ) of state and action histories to yield

L1t )= 10 u) + 1e (X 1):
k=1

(11.21)

If the termination action uy is applied at some stagé, then for all i Kk,
Ui = Ut, X; = Xk, and I(x;;ur) = 0. Either a feasible or optimal planning
problem can be de ned, as in Formulation 10.1; however, the plan here
speciedas :I! U.

A goal setmay be de ned asXgs  X. Alternatively, the goal could be expressed
as a desirable set of history I-states. After Section 11.2, it will be seen thtite
goal can be expressed in terms of I-states that are derived from histories.

Some immediate extensions of Formulation 11.1 are possible, but weoid
them here simplify notation in the coming concepts. One extension is tolal
di erent action sets, U(x), for eachx 2 X. Be careful, however, because infor-
mation regarding the current state can be inferred if the action sdfl(x) is given,
and it varies depending orx. Another extension is to allow the costs to depend
on nature, to obtain I(xg; ux; ), instead of [(xx; ux) in (11.21).

expected-case analysis
h i
G (0)=En( o L&) ; (11.23)
in which E denotes the mathematical expectation of the cost, with the probabiljt
distribution taken over H( ; ). The taskisto nd a plan 2 that minimizes
(11.23).

The information space is just another state space It will become impor-
tant throughout this chapter and Chapter 12 to view the I-space asraordinary

state space. It only seems special because it is derived from another state space,

but once this is forgotten, it exhibits many properties of an ordiary state space in
planning. One nice feature is that the state in this special space isaglys known.
Thus, by converting from an original state space to its I-space, we alsonvert
from having imperfect state information to always knowing the sti, albeit in a
larger state space.

One important consequence of this interpretation is that the state &nsition
equation can be lifted into the I-space to obtain ainformation transition function,
f|. Suppose that there are no sensors, and therefore no observations. Irs ttase,
future |-states are predictable, which leads to

ke = Fr (i Ui): (11.24)

The function f, generates y+; by concatenatingux onto .
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Now suppose that there are observations, which are generally unprediaia
In Section 10.1, the nature action 2 ( x;u) was used to model the unpre-
dictability. In terms of the information transition equation, yy+; serves the same
purpose. When the decision is made to applyi, the observationyy.; is not
yet known (just as  is unknown in Section 10.1). In a sequential game against
nature with perfect state information, xx+1 is directly observed at the next stage.
For the information transition equation, yi+; is instead observed, andy+; can be
determined. Using the history I-state representation, (11.14), simply ocatenate
Uk and yy+1 onto the histories in  to obtain ;;. The information transition
equation is expressed as

k1 = 1 (ko Uk Ve )s (11.25)

with the understanding that yy+; plays the same role asy in the case of perfect
state information and unpredictable future states. Even though nate causes
future I-states to be unpredictable, the current I-state is always kown. A plan,

11U, now seems like a state-feedback plan, if the I-space is viewed as a
state space. The transitions are all speci ed by, .

The costs in this new state space can be derived from the original cost func-
tional, but a maximization or expectation is needed over all possible $&s given
the current information. This will be covered in Section 12.1.

11.2 Derived Information Spaces

The history I-space appears to be quite complicated. Every I-state corresmpls
to a history of actions and observations. Unfortunately, the lengthfathe I-state
sequence grows linearly with the number of stages. To overcome this di dly, it
is common to map history I-states to some simpler space. In many appliaatis,
the ability to perform this simpli cation is critical to nding a p ractical solution.
In some cases, the simpli cation fully preserves the history I-space, meanitigat
completeness, and optimality if applicable, is not lost. In other cases, weea
willing to tolerate a simpli cation that destroys much of the structure of the
history I-space. This may be necessary to obtain a dramatic reduction ihé size
of the I-space.

11.21

Consider a function that maps the history I-space into a space that isrspler to
manage. Formally, let :1ns 'l ger denote a function from a history I-space,
I hist , t0 @ derived I-spacel 4r. The function, , is called aninformation mapping,
or I-map. The derived I-space may be any set; hence, there is great exibility in
de ning an I-map.? Figure 11.3 illustrates the idea. The starting place i$ s ,

Information Mappings

2|deally, the mapping should beonto | 4., ; however, to facilitate some de nitions, this will
not be required.
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Figure 11.3: Many alternative information mappings may be mposed. Each
leads to a derived information space.

and mappings are made to various derived |-spaces. Some generic maggi 1,

2, and 3, are shown, along with some very important kinds, est, | ndget and 1 prop.
The last two are the subjects of Sections 11.2.2 and 11.2.3, respectivédllge other
important I-map is s, Which uses the history to estimate the state; hence, the
derived I-space isX (see Example 11.11). In general, an I-map can even map any
derived I-space to another, yielding : 14 !, for any I-spaced 4er and I 3.
Note that any composition of I-maps yields an I-map. The derived I-gmesl ,

and | 3 from Figure 11.3 are obtained via compositions.

Making smaller information-feedback plans The primary use of an I-map
is to simplify the description of a plan. In Section 11.1.3, a plan gade ned as a
function on the history I-space| st . Suppose that an I-map, , is introduced that
maps froml it 10 | ger. A feedback plan onl 4o isdened as :lg ! U. To
execute a plan de ned onl 4, the derived I-state is computed at each stagle by
applying to toobtain ( «) 21 4. The action selected by is ( ( )) 2 U.

To understand the e ect of usingl g instead of | iy as the domain of
consider the set of possible plans that can be represented olvgy,. Let it and

der b€ the sets of all plans ovel iy and | g, respectively. Any 2 4 can be
converted into an equivalent plan, °2 |, as follows: For each 2| g, de ne
)= ()

It is not always possible, however, to construct a plan, 2 4, from some
92 I . The problem is that there may exist some 1; » 2 | pse for which
Y1)6 q2and (1) = (). Inwords, this means that the plan in pis

requires that two histories cause di erent actions, but in the derived I-sqice the
histories cannot be distinguished. For a plan in 4, both histories must yield
the same action.

An I-map has the potential to collapsel it down to a smaller I-space by
inducing a partition of | ;. For each ger 2 | ger, let the preimage  ( ger) be
de ned as

l( der) =f 21 hist J der = ( )g (11-26)

This yields the set of history I-states that map to 4. The induced partition
can intuitively be considered as the \resolution" at which the historyl-space is
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characterized. If the sets in (11.26) are large, then the I-space is subgtally
reduced. The goal is to select to make the sets in the partition as large as
possible; however, one must be careful to avoid collapsing the I-space sacimu
that the problem can no longer be solved.

Example 11.11 (State Estimation) In this example, the I-map is the classical
approach that is conveniently taken in numerous applications. Supge that a
technique has been developed that uses the history I-state2 | yix to compute
an estimate of the current state. In this case, the I-map iSes; : I hist ! X . The
derived I-space happens to bX in this case! This means that a plan is speci ed
as : X! U, which is just a state-feedback plan.

Consider the partition of | sy that is induced by .. For eachx 2 X, the
set .4(x), as de ned in (11.26), is the set of all histories that lead to the same
state estimate. A plan onX can no longer distinguish between various histories
that led to the same state estimate. One implication is that the abity to encode
the amount of uncertainty in the state estimate has been lost. For exarg it
might be wise to make the action depend on the covariance in the estireadf
x; however, this is not possible because decisions are based only on the estima
itself.

Example 11.12 (Stage Indices) Consider an I-map, swge, that returns only

the current stage index. Thus, sage( k) = k. The derived I-space is the set

of stages, which isN. A feedback plan on the derived I-space is specied as
: N ! U. This is equivalent to specifying a plan as an action sequence,

the original case of planning without feedback, which is also refereéal as an
open-loop plan.

Constructing a derived information transition equation As presented so
far, the full history I-state is needed to determine a derived |-state. Iltmay be
preferable, however, to discard histories and work entirely in the derivdespace.
Without storing the histories on the machine or robot, a derived iformation

transition equation needs to be developed. The important requiremenh ithis

case is as follows:

If « is replaced by ( k), then ( x+1) must be correctly determined
using only ( k), Uk, and Yi+1 -

Whether this requirement can be met depends on the particular I-map. An-
other way to express the requirement is that if ( ) is given, then the full history

does not contain any information that could further constrain ( x+1). The
information provided by is sucient for determining the next derived I-states.
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Figure 11.4: (a) For an I-map to be su cient, the same result must be rezhed in
the lower right, regardless of the path taken from the upper left. (bYhe problem
is that images may contain many histories, which eventually map to multiple
derived I-states.

This is similar to the concept of asu cient statistic , which arises in decision
theory [4]. If the requirement is met, then is called asu cient I-map . One
peculiarity is that the su ciency is relative to | 4, as opposed to being absolute
in some sense. For example, any I-map that maps ontqe, = fOg is su cient
because ( +1) is always known (it remains xed at 0). Thus, the requirement
for su ciency depends strongly on the particular derived I-space.

For a su cient I-map, a derived information transition equationis determined
as

( k+1) = Frger( (k)5 Uk; Vi)t (11.27)

The implication is that | 4 is the new I-space in which the problem \lives." There
is no reason for the decision maker to consider histories. This idea is crudial
the success of many planning algorithms. Sections 11.2.2 and 11.2tBoduce

nondeterministic I-spaces and probabilistic I-spaces, which are two thfe most

important derived I-spaces and are obtained from su cient I-maps. The-map

stage from Example 11.12 is also su cient. The estimation I-map from Examm

11.11 is usually not su cient because some history is needed to provide a teat
estimate.

The diagram in Figure 11.4a indicates the problem of obtaining au cient
I-map. The top of the diagram shows the history I-state transitias before the
I-map was introduced. The bottom of the diagram shows the attempt derived
information transition equation, f, 4,. The requirement is that the derived |-state
obtained in the lower right must be the same regardless of which path followed
from the upper left. Either f; can be applied to , followed by , or can be
applied to , followed by somef, 4. The problem with the existence off| 4, is
that is usually not invertible. The preimage *( gr) Of Some derived I-state

der 2 | ger yields a set of histories ifl 1t . Applying f, to all of these yields a set of
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possible next-stage history I-states. Applying to these may yield a set of derived
I-states because of the ambiguity introduced by *. This chain of mappings is
shown in Figure 11.4b. If a singleton is obtained under all circumstagas, then
this yields the required values of | 4. Otherwise, new uncertainty arises about
the current derived I-state. This could be handled by de ning an inforration
space over the information space, but this nastiness will be avoided here.

Since I-maps can be de ned from any derived I-space to another, the concept
presented in this section do not necessarily requitgs; as the starting point. For
example, an I-map, :lge !, may be calledsu cient with respect to | ger
rather than with respect to | pig .

11.2.2 Nondeterministic Information Spaces

This section de nes the I-map .4t from Figure 11.3, which converts each history
I-state into a subset ofX that corresponds to all possible current states. Nature
is modeled nondeterministically, which means that there is no inforation about
what actions nature will choose, other than that they will be choserrdm and

Assume that the state-action sensor mapping from Section 11.1.1 is used.
Consider what inferences may be drawn from a history I-statey, = (' o; bt 1; ¥)-
Since the model does not involve probabilities, lety represent a seiX; X. Let

ndet( k) be the minimal subset ofX in which x, is known to lie given . This
subset is referred to as amondeterministic I-state To remind you that pget( «)
is a subset ofX, it will now be denoted asX( k). It is important that X ( )
be as small as possible while consistent with.

Recall from (11.6) that for every observatiory,, a setH (yx) X of possible
values forx, can be inferred. This could serve as a crude estimate of the nondeter-
ministic I-state. It is certainly known that X( ) H(yk); otherwise,xy, would
not be consistent with the current sensor observation. If we carefully progss
from the initial conditions while applying constraints due to he state transition
equation, the appropriate subset of (yx) will be obtained.

From the state transition function f , de ne a set-valued functionF that yields
a subset ofX for everyx 2 X andu 2 U as

F(x;u)= fx°2 X j 9 2 ( x;u) for which x°= f (x;u; )g: (11.28)
Note that both F and H are set-valued functions that eliminate the direct ap-
pearance of nature actions. The e ect of nature is taken into account irhe set
that is obtained when these functions are applied. This will be very agenient
for computing the nondeterministic I-state.

An inductive process will now be described that results in computing the
nondeterministic I-state, X« ( ), for any stagek. The base casek = 1, of the
induction proceeds as

X]_( 1) = Xl( O;yl) = X]_\ H(yl) (1129)
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The rst part of the equation replaces ; with ( ¢;y1), which is a longer way to
write the history |-state. There are not yet any actions in the histoy. The second
part applies set intersection to make consistent the two pieces of informaiti: 1)
The initial state lies in X, which is the initial condition, and 2) the states in
H (y,) are possible given the observatiow;.

Now assume inductively thatX( ) X has been computed and the task is
to compute X1 ( k+1). From (11.15), +1 = ( «; Uk; Yk+1)- Thus, the only new
pieces of information are thatu, was applied andyx.; was observed. These will
be considered one at a time.

Consider computingX g+1 ( ; Uk). If Xx was known, then after applyinguy, the
state could lie anywhere withinF (xx; ux), using (11.28). Althoughx is actually
not known, it is at least known that xx 2 X( ). Therefore,
F (Xk; Uk):

X1 (ks Uk) = (11.30)

Xk2Xk( k)

This can be considered as the set of all states that can be reached by starting
from some state inXy( ) and applying any actionsux 2 U and ¢ 2 ( X; Uk).
See Figure 11.5.

Xk

F (Xi; Uk)

Xk( )

Xyt (K Uk)

Figure 11.5: The rst step in computing the nondeterministic I-stateis to take
the union of F (Xx; ux) over all possiblexy 2 Xy( «)-

The next step is to take into account the observatioryk.; . This information
alone indicates thatxy.; lies in H(yk+1). Therefore, an intersection is performed
to obtain the nondeterministic I-state,

X1 ( ke1) = Xirr (kUi Yis1) = Xier (ko U) \ H (Vi ) (11.31)

Thus, it has been shown how to computX .1 ( k+1) from Xy ( k). After start-
ing with (11.29), the nondeterministic |-states at any stage can be oputed by
iterating (11.30) and (11.31) as many times as necessatry.

Since the nondeterministic I-state is always a subset of, the nondetermin-
istic I-space | hget = pow(X), is obtained (shown in Figure 11.3). IfX is nite,
then | \get IS also nite, which was not the case withl s because the histories
continued to grow with the number of stages. Thus, if the number of stages
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unbounded or large in comparison to the size &f, then nondeterministic I-states This process may be repeated for as many stages as desired. A path is generated
seem preferable. It is also convenient that,qe; iS @ su cient I-map, as de ned in through | hget Dy visiting a sequence of nondeterministic I-states. If the observa-
Section 11.2.1. This implies that a planning problem can be complegedxpressed tion yx = 4 is ever received, the statexy, becomes immediately known because

in terms of | hger Without maintaining the histories. The goal region X, can be H(4) = f2g.

expressed directly as a nondeterministic I-state. In this way, the planmg task is
to terminate in a nondeterministic I-state, X« ( ), for which X\ ( «) Xg.

The suciency of qet iS Obtained because (11.30) and (11.31) show that o )
Xws1( k1) can be computed fromXy( &), Uk, and Y. This implies that a 11.2.3 Probabilistic Information Spaces
derived information transition equation can be formed. The nondetearinistic
I-space can also be treated as \just another state space.” Although many his-
tory I-states may map to the same nondeterministic I-state, it has beersaumed
for decision-making purposes that particular history is irrelevantonce X «( «) is
given.

The following example is not very interesting in itself, but it is simje enough
to illustrate the concepts.

This section de nes the I-map o, from Figure 11.3, which converts each history
I-state into a probability distribution over X. A Markov, probabilistic model is
assumed in the sense that the actions of nature only depend on the curreratst
and action, as opposed to state or action histories. The set union andénsection
of (11.30) and (11.31) are replaced in this section by marginalizati and Bayes'
rule, respectively. In a sense, these are the probabilistic equivalents oflamand
intersection. It will be very helpful to compare the expressions from thisection
to those of Section 11.2.2.

Rather than write ,00( ), Standard probability notation will be applied to
obtain P(xj ). Most expressions in this section of the fornP(xyj ) have an
analogous expression in Section 11.2.2 of the foxwy( ). It is helpful to recognize
the similarities.

The rst step is to construct probabilistic versions ofH and F. These are
P (Xkjyx) and P (Xk+1]Xk; Uk), respectively. The latter term was given in Section
I naet = T; ;F0g; fg;f2g;0; 1g;f 1; 2g; f 0; 2g; f 0; 1; 29g; (11.32) 10.1.1. To obtain P(Xxjyk), recall from Section 11.1.1 thatP (ykjxk) is easily
derived fromP( jXx). To obtain P (Xkjyx), Bayes' rule is applied:

Example 11.13 (Three-State Example) Let X = f0;1,29, U = f 1,0;1g,
and ( x;u) = fO;1gforall x 2 X andu 2 U. The state transitions are given
by f(x;u; ) = (x+ u+ ) mod3. Regarding sensingY = f0;1;2;3;4g and
( x)=f0;1;2g for all x 2 X. The sensor mapping iy = h(x; )= x+

The history I-space appears very cumbersome for this example, which yonl
involves three states. The nondeterministic I-space for this example is

which is the power set oX = f0; 1, 2g. Note, however, that the empty set,, , can

usually be deleted froml hget.3 Suppose that the initial condition isX; = f0; 2g P (XkjYi) = P (yidxi)P (%) _ XP(ykak.)P(xk) : (11.35)
and that the initial state is x; = 0. The initial state is unknown to the decision P (y«) P (Ykjxi)P (Xk)
maker, but it is needed to ensure that valid observations are made inglexample. Xk 2X
Now consider the execution over a number of stages. Suppose that the rst In the last step, P(yx) was rewritten using marginalization, (9.8). In this case
observation isy, = 2. Based on the sensor mappingH (y.) = H(2) = f0;1;2g, X, appears as the sum index; therefore, the denominator is only a functiof
which is not very helpful becauseéd (2) = X. Applying (11.29) yieldsX4( 1) = Yk, as required. Bayes' rule requires knowing the prio(x,). In the coming
f0;2g. Now suppose that the decision maker applies the actian = 1 and nature expressions, this will be replaced by a probabilistic I-state.
applies ; = 1. Using f, this yields x, = 2. The decision maker does not know Now consider de ning probabilistic I-states. Each is a probability digtibution
1 ar]d must therefore take' into account any nature action that could hasbeen over X and is written as P (x«j ). The initial condition produces P(x;). As for
applied. It uses (11.30) to infer that the nondeterministic case, probabilistic I-states can be computed indunly. For
N . A e o Ao the base case, the only new piece of information ys. Thus, the probabilistic
Xo( u) = F@Z DL FO:1)=101g[f 1,29= 10,1, 29 (11.33) I-state, P(X4j 1), is P(X1jy1). This is computed by letting k = 1 in (11.35) to
Now suppose thaty, = 3. From the sensor mapping,H (3) = f1;2g. Applying yield P (yaix0)P (x)
(11.31) yields P(xij 1) = P(xgjys) = X yXra) (11.36)
P (y1jx1)P (1)
Xao( 2) = Xo( 15u)\ H(y2) = f0; 1,29\ f 1;29 = f1;20: (11.34) x12X
30ne notable exception is in the theory of nondeterministic nite automata, in which it is Now consider the inductive step by assuming thaf (x«j «) is given. The task

possible that all copies of the machine die and there is no possible current sta{@6]. is to determine P (Xx+1] k+1), Which is equivalent to P (Xk+1] «; Uk; Yk+1)- AS in
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Section 11.2.2, this will proceed in two parts by rst considering the ect of u,
followed by yx+1. The rst step is to determine P(Xk+1] «;Uk) from P(Xyj «).
First, note that

P (Xi1] ki Xis Uk) = P (X1 jX; Uk) (11.37)

because ¢ contains no additional information regarding the prediction ofxx+;

oncex is given. Marginalization, (9.8), can be used to eliminate, from P (Xy+1 jXk; Uk).

This must be eliminated because it is not given. Putting these steps togethgelds

P (Xk+1JXk; Uk k)P (Xkj &)

X _ _ (11.38)
= P(Xk+1ij; Uk)P(Xk] k):
XkZX

P(Xks1] ki Uk) =

which expresse® (Xk+1] «; Uk) in terms of given quantities. Equation (11.38) can
be considered as the probabilistic counterpart of (11.30).

The next step is to take into account the observatiomy.; . This is accomplished
by making a version of (11.35) that is conditioned on the inform&in accumulated
so far:  and uk. Also, k is replaced withk + 1. The result is

P (Vi1 JXke1 ;15 Uk)P (Xe1 ] k5 Uk)

. W . (11.39)
P (Yir1iXie1; & W) P (Xiea] & Uk)

P (Xk+1]Yk+1; ki Uk) =
Xk+1 2X

This can be considered as the probabilistic counterpart of (11.31).h€& left side
of (11.39) is equivalent toP (Xk+1] k+1), Which is the probabilistic I-state for stage
k + 1, as desired. There are two dierent kinds of terms on the right. The
expression forP (Xx+1] «; Ux) is given in (11.38). Therefore, the only remaining
term to calculate isP (Yk+1jXk+1; «;Uk). Note that
P(Yk+1iXk+15 k5 Uk) = P (Yie [Xke1) (11.40)
because the sensor mapping depends only on the state (and the probéabitiodel
for the nature sensing action, which also depends only on the state). n&
P (Yk+1jXk+1) is specied as part of the sensor model, we have now determined
how to obtain P (Xi:1] k+1) from P(Xkj «), Uk, and yis1. Thus, | pop is another
I-space that can be treated as just another state space.

The probabilistic I-spacel o (shown in Figure 11.3) is the set of all probabil-
ity distributions over X. The update expressions, (11.38) and (11.39), establish
that the I-map pop iS Su cient, which means that the planning problem can be
expressed entirely in terms of 4, instead of maintaining histories. A goal re-
gion can be speci ed as constraints on the probabilities. For examplepfn some
particular x 2 X, the goal might be to reach any probabilistic I-state for which
P(Xkj «) > 1=2.
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Figure 11.6: The probabilistic I-space for the three-state exampls a 2-simplex
embedded inR3. This simplex can be projected intoR? to yield the depicted
triangular region in R2.

Example 11.14 (Three-State Example Revisited) Now return to Example
11.13, but this time use probabilistic models. For a probabilisti I-state, let p;
denote the probability that the current state isi 2 X. Any probabilistic |-
state can be expressed a®d. p1; p.) 2 RS. This implies that the I-space can be
nicely embedded inR3. By the axioms of probability (given in Section 9.1.2),
Po+ PL+ P2 = 1, which can be interpreted as a plane equation iR® that restricts

I prob t0 @ 2D set. Also following the axioms of probability, for each 2 f 0; 1; 2g,
0 p 1. This means thatl o, is restricted to a triangular region in RS.
The vertices of this triangular region are (00;1), (0;1;0), and (1 0;0); these
correspond to the three di erent ways to have perfect state informatianin a sense,
the distance away from these points corresponds to the amount of uncarity in
the state. The uniform probability distribution (1=3; 1=3; 1=3) is equidistant from
the three vertices. A projection of the triangular region intoR? is shown in Figure
11.6. The interpretation in this case is thatp, and p; specify a point in R?, and
p. is automatically determined fromp, =1 po pa.

The triangular region in R® is an uncountably in nite set, even though the
history I-space is countably in nite for a xed initial condition. This may seem
strange, but there is no mistake because for a xed initial conditionf is generally
impossible to reach all of the points inl 0. If the initial condition can be any
point in I yop, then all of the probabilistic I-space is covered becau$g = | pop,
in which | ¢ is the initial condition space..

11.2.4 Limited-Memory Information Spaces

Limiting the amount of memory provides one way to reduce the sizes ofstory
I-states. Except in special cases, this usually does not preserve the feasibility o
optimality of the original problem. Nevertheless, such I-maps are venyseful in
practice when there appears to be no other way to reduce the size of the ase.
Furthermore, they occasionally do preserve the desired properties of fed#ii
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and sometimes even optimality.

Previous i stages Under this model, the history I-state is truncated. Any
actions or observations received earlier tharstages ago are dropped from memory.
An I-map, i, is de ned as

(11.41)

for any integeri > O andk >i. Ifi k, then the derived I-state is the full
history I-state, (11.14). The advantage of this approach, if iteads to a solution,

is that the length of the I-state no longer grows with the number o$tages. IfX

and U are nite, then the derived I-space is also nite. Note that ; is su cient

in the sense de ned in Section 11.2.1 because enough history is passed fromestag
to stage to determine the derived I-states.

Sensor feedback An interesting I-map is obtained by removing all but the last
sensor observation from the history I-state. This yields an I-map,s : lnist ! Y,
which is de ned as « ( k) = Yx. The model is referred to asensor feedbackin
this case, all decisions are made directly in terms of the current sensor obséon.
The derived I-space isy, and a plan on the derived I-space is : Y ! U, which

is called asensor-feedback planin some literature, this may be referred to as
a purely reactive plan Many problems for which solutions exist in the history
I-space cannot be solved using sensor feedback. Neglecting history prevents the
complicated deductions that are often needed regarding the state. In some s&n
sensor feedback causes short-sightedness that could unavoidably lead to répga
the same mistakes inde nitely. However, it may be worth determining whéter
such a sensor-feedback solution plan exists for some particular problerSuch
plans tend to be simpler to implement in practice because the actions can be
connected directly to the sensor output. Certainly, if a sensor-feedback stiun
plan exists for a problem, and feasibility is the only concern, then isipointless
to design and implement a plan in terms of the history I-space or some dgar
derived I-space. Note that this I-map is su cient, even though it ignores he
entire history.

11.3 Examples for Discrete State Spaces

11.3.1 Basic Nondeterministic Examples

First, we consider a simple example that uses the sign sensor of Example 11.3

Example 11.15 (Using the Sign Sensor)  This example is similar to Example
10.1, except that it involves sensing uncertainty instead of prediction wertainty.

Let X =2Z,U=1f 1,1urg, Y =f 1,0;,1g, andy = h(x) = sgnx. For the state
transition equation, Xx+1 = f (Xk; Ux) = Xk + Ux. No nature actions interfere with
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the state transition equation or the sensor mapping. Therefore, futerhistory
I-states are predictable. The information transition equation isy.1 = f ( «; Uk)-
Suppose that initially, ¢ = X, which means that any initial state is possible. The
goal is to terminate at 02 X.

The general expression for a history I-state at stageis

(11.42)

A possible I-state is 5 = (X; 1;1;1; 1;1;1;1;1;0). Using the nondeterministic
I-space from Section 11.2.2, ,4et = pow(X), which is uncountably in nite. By
looking carefully at the problem, however, it can be seen that most of theonde-
terministic I-states are not reachable. Ify, = 0, it is known that xx = O; hence,
Xk( k) = f0g. If yx =1, it will always be the case thatX( ) = f1;2;:::g unless
0 is observed. Ifyy = 1,thenXy( ¢) = f:::; 2; 1g. From this a plan, , can
be specied over the three nondeterministic I-states mentioned above. Fohd
rstone, (Xk( ) = ur. Forthe othertwo, (X¢( k)= Zland (Xk( «)) =1,
respectively. Based on the sign, the plan tries to move toward 0. If di ent
initial conditions are allowed, then more nondeterministic I-stags can be reached,
but this was not required as the problem was de ned. Note that optimaength
solutions are produced by the plan.

The solution can even be implemented with sensor feedback because the action
depends only on the current sensor value. Let: Y ! U be de ned as

8
< 1 ify=1

= 1 ify= 1 (11.43)
" ur ify=0.

This provides dramatic memory savings over de ning a plan ohpg; .

The next example provides a simple illustration of solving a problenvithout
ever knowing the current state. This leads to thegoal recognizabilityproblem [31]
(see Section 12.5.1).

Example 11.16 (Goal Recognizability) Let X = Z, U =1f 1,1 urg, and

Y = Z. For the state transition equation, Xx+1 = f (Xk;Ux) = X¢ + Ux. Now
suppose that a variant of Example 11.7 is used to model sensing= h(x; ) =

x+ and = f 5 4;:::;59. Suppose that once again,, = X. In this case, it

is impossible to guarantee that a goalXs = f0g, is reached because of the goal
recognizability problem. The disturbance in the sensor mapping doestrallow
precise enough state measurements to deduce the precise achievement of the state.

solved. Due to the disturbance, the nondeterministic I-state is alwaya subset of
a consecutive sequence of 11 states. It is simple to derive a plan that moveis th
interval until the nondeterministic |-state becomes a subset oKg. When this
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Figure 11.7: An example that involves 19 states. There are no sensor oba#gons;
however, actions can be chosen that enable the state to be estimated. Tharaple
provides an illustration of reducing the I-space via I-maps.

occurs, then the plan appliesir. In solving this problem, the exact state never
had to be known.

The problem shown in Figure 11.7 serves two purposes. First, it is an exgle
of sensorless planning14, 18], which means that there are no observations (see
Sections 11.5.4 and 12.5.2). This is an interesting class of problebecause it
appears that no information can be gained regarding the state. Caoaty to
intuition, it turns out for this example and many others that plans can be designed
that estimate the state. The second purpose is to illustrate how the I-spe
can be dramatically collapsed using the I-map concepts of Section 11.2The
standard nondeterministic I-space for this example containg®I-states, but it can
be mapped to a much smaller derived I-space that contains only a few elengent

Example 11.17 (Moving in an L-shaped Corridor) The state spaceX for
the example shown in Figure 11.7 has 19 states, each of which correspotwa
location on one of the white tiles. For convenience, let each state be desatoy
(i;j ). There are 10bottom states denoted by (1 1), (2;1), :::, (10;1), and 10left
states denoted by (1 1), (1;2), :::, (1;10). Since (11) is both a bottom state
and a left state, it is called thecorner state

There are no sensor observations for this problem. However, nature irfemes
with the state transitions, which leads to a form of nondeterministi uncertainty.
If an action is applied that tries to take one step, nature may cause twor three
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steps to be taken. This can be modeled as follows. Let

U=1(30);( 10);(0;1);(0; 1)g (11.44)

andlet = f1;2;3g. The state transition equation is de ned ad (x;u; )= x+ u

whenever such motion is not blocked (by hitting a dead end). For exanmgl if

x = (5;1),u=( 1,0), and = 2, then the resulting next state is (51) +

2( 1;0) = (3;1). If blocking is possible, the state changes as much as possible

until it becomes blocked. Due to blocking, it is even possible thdt(x;u; )= x.
Since there are no sensor observations, the history I-state at stagés

(11.45)

Now use the nondeterministic I-spacel, ,get = pow(X). The initial state, x; =
(10;1), is given, which means that the initial I-state, o, is f(10;1)g. The goal is
to arrive at the I-state, f(1;10)g, which means that the task is to design a plan
that moves from the lower right to the upper left.

With perfect information, this would be trivial; however, without sensors
the uncertainty may grow very quickly. For example, after applyingthe ac-
tion u; = ( 1;0) from the initial state, the nondeterministic |-state becomes

feature of this problem, however, is that uncertainty can be reduced wibut sens-
ing. Suppose that for 100 stages, we repeatedly apply = ( 1;0). What is
the resulting I-state? As the corner state is approached, the uncertaints re-
duced because the state cannot be further changed by nature. It is knownat
each action,ux = ( 1;0), decreases thX coordinate by at least one each time.
Therefore, after nine or more stages, it is known that, = f(1;1)g. Once this is
known, then the action (Q 1) can be applied. This will again increase uncertainty
as the state moves through the set of left states. If (@) is applied nine or more
times, then it is known for certain that x, = (1;10), which is the required goal
state.

A successful plan has now been obtained: 1) Apply ¢; 0) for nine stages, 2)
then apply (0; 1) for nine stages. This plan could be de ned ovdr,qe; however,
it is simpler to use the I-map gage from Example 11.12 to de ne a plan as

:N! U. For k such that 1  k 9, (k) = ( 1,0). For k such that
10 k 18, (k) =(0;1). For k > 18, (k) = ut. Note that the plan works
even if the initial condition is any subset ofX . From this point onward, assume
that any subset may be given as the initial condition.

Some alternative plans will now be considered by making other derivegpaces
from | \get. Let 3 be an I-map froml ,qe; tO @ setl ;3 of three derived I-states. Let
I 3 = fg;l;ag, in which g denotes \goal," | denotes \left," and a denotes \any."
The I-map, 3, is

g g if X()=f(1;10)g

X()=_ 1 if X()is a subset of the set of left states
" a otherwise.

(11.46)
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Based on the successful plan described so far, a solutionl@ns de ned as (g) =
ur, (I)=(0;1), and (a)=( 1;0). This plan is simpler to represent than the
one onN; however, there is one drawback. The I-maps is not su cient. This
implies that more of the nondeterministic I-state needs to be maintaed during
execution. Otherwise, there is no way to know when certain transitions oacu
For example, if ( 1;0) is applied froma, how can the robot determine whether
| or a is reached in the next stage? This can be easily determined from the
nondeterministic |-state.

To address this problem, consider a new I-map,ig : I nget ! | 19, Which is
su cient. There are 19 derived I-states, which includeg as de ned previously,
li for1 | 9,anda for2 i 10. The I-map is dened as 19(X( )) =
gif X() = f(1;10)g. Otherwise, 19(X( )) = I; for the smallest value ofi

() =(0;1), and (&) =( 1;0). Although the plan is larger, the robot does
not need to represent the full nondeterministic I-state during execution.The
correct transitions occur. For example, ifux = ( 1;0) is applied atas, then a4
is obtained. Ifu = ( 1;0) is applied at a,, then I; is obtained. From there,
u=(0;1) is applied to yieldl,. These actions can be repeated until eventually
and g are reached. The resulting plan, however, is not an improvement overeth
original open-loop one.

11.3.2 Nondeterministic Finite Automata

An interesting connection lies between the ideas of this chapter and the thgo
of nite automata, which is part of the theory of computation (see[21, 36]). In
Section 2.1, it was mentioned that determining whether there exists someiag
that is accepted by a DFA is equivalent to a discrete feasible planning fdstem.

If unpredictability is introduced into the model, then a nondeterministic nite
automaton (NFA) is obtained, as depicted in Figure 11.8. This represents one of
the simplest examples of nondeterminism in theoretical computer science. Such
nondeterministic models serve as a powerful tool for de ning models cdmputa-
tion and their associated complexity classes. It turns out that these modelsvg
rise to interesting examples of information spaces.

An NFA is typically described using a directed graph as shown in Figure
11.8b, and is considered as a special kind of nite state machine. Each tesr of
the graph represents a state, and edges represent possible transitions. idput
string of nite length is read by the machine. Typically, the input string is a
binary sequence of 0's and 1's. The initial state is designated by an iaw arrow
that has no source vertex, as shown pointing into stata in Figure 11.8b. The
machine starts in this state and reads the rst symbol of the input sting. Based
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1 \mop\ml \trin\goH NFA
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Figure 11.8: (a) An nondeterministic nite automaton (NFA) is a state machine
that reads an input string and decides whether to accept it. (b) A graphida
depiction of an NFA.

on its value, it makes appropriate transitions. For a DFA, the next site must be
speci ed for each of the two inputs 0 and 1 from each state. From a state an
NFA, there may be any number of outgoing edges (including zero) that regsent
the response to a single symbol. For example, there are two outgoing esldgf O is
read from statec (the arrow from cto bactually corresponds to two directed edges,
one for 0 and the other for 1). There are also edges designated with a splecia
symbol. If a state has an outgoing, the state may immediately transition along
the edge without reading another symbol. This may be iterated any mober of
times, for any outgoing edges that may be encountered, without reading the next
input symbol. The nondeterminism arises from the fact that there are ottiple
choices for possible next states due to multiple edges for the same inund
transitions. There is no sensor that indicates which state is actuallyhosen.

The interpretation often given in the theory of computation is thatwhen there
are multiple choices, the machine clones itself and one copy runs ealhice. Itis
like having multiple universes in which each di erent possible actioof nature is
occurring simultaneously. If there are no outgoing edges for a certainngbination
of state and input, then the clone dies. Any states that are depicted with double
boundary, such as statea in Figure 11.8, are calledaccept states When the input
string ends, the NFA is said toacceptthe input string if there exists at least one
alternate universe in which the nal machine state is an accept state.

The formulation usually given for NFAs seems very close to Formulation2for
discrete feasible planning. Here is a typical NFA formulation [36], vith formalizes
the ideas depicted in Figure 11.8:

Formulation 11.2 (Nondeterministic Finite Automaton)
1. A nite state space X .

2. A nite alphabet which represents the possible input symbols. Let =
[f o
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3. A transition function, :X I pow(X). For each state and symbol, a
set of outgoing edges is speci ed by indicating the states that are reached.

4. A start statexg 2 X.

5. AsetA X of accept states

Example 11.18 (Three-State NFA) The example in Figure 11.8 can be ex-
pressed using Formulation 11.2. The components ake = fa;b;g, = f0;1g,

=f0;1; g Xo = a and A = fag. The state transition equation requires the
speci cation of a state for everyx 2 X and symbol in

| 0 1
a ; fcg fhg
b| fag ; ; (11.47)
c|fb;g fhg ;.

Now consider reformulating the NFA and its acceptance of strings as a kind
of planning problem. An input string can be considered as a plan that uses
no form of feedback; it is a xed sequence of actions. The feasible plangin
problem is to determine whether any string exists that is accepted by the NFA.
Since there is no feedback, there is no sensing model. The initial stasekinown,
but subsequent states cannot be measured. The history I-statg at stage k

can be accounted for by de ning nature actions that interfere with thestate
transitions. This results in the following formulation, which 5 described in terms
of Formulation 11.2.

Formulation 11.3 (An NFA Planning Problem)
1. A nite state space X .
2. An action spaceU = [f urg.

3. A state transition function, F : X U ! pow(X). For each state and
symbol, a set of outgoing edges is speci ed by indicating the states thatear
reached.

4. An initial state xg = Xj.
5. A setXg = A of goal states
The history I-spacel i is de ned using

= O 1 (11.48)
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for eachk 2 N and taking the union as de ned in (11.19). Assume that the initial
state of the NFA is always xed; therefore, it does not appear in the de ition of
| hist -

For expressing the planning task, it is best to use the nondeterministic |
spacel hget = pow(X) from Section 11.2.2. Thus, each nondeterministic I-state,
X () 21 nget, is the subset ofX that corresponds to the possible current states of
the machine. The initial condition could be any subset oK because transitions
can occur fromx;. Subsequent nondeterministic I-states follow directly front-.
The task is to compute a plan of the form

(11.49)

which results in Xg+1( k+1) 2 | nget With Xx4+1( k+1)\ Xg 6 ;. This means
that at least one possible state of the NFA must lie inXg after the termination
action is applied. This condition is much weaker than a typical plamng require-
ment. Using worst-case analysis, a typical requirement would instead be tha
everypossible NFA state lies inXg.

The problem given in Formulation 11.3 is not precisely a specializatioof
Formulation 11.1 because of the state transition function. For comwience,F
was directly de ned, instead of explicitly requiring that f be de ned in terms
of nature actions, (x;u), which in this context depend on bothx and u for an
NFA. There is one other small issue regarding this formulation. In thelanning
problems considered in this book, it is always assumed that there is a camt
state. For an NFA, it was already mentioned that if there are no outgoig edges
for a certain input, then the clone of the machine dies. This means thpotential
current states cease to exist. It is even possible that every clone dies, which &sav
no current state for the machine. This can be easily enabled by directly deing
F; however, planning problems must always have a current state. To reselthis
issue, we could augmenX in Formulation 11.3 to include an extradead state,
which signi es the death of a clone when there are no outgoing edges. A dea
state can never lie inXg, and once a transition to a dead state occurs, the state
remains dead for all time. In this section, the state space will not be gmented
in this way; however, it is important to note that the NFA formulation can easily
be made consistent with Formulation 11.3.

The planning model can now be compared to the standard use of NFAs in the
theory of computation. A languageof an NFA is de ned to be the set of all input
strings that it accepts. The planning problem formulated here determas whether
there exists a string (which is a plan that ends with termination actins) that is
accepted by the NFA. Equivalently, a planning algorithm determines whetr the
language of an NFA is empty. Constructing the set of all successful plans is
equivalent to determining the language of the NFA.

Example 11.19 (Planning for the Three-State NFA) The example in Fig-
ure 11.8 can be expressed using Formulation 11.2. The components &re=
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fa;b;g, = f0;,1g, =10;1; g, Xo= a andF = fag. The function F(x;u) is

de ned as
|0 1
a ; f cg
blfa ; (11.50)
c|fb; fbg.
The nondeterministic I-space is
X()=f ;fag,fbgfcg fa by fa; o fb; @ fa; b gg (11.51)

in which the initial condition is ¢ = fa; by because an transition occurs imme-
diately from a. An example plan that solves the problem is (10; 0; ur;:::). This
corresponds to sending an input string \100" through the NFA depicted ifrigure
11.8. The sequence of nondeterministic I-states obtained during the exgéon of
the plan is

fa;tg!lf cg!of b;(g!of abglt abqg (11.52)

A basic theorem from the theory of nite automata states that for theset of
strings accepted by an NFA, there exists a DFA (deterministic) that accepts the
same set [36]. This is proved by constructing a DFA directly from the naleter-
ministic I-space. Each nondeterministic I-state can be considered as a stafea
DFA. Thus, the DFA has 2" states, if the original NFA hasn states. The state
transitions of the DFA are derived directly from the transitions betveen nondeter-
ministic I-states. When an input (or action) is given, then a transitiam occurs from
one subset oX to another. A transition is made between the two corresponding
states in the DFA. This construction is an interesting example of how thespace
is a new state space that arises when the states of the original state space a
unknown. Even though the I-space is usually larger than the origihatate space,
its states are always known. Therefore, the behavior appears the saa®in the
case of perfect state information. This idea is very general and may bepdipd to
many problems beyond DFAs and NFAs; see Section 12.1.2

11.3.3 The Probabilistic Case: POMDPs

Example 11.14 generalizes nicely to the case rofstates. In operations research
and arti cial intelligence literature, these are generally referred to apartially ob-

servable Markov decision processes POMDPs (pronounced \pom dee peez").
For the case of three states, the probabilistic I-space ., is a 2-simplex em-
bedded inR3. In general, ifjXj = n, then | oo is an (0 1)-simplex embedded

the axioms of probability, py + + pn 1 = 1, which implies that | o is an
(n 1)-dimensional subspace &R". The vertices of the simplex correspond to the
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n cases in which the state is known; hence, their coordinates are @0 ::;0; 1),
(0;0;:::;0;2;0), :::, (1;0;:::;0). For convenience, the simplex can be projected
into R" ! by specifying a point inR" * for whichp;+ + p, » 1 and then
choosing the nal coordinate agp, 1 =1 pi+  +p, 2. Section 12.1.3 presents
algorithms for planning for POMDPs.

11.4 Continuous State Spaces

This section takes many of the concepts that have been developed in Sections
11.1 and 11.2 and generalizes them to continuous state spaces. This represent
an important generalization because the con guration space concepts, otigh
motion planning was de ned in Part II, are all based on continuous ste spaces.

In this section, the state space might be a con guration spac& = C, as de ned

in Chapter 4 or any other continuous state space. Since it may be a conigtion
space, many interesting problems can be drawn from robotics.

During the presentation of the concepts of this section, it will be helpf to
recall analogous concepts that were already developed for discrete statecgsa In
many cases, the formulations appear identical. In others, the continus case is
more complicated, but it usually maintains some of the propertiesdm the discrete
case. It will be seen after introducing continuous sensing models in Sectidn5L1
that some problems formulated in continuous spaces are even more elegamd
easy to understand than their discrete counterparts.

11.4.1 Discrete-Stage Information Spaces

Assume here that there are discrete stages. L& R™ be ann-dimensional
manifold for n  m called the state spacé Let Y R™ be anny-dimensional
manifold forny,  m called theobservation spaceFor eachx 2 X, let ( x) R™
be ann,-dimensional manifold fom, m called the set ofnature sensing actions
The three kinds of sensors mapping$, de ned in Section 11.1.1 are possible, to
yield either a state mapping y = h(x), a state-nature mappingy = h(x; ),

preimages,H (y), once again induce a partition ofX. Preimages can also be
de ned for state-action mappings, but they do not necessarily induce a patibn
of X.

Many interesting sensing models can be formulated in continuous state spa.
Section 11.5.1 provides a kind of sensor catalog. There is once agaim ¢hoice of
nondeterministic or probabilistic uncertainty if nature sensing actins are used. If
nondeterministic uncertainty is used, the expressions are the same as ttiscrete
case. Probabilistic models are de ned in terms of a probability densityufiction,

4If you did not read Chapter 4 and are not familiar with manifold concepts, then assume
X = R"; it will not make much dierence. Make similar assumptions for Y, ( x), U, and
( x;u).
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p: ! [0;1),%inwhich p( ) denotes the continuous-time replacement fd?( ).
The model can also be expressed p§/jx), in that same manner thatP (yjx) was
obtained for discrete state spaces.

The usual three choices exist for the initial conditions: 1) Eithex; 2 X is
given; 2) a subsetX; 2 X is given; or 3) a probability density function, p(x), is
given. The initial condition spaces in the last two cases can be enormousor F
example, if X = [0;1] and any subset is possible as an initial condition, then
I o = pow(R), which has higher cardinality than R. If any probability density
function is possible, thenl ; is a space of function$.

The I-space de nitions from Section 11.1.2 remain the same, with thender-
standing that all of the variables are continuous. Thus, (11.17)ra (11.19) serve
as the de nitions of |, and | . Let U R™ be anny-dimensional manifold for
n, m. Foreachx 2 X andu 2 U, let ( x;u) be ann -dimensional manifold for
n m. A discrete-stage I-space planning problem over continuous state spaces
can be easily formulated by replacing each discrete variable in Formtitan 11.1
by its continuous counterpart that uses the same notation. Thereforehe full
formulation is not given.

11.4.2 Continuous-Time Information Spaces

Now assume that there is a continuum of stages. Most of the components of
Section 11.4.1 remain the same. The spac¥s Y, ( x), U, and ( x;u) remain

the same. The sensor mapping also remains the same. The main di erence occurs
in the state transition equation because the e ect of nature must be expressad
terms of velocities. This was already introduced in Section 10.6. In thaontext,
there was only uncertainty in predictability. In the current context there may be
uncertainties in both predictability and in sensing the current state.

For the discrete-stage case, the history I-states were based on action and ob-
servation sequences. For the continuous-time case, the history instead becomes a
function of time. As de ned in Section 7.1.1, lefT denote atime interval, which
may be bounded or unbounded. Let;~ [0;t] ! Y be called theobservation
history up to time t 2 T. Similarly, let ¢ : [0;t) ! U andx; : [0;t]! X be called
the action history and state history, respectively, up to timet 2 T.

Thus, the three kinds of sensor mappings in the continuous-time caseeas
follows:

5Assume that all continuous spaces are measure spaces and all probability density furichs
are measurable functions over these spaces.

6To appreciate of the size of this space, it can generally be viewed as an in nite-dimensial
vector space (recall Example 8.5). Consider, for example, representing each functiovith a
series expansion. To represent any analytic function exactly over [Q], an in nite sequence of
real-valued coe cients may be needed. Each sequence can be considered as an in nitely long
vector, and the set of all such sequences forms an in nite-dimensional vector space. See [35]
for more background on function spaces and functional analysis.
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1. A state-sensor mappings expressed ag(t) = h(x(t)), in which x(t) and
y(t) are the state and observation, respectively, at timé2 T.

2. A state-nature mappingis expressed ag(t) = h(x(t);
that nature chooses some (t) 2 ( x(t)) for eacht 2 T.

(t)), which implies

3. A history-based sensor mappingvhich could depend on all of the states
obtained so far. Thus, it depends on the entire functiox;~ This could be
denoted agy(t) = h(»; (1)) if nature can also interfere with the observation.

If & and y are combined with the initial condition o, the history I-state at
time t is obtained as
t = ( ot W) (11.53)

The history I-space at timet is the set of all possible ; and is denoted ad ;.
Note that | is a space of functions because each?2 | ; is a function of time.
Recall that in the discrete-stage case, evelty, was combined into a single history
I-space,| hist, Using (11.18) or (11.19). The continuous-time analog is obted as

lhist = ¢ (11.54)
2T

which is an irregular collection of functions because they have di eremtomains;
this irregularity also occurred in the discrete-stage case, in whidh;s; was com-
posed of sequences of varying lengths.

A continuous-time version of the cost functional in Formulation 11L can be
given to evaluate the execution of a plan. Lelt denote a cost functional that may
be applied to any state-action history &z t) to yield

z

L (e tr) = t L(x(t9; u(t)) dt+ 1e (x(1); (11.55)
0

in which 1(x(t9; u(t9) is the instantaneous cost andr (x(t)) is a nal cost.

11.4.3 Derived Information Spaces

For continuous state spaces, the motivation to construct derived |-spaces eéven
stronger than in the discrete case because the I-space quickly becomes unwield

Nondeterministic and probabilistic I-spaces for discrete stages

The concepts of I-maps and derived I-spaces from Section 11.2 extend digetl
continuous spaces. In the nondeterministic caseyget ONCe again transforms the
initial condition and history into a subset of X. In the probabilistic case, pop
yields a probability density function over X . First, consider the discrete-stage
case.
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The nondeterministic I-states are obtained exactly as de ned in Sectiorl.2,
except that the discrete sets are replaced by their continuous counterpartsor-
example, F(x;u) as de ned in (11.28) is now a continuous set, as ar€ and
( x;u). Since probabilistic |-states are probability density functionsthe deriva-
tion in Section 11.2.3 needs to be modi ed slightly. There are, howeverp impor-
tant conceptual di erences. Follow the derivation of Section 11.2.3 anconsider
which parts need to be replaced.

The replacement for (11.35) is

z P(YkjXk)P(Xk)
P(YkjXk) P(Xk) dXk
X

P(XkjYk) = (11.56)

which is based in part on derivingp(ykjXx) from p( «jxx). The base of the induc-
tion, which replaces (11.36), is obtained by lettind = 1 in (11.56). By following
the explanation given from (11.37) to (11.40), but using insteadrpbability den-
sity functions, the following update equations are obtained:

z

P(Xk+1]Xk; Uk k)P(Xk] &)Xk

zx (11.57)
= § P(Xk+1 ] Xk U) P(Xk] k) X

P(Xk+1] ks Uk) =

and
; cooiy - 7 POk i Xuen )P(Xke1 ] k3 Uk)
P(Xk+1jYk+1; ki Uk) = (11.58)
P(Yi+1 JXke1 )P(Xke1 k5 Uk) OXieen
X
Approximating nondeterministic and probabilistic I-spac es

Many other derived I-spaces extend directly to continuous spaces, such as the

limited-memory models of Section 11.2.4 and Examples 11.11 and 21.1n the

present context, it is extremely useful to try to collapse the I-space as much

as possible because it tends to be unmanageable in most practical appiass.
Recall that an I-map, : Inst ! | ger, partitions |y into sets over which a
constant action must be applied. The main concern is that restricting ptes to
| 4er do€s not inhibit solutions.

Consider making derived I-spaces that approximate nondeterministic prob-
abilistic I-states. Approximations make sense becau3e is usually a metric space
in the continuous setting. The aim is to dramatically simplify thel-space while
trying to avoid the loss of critical information. A trade-o occurs in which the
quality of the approximation is traded against the size of the restihg derived I-
space. For the case of nondeterministic I-statespnservative approximationsare
formulated, which are sets that are guaranteed to contain the nondatministic
I-state. For the probabilistic case,moment-based approximationgre presented,
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which are based on general techniques from probability and statistits approxi-
mate probability densities. To avoid unnecessary complications, the presation
will be con ned to the discrete-stage model.

Xa( 1) Xa( 2) X3( 3)

Figure 11.9: The nondeterministic I-states may be complicated regisrthat are
di cult or impossible to compute.

©-0-0-

X

Figure 11.10: The nondeterministic I-states can be approximated Hyounding
spheres.

Conservative approximations Suppose that nondeterministic uncertainty is
used and an approximation is made to the nondeterministic I-states. Almap,
app - Inget ' app, Will be de ned in which | 4, is @ particular family of subsets
of X. For example, | 55, could represent the set of all ball subsets ok. If
X = R?, then the balls become discs, and only three parameters;y;r) are
needed to parameterizé 5, (X;y for the center andr for the radius). This implies
that | app R3; this appears to be much simpler than g, Which could be
a complicated collection of regions ifR?. To make | 45, €ven smaller, it could
be required that x, y, and r are integers (or are sampled with some speci ed
dispersion, as de ned in Section 5.2.3). IF,,, is bounded, then the number of

derived I-states would become nite. Of course, this comes an at expense because

| hget May be poorly approximated.
For a xed sequence of actionsy;, Uy, :::) consider the sequence of nondeter-
ministic |-states:

Xa( 1) 177 Xo( o) TP Xa( 9) P (11.59)

which is also depicted in Figure 11.9. The I-map ,, must select a bounding
region for every nondeterministic I-state. Starting with a history Istate, , the
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nondeterministic I-state X ( ) can rst be computed, followed by applying! app
to yield a bounding region. If there is a way to e ciently computeXy( ) for any
k. then a plan onl 45, could be much simpler than those ofh hget OF | pist -

If it is dicult to compute Xy( ), one possibility is to try to de ne a de-
rived information transition equation, as discussed in Section 11.2.The trouble,
however, is thatl 4, is usually not a su cient I-map. Imagine wanting to com-
pute  app(Xk+1 ( k+1)), Which is a bounding approximation to X1 ( «+1). This
can be accomplished by starting withX( ), applying the update rules (11.30)
and (11.31), and then applying app t0 Xi:1( «+1). In general, this does not pro-
duce the same result as starting with the bounding volumie,p,(X«( «)), applying
(11.30) and (11.31), and then applying app.

Thus, it is not possible to express the transitions entirely inl 5o, without
some further loss of information. However, if this loss of informatth is tolerable,
then an information-destroying approximation may nevertheless besaful. The
general idea is to make a bounding region for the nondeterministicstate in each
iteration. Let X, denote this bounding region at stag&. Be careful in using such
approximations. As depicted in Figures 11.9 and 11.10, the sequences @rfwd
I-states diverge. The sequence in Figure 11.10nst obtained by simply bounding
each calculated I-state by an element df,p,; the entire sequence is di erent.

Initially, X; is chosen so thatX;( 1) Xi. In each inductive step, Xy is
treated as if it were the true nondeterministic I-state (not an apprgimation).
Using (11.30) and (11.31), the update for considering and yi+1 is

|

X, = F(xGu) \ H(Ye):

sz)ek

(11.60)

In general,)’<\,?+l( k+1) mMight not lie in | 4p,. Therefore, a bounding region .1 2
| app, Must be selected to approximateX ®under the constraint that )@I&l it -
This completes the inductive step, which together with the base case yisl&

sequence . _ .
Ry R, PR

which is depicted in Figure 11.10.

Bothaplan, :lap! U, andinformation transitions can now be de ned over
| app- TO ensure that a plan is sound, the approximation must be conservaé. If
in some iteration,)'<\k+l( k+1) )Qf(’ﬂ( k+1 ), then the true state may not necessar-
ily be included in the approximate derived I-state. This could, for exmple, mean
that a robot is in a collision state, even though the derived I-state indates that
this is impossible. This bad behavior is generally avoided by keepingnservative
approximations. At one extreme, the approximations can be made weronser-
vative by always assigning 1 ( k+1) = X . This, however, is useless because the
only possible plans must apply a single, xed action for every stage. Eventife
approximations are better, it might still be impossible to cause tnasitions in the
approximated |-state. To ensure that solutions exist to the planningproblem, it

(11.61)
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is therefore important to make the bounding volumes as close as pb#sito the
derived I-states.

This trade-o between the simplicity of bounding volumes and the comp
tational expense of working with them was also observed in Section 5.3¢
collision detection. Dramatic improvement in performance can be obtaéd by
working with simpler shapes; however, in the present context this could come
at the expense of failing to solve the problem. Using balls as described ao f
might not seem to provide very tight bounds. Imagine instead using sdliellip-
soids. This would provide tighter approximations, but the dimensin of| 5, grows
quadratically with the dimension ofX . A sphere equation generally requires+1
parameters, whereas the ellipsoid equation require$) ¢ 2n parameters. Thus,
if the dimension of X is high, it may be dicult or even impossible to use el-
lipsoid approximations. Nonconvex bounding shapes could provide evbatter
approximations, but the required number of parameters could easily beue un-
manageable, even iX = R2. For very particular problems, however, it may be
possible to design a family of shapes that is both manageable and tighap-
proximates the nondeterministic I-states. This leads to many interestg research
issues.

Moment-based approximations Since the probabilistic I-states are functions,
it seems natural to use function approximation methods to approxiate | pon. One
possibility might be to use the rst m coe cients of a Taylor series expansion.
The derived I-space then becomes the space of possible Taylor coe cients. The
quality of the approximation is improved asm is increased, but also the dimension
of the derived I-space rises.

Since we are working with probability density functions, it is genetly prefer-
able to use moments as approximations instead of Taylor series coe cisnbr
other generic function approximation methods. The rst and second mom&nare
the familiar mean and covariance respectively. These are preferable over other
approximations because the mean and covariance exactly represent the €aan
density, which is the most basic and fundamental density in probality theory.
Thus, approximating the probabilistic I-space with rst and second naments is
equivalent to assuming that the resulting probability densities are lavays Gaus-
sian. Such approximations are frequently made in practice becausetioé conve-
nience of working with Gaussians. In general, higher order moments can used
to obtain higher quality approximations at the expense of more coeients. Let

mom - lprob 'l mom denote a moment-based |-map.

The same issues arise formem as for sp. In Most cases, mom IS NOt a
su cient I-map. The moments are computed in the same way as the conserva-
tive approximations. The update equations (11.57) and (11.5&re applied for
probabilistic I-states; however, after each step, wom iS applied to the resulting
probability density function. This traps the derived I-states inl pom. The mo-
ments could be computed after each of (11.57) and (11.58) or after hatf them
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have been applied (di erent results may be obtained). The later case maygImore
di cult to compute, depending on the application.

First consider using the mean (rst moment) to represent some probabilistic
I-state, p(xj ). Let x; denote theith coordinate ofx. The mean,x;, with respect
to x; is generally de ned as

z

Xj = X p(xj )dx: (11.62)
X

construct | mom using only the mean. Since there is no information about the
covariance of the density, working withx is very similar to estimating the state.
The mean value serves as the estimate, afdm = X. This certainly helps
to simplify the I-space, but there is no way to infer the amount of uncéainty
associated with the |-state. Was the probability mass concentrated grdgtaround
X, or was the density function very di use overx ?

Using second moments helps to alleviate this problem. The covariance hvit
respect to two variables x; and x;, is

z

i = XX p(xj )dx: (11.63)
X

Since j = i, the second moments can be organized into a symmetcavariance
matrix, 0 1
11 12 Ln
2;1 2,2 2;
- % _ : _”§ (11.64)
n;1 n;2 n;n

for which there are §)+ n unique elements, corresponding to every; and every
way to pair x; with x; for each distincti andj such that 1  i;] n. This
implies that if rst and second moments are used, then the dimension ofn
is (3) + 2n. For some problems, it may turn out that all probabilistic I-states
are indeed Gaussians. In this case, the mean and covariance exactly captire t
probabilistic I-space. The I-map in this case is su cient. This leads ta powerful
tool called the Kalman lIter, which is the subject of Section 11.6.1.

Higher quality approximations can be made by taking higher order oments.
The rth momentis de ned as

z

Xi,Xi,  Xi, p(Xj )dx; (11.65)

The moment-based approximation is very similar to the conservativeparoxi-
mations for nondeterministic uncertainty. The use of mean and covanmce appears
very similar to using ellipsoids for the nondeterministic case. The level setf a
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Gaussian density are ellipsoids. These level sets generalize the notion of dence
intervals to con dence ellipsoids, which provides a close connection betweiie
nondeterministic and probabilistic cases. The domain of a Gaussian deysis
R", which is not bounded, contrary to the nondeterministic case. Howeverorf
a given con dence level, it can be approximated as a bounded set. For exampl
an elliptical region can be computed in which 99% of the probability mass falls.
In general, it may be possible to combine the idea of moments and boumgl vol-
umes to construct a derived I-space for the probabilistic case. This couldeld
the guaranteed correctness of plans while also taking probabilitiesté account.
Unfortunately, this would once again increase the dimension of the dezd I-space.

Derived I-spaces for continuous time

The continuous-time case is substantially more di cult, both to express and to
compute in general forms. In many special cases, however, there are elegantsway
to compute it. Some of these will be covered in Section 11.5 and Chaptet. 1
To help complete the I-space framework, some general expressions are givee.h

In general, I-maps and derived I-spaces can be constructed following tldeas of
Section 11.2.1.

Since there are no discrete transition rules, the derived |-states cannot b
expressed in terms of simple update rules. However, they can at least be expressed
as a function that indicates the statex(t) that will be obtained after & and &
are applied from an initial state x(0). Often, this is obtained via some form
of integration (see Section 14.1), although this may not be explitjt given. In
general, letX{( ) X denote a nondeterministic I-state at timet; this is the
replacement forXy from the discrete-stage case. The initial condition is denoted
as X, as opposed toX 1, which was used in the discrete-stage case.

More de nitions are needed to precisely characteri2¢,( ). Let 7 : [0;t) !
denote the history of nature actions up to timet. Similarly, let 7 : [0;t] !
denote the history of nature sensing actions. Suppose that the initieondition is
Xo X. The nondeterministic |-state is de ned as

Xi( )= fx2 X j9x°2 Xo; 97; and 9 such that

x= ( x%e;7) and 8t°2 [0;t]; y(t9 = h(x(t9; (t9Y)go:
(11.66)

In words, this means that a statex(t) lies in X(( {) if and only if there exists an
initial state x°2 X,, a nature history 3, and a nature sensing action history,~
such that the transition equation causes arrival ak(t) and the observation history
¥ agrees with the sensor mapping over all time from 0O tb

It is also possible to derive a probabilistic I-state, but this requis technical
details from continuous-time stochastic processes and stochastic di etiahequa-
tions. In some cases, the resulting expressions work out very nicely; however,
it is di cult to formulate a general expression for the derived I-state kecause it
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X
(@) (b)

Figure 11.11: A simple sensing model in which the observation errorrie more
than r: (a) the nature sensing action space; (b) the preimage X based on
observationy.

depends on many technical assumptions regarding the behavior of thedtastic
processes. For details on such systems, see [28].

11.5 Examples for Continuous State Spaces

11.5.1 Sensor Models

A remarkable variety of sensing models arises in applications that iolve con-
tinuous state spaces. This section presents a catalog of di erent kinds of senso
models that is inspired mainly by robotics problems. The models areathered
together in one place to provide convenient reference. Some of them will imed

in upcoming sections, and others are included to help in the understandirof I-
spaces. For each sensor, there are usually two di erent versions, based on whether
nature sensing actions are included.

Linear sensing models  Developed mainly in control theory literature, linear
sensing modelare some of the most common and important. For all of the sensors
in this family, assume thatX = Y = R" (nonsingular linear transformations allow
the sensor space to e ectively have lower dimension, if desired). The simplest
case in this family is theidentity sensor, in which y = x. In this case, the state

is immediately known. If this sensor is available at every stage, theneh-space
collapses toX by the I-map ¢ :lngt ! X.

Now nature sensing actions can be used to corrupt this perfect state obser-
vation to obtain y = h(x; )= x+ . Suppose thaty is an estimate ofx, the
current state, with error bounded by a constant 2 (0;1 ). This can be modeled
by assigning for everyx 2 X, ( x) as a closed ball of radiug, centered at the
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origin:

= f 2R"jk k rg (11.67)
Figure 11.11 illustrates the resulting nondeterministic sensing moddf the obser-
vation y is received, then it is known that the true state lies within a ball inX of
radius r, centered aty. This ball is the preimage,H (y), as de ned in (11.11). To
make the model probabilistic, a probability density function can bele ned over
. For example, it could be assumed thatp( ) is a uniform density (although
this model is not very realistic in many applications because there isteoundary
at which the probability mass discontinuously jumps to zero).

A more typical probabilistic sensing model can be made by letting X) =
R" and de ning a probability density function over all of R". (Note that the
nondeterministic version of this sensor is completely useless.) One of the easiest
choices to work with is the multivariate Gaussian probability desity function,

1

p()= p=——e:  ; (11.68)

2]
in which is the covariance matrix (11.64), j j is its determinant, and 7 is

a quadratic form, which multiplies out to yield

. XX
= [N (1169)

i=1 j=1

If p(x) is a Gaussian andy is received, thenp(yjx) must also be Gaussian under
this model. This will become very important in Section 11.6.1.

The sensing models presented so far can be generalized by applying linear
transformations. For example, letC denote a nonsingulan n matrix with real-
valued entries. If the sensor mapping ig = h(x) = Cx, then the state can still
be determined immediately because the mapping= Cx is bijective; eachH (y)
contains a unique point ofX . A linear transformation can also be formed on the
nature sensing action. LeW denote ann n matrix. The sensor mapping is

y=h(Xx)=Cx+ W : (11.70)
In general,C and W may even be singular, and a linear sensing model is still

obtained. Suppose thaW = 0. If C is singular, however, it is impossible to infer

the state directly from a single sensor observation. This generally correspls to

a projection from ann-dimensional state space to a subset &f whose dimension

is the rank of C. For example, if

c- 01,

00 (11.71)

theny = Cx yieldsy; = X, andy, = 0. Only x, of each k;;x;) 2 X can be
observed becaus€ has rank 1. Thus, for some special cases, singular matrices
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can measure some state variables while leaving others invisible. Forengral sin-
gular matrix C, the interpretation is that X is projected into somek-dimensional

subspace by the sensor, in whick is the rank of C. If W is singular, this means
that the e ect of nature is limited. The degrees of freedom with which narre can

distort the sensor observations is the rank ofV. These concepts motivate the
next set of sensor models.

Simple projection sensors Several common sensor models can be de ned by
observing particular coordinates ofX while leaving others invisible. This is the
continuous version of the selective sensor from Example 11.4. Imagine,dram-
ple, a mobile robot that rolls in a 2D world, W = R?, and is capable of rotation.
The state space (or con guration space) iX = R? S'. For visualization pur-
poses, it may be helpful to imagine that the robot is very tiny, so thiait can be
interpreted as a point, to avoid the complicated con guration space catructions
of Section 4.37 Let p = (p;; p2) denote the coordinates of the point, and les 2 S
denote its orientation. Thus, a state inR?> S is specied as y; p,; s) (rather
than (x;y; ), which may cause confusion with important spaces such &s, Y,
and ).

Suppose that the robot can estimate its position but does not knowstorienta-
tion. This leads to aposition sensorde ned asY = R?, with y; = p; andy, = p,
(also denoted asy = h(x) = p). The third state variable, s, of the state remains
unknown. Of course, any of the previously considered nature sensing actiond-
els can be added. For example, nature might cause errors that are modeléth
Gaussian probability densities.

A compassor orientation sensorcan likewise be made by observing only the
nal state variable, s. In this case,Y = S' andy = s. Nature sensing actions
can be included. For example, the sensed orientation may lye but it is only
known that js vj for some constant , which is the maximum sensor error. A
Gaussian model cannot exactly be applied because its domain is unbounded
St is bounded. This can be xed by truncating the Gaussian or by using a me
appropriate distribution.

The position and orientation sensors generalize nicely to a 3D worll = R3.
Recall from Section 4.2 that in this case the state spaceXs = SE(3), which can
be represented aR® RP®. A position sensor measures the rst three coordinates,
whereas an orientation sensor measures the last three coordinates. A physical
sensor that measures orientation irR? is often called agyroscope These are
usually based on the principle of precession, which means that they comtea
spinning disc that is reluctant to change its orientation due to agular momentum.
For the case of a linkage of bodies that are connected by revolute jania point
in the state space gives the angles between each pair of attached links.joMt
encoderis a sensor that yields one of these angles.

"This can also be handled, but it just adds unnecessary complication to the current discussion.
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Dynamics of mechanical systems will not be considered until Part IV; how-
ever, it is worth pointing out several sensors. In these problems, the statease
will be expanded to include velocity parameters and possibly even acceleoati
parameters. In this case, apeedometercan sense a velocity vector or a scalar
speed. Sensors even exist to measumegular velocity which indicates the speed
with which rotation occurs. Finally, an accelerometercan be used to sense accel-
eration parameters. With any of these models, nature sensing actions canused
to account for measurement errors.

(@) (b)

Figure 11.12: Boundary sensors indicate whether contact with the bodary has
occurred. In the latter case, a proximity sensor may indicate whether the bod-
ary is within a speci ed distance.

Boundary sensors  If the state space has an interesting boundary, as in the case
of Gree for motion planning problems, then many importantboundary sensorgan
be formulated based on the detection of the boundary. Figure 11.120s¥s several
interesting cases on which sensors are based.

Suppose that the state space is a closed set with some well-de ned boundary.
To provide a connection to motion planning, assume thaX = cl(Gyee), the
closure of Gree. A contact sensordetermines whether the boundary is being
contacted. In this case,Y = f0;1g and h is de ned ash(x) = 1if x 2 @X and
h(x) = O otherwise. These two cases are shown in Figures 11.12a and 11.12b,
respectively. Using this sensor, there is no information regarding wherkiag the
boundary the contact may be occurring. In mobile robotics, it may bedisastrous
if the robot is in contact with obstacles. Instead, groximity sensoris often used,
which yieldsh(x) = 1 if the state or position is within some speci ed constanty,
of @X and h(x) = 0 otherwise. This is shown in Figure 11.12.

In robot manipulation, haptic interfaces, and other applicationsn which phys-
ical interaction occurs between machines and the environmentf@ce sensomay
be used. In addition to simply indicating contact, a force sensor can iradite the
magnitude and direction of the force. The robot model must be formaled so
that it is possible to derive the anticipated force value from a givestate.

Landmark sensors  Many important sensing models can be de ned in terms
of landmarks A landmark is a special point or region in the state space that
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can be detected in some way by the sensor. The measurements of the landmark

can be used to make inferences about the current state. An ancient example is
using stars to navigate on the ocean. Based on the location of the staedative
to a ship, its orientation can be inferred. You may have found landarks useful
for trying to nd your way through an unfamiliar city. For examp le, mountains
around the perimeter of Mexico City or the Ei el Tower in Paris might beused
to infer your heading. Even though the streets of Paris are very complitea, it
might be possible to walk to the Ei el Tower by walking toward it wherever it is
visible. Such models are common in theompetitive ratio framework for analyzing

on-line algorithms [32].
-{

Figure 11.13: The most basic landmark sensor indicates only its diremt.

® | andmark

In general, a set of states may serve as landmarks. A common model is to
make xg a single landmark. In robotics applications, these landmarks mayeb
instead considered as points in the worldW. Generalizations from points to
landmark regions are also possible. The ideas, here, however, will be keiptple
to illustrate the concept. Following this presentation, you can image a wide
variety of generalizations. Assume for all examples of landmarks that = R?,
and let a state be denoted by = (X1; X2).

For the rst examples, suppose there is only one landmark,2 X, with co-
ordinates (;1,). A homing sensoris depicted in Figure 11.13 and yields values
in Y = St The sensor mapping i$1(x) = atan2(l;  X1;l>  X»), in which atan2
gives the angle in the proper quadrant.

Another possibility is a Geiger counter senso(radiation level), in which Y =
[0;1) and h(x) = kx Ik. In this case, only the distance to the landmark is
reported, but there is no directional information.

A contact sensor could also be combined with the landmark idea to yield a
sensor called gebble This sensor reports 1 if the pebble is \touched"; otherwise,
it reports 0. This idea can be generalized nicely to regions. Imagine thtitere is
a landmark region X, X. If x 2 X,, then the landmark region detectoreports
1; otherwise, it reports 0.

Many useful and interesting sensing models can be formulated by using the
ideas explained so far with multiple landmarks. For example, using tbe homing
sensors that are not collinear, it is possible to reconstruct the exact statélany
interesting problems can be made by populating the state space withnidmark
regions and their associated detectors. In mobile robotics applicatiorikjs can be
implemented by placing stationary cameras or other sensors in an enviroent.
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The sensors can indicate which cameras can currently view the robot. Theygint
also provide the distance from each camera.

@) (b)

Figure 11.14: (a) A mobile robot is dropped into an unknown ensonment. (b)
Four sonars are used to measure distances to the walls.

Depth-mapping sensors In many robotics applications, the robot may not
have a map of the obstacles in the world. In this case, sensing is used totbot
learn the environment and to determine its position and orientatiorwithin the
environment. Suppose that a robot is dropped into an environment ahown in
Figure 11.14a. For problems such as this, the state represents bottetposition
of the robot and the obstacles themselves. This situation is explained farther
detail in Section 12.3. Here, some sensor models for problems of this type a
given. These are related to the boundary and proximity sensors of Figul1.12,
but they yield more information when the robot is not at the boundry.

One of the oldest sensors used in mobile robotics is an acoustimar, which
emits a high-frequency sound wave in a speci c direction and measures thmé
that it takes for the wave to re ect o a wall and return to the sonar (often the
sonar serves as both a speaker and a microphone). Based on the speed of sound
and the time of ight, the distance to the wall can be estimated. Soménes, the
wave never returns; this can be modeled with nature. Also, errors in thesiance
estimate can be modeled with nature. In general, the observation spaxefor a
single sonar is [P1 ], in which 1 indicates that the wave did not return. The
interpretation of Y could be the time of ight, or it could already be transformed
into estimated distance. If there ar&k sonars, each pointing in a di erent direction,
thenY =[0;1 ¥, which indicates that one reading can be obtained for each sonar.
For example, Figure 11.14b shows four sonars and the distances thhey can
measure. Each observation therefore yields a point R*.

Modern laser scanning technology enables very accurate distance measure-
ments with very high angular density. For example, the SICK LMS-20&an
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Odometry sensors A nal category will be given, which provides interesting
examples of history-based sensor mappings, as de ned for discrete state spates i
| Section 11.1.1. Mobile robots often havedometry sensorswhich indicate how
far the robot has traveled, based on the amount that the wheels havarhed.
Such measurements are often inaccurate because of wheel slippage, surface im-
perfections, and small modeling errors. For a given state histony;,~a sensor can
. estimate the total distance traveled. For this modelY =[0;1 ) andy = h(%), in
which the argument, Xy, to h is the entire state history up to timet. Another way
to model odometry is to have a sensor indicate the estimated distance teded
since the last stage. This avoids the dependency on the entire history,tbumay
_ 1 be harder to model the resulting errors in distance estimation.
In some literature (e.g., [16]) the action historyug, is referred to as odometry.

@) (b) This interpretation is appropriate in some applications. For exaiple, each action
Figure 11.15: A range scanner or visibility sensor is like having a ¢mmuum of might correspond to turning the pedals one full revolution on a bigte. The
sonars, even with much higher accuracy. A distance value is provided forcha number of times the pedals have been turned could serve as an odometry iegd
s2 S Since this information already appears iny, it is not modeled in this book as

part of the sensing process. For the bicycle example, there might be an odsng
sensor that bases its measurements on factors other than the pedal motiofis.
would be appropriate to model this as a history-based sensor.

Another kind of history-based sensor is to observewall clockthat indicates
how much time has passed since the initial stage. This, in combinatiorittvother
information, such as the speed of the robot, could enable strong irdeces to be
made about the state.

11.5.2 Simple Projection Examples

This section gives examples of I-spaces for which the sensor mapping s h(x)
and h is a projection that reveals some of the state variables, while concealin
others. The examples all involve continuous time, and the focus is imly on
the nondeterministic I-spacd qe;. It is assumed that there are no actions, which

Figure 11.16: A gap sensor indicates only the directions at which distmuities
in depth occur, instead of providing distance information.

obtain a distance measurement for at least every 1/2 degree and sweep the full means thatU = ;. Nature actions, ( x), however, will be allowed. Since there

360 degrees at least 30 times a second. The measurement accuracy in an indoor are no robot actions and no nature sensing actions, all of the uncerigi arises

environment is often on the order of a few millimeters. Imagine the liting case, from the fact that h is a projection and the nature actions that a ect the state

which is like having a continuum of sonars, one for every angle 8. This results transition equation are not known. This is a very important and iteresting class

in a sensor called aange scanneror visibility sensor, which provides a distance of problems in itself. The examples can be further complicated by allavg some

measurement for eacls 2 S', as shown in Figure 11.15. control from the action set,U; however, the purpose here is to illustrate I-space
A weaker sensor can be made by only indicating points i at which dis- concepts. Therefore, it will not be necessary.

continuities (or gaps) occur in the depth scan. Refer to this as gap sensaran

example is shown in Figure 11.16. It might even be the case that onlye circular Example 11.20 (Moving on a Sine Curve) Suppose that the state space is

ordering of these gaps is given aroung!, without knowing the relative angles be- the set of points that lie on the sine curve in the plane:

tween them, or the distance to each gap. A planner based on this sensing model

is presented in Section 12.3.4. X = f(x1;%2) 2 R?j X2 = sin x10: (11.72)

Let U = ;, which results in no action history. The observation space¥ =[ 1;1]



11.5. EXAMPLES FOR CONTINUOUS STATE SPACES 607

Y

Y

Figure 11.18: The preimagel (y), of an observationy is a countably in nite set
of points alongX .

and the sensor mapping yieldy = h(x) = X, the height of the point on the sine
curve, as shown in Figure 11.17.

The nature action space is = f 1;1g, in which 1 means to move at unit
speed in the x; direction along the sine curve, and 1 means to move at unit
speed in thex; direction along the curve. Thus, for some nature action history
%, a state trajectory x; that moves the point along the curve can be determined
by integration.

A history I-state takes the form = (Xo;¥), which includes the initial con-
dition Xo X and the observation historyysup to time t. The nondeterministic
I-states are very interesting for this problem. For each observation the preimage
H (y) is a countably in nite set of points that corresponds to the intersectin of
X with a horizontal line at height y, as shown in Figure 11.18.

The uncertainty for this problem is always characterized by the nundr of
intersection points that might contain the true state. Suppose thaiXo = X. In
this case, there is no state trajectory that can reduce the amount of uncaitty.
As the point moves alongX, the height is always known because of the sensor,
but the x; coordinate can only be narrowed down to being any of the intersection
points.

Figure 11.19: A bifurcation occurs whery = 1 or y = 1 is received. This
irreversibly increases the amount of uncertainty in the state.
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Figure 11.20: (a) Imagine trying to infer the location of a poihon a planar graph
while observing only a single coordinate. (b) This simple exampleviolves a point
moving along a graph that has four edges. When the point is on theghtmost
edge, there is no uncertainty; however, uncertainty exists when the poititavels
along the other edges.

Suppose instead thatXy = fXxeg, in which xq is some particular point along
X . If y remains within (0; 1) over some any period of time starting at = 0, then
x(t) is known because the exact segment of the sine curve that contains the stat
is known. However, if the point reaches an extremum, which results in= 0 or
y =1, then it is not known which way the point will travel. From thi s point, the
sensor cannot disambiguate moving in the x; direction from the x; direction.
Therefore, the uncertainty grows, as shown in Figure 11.19. After théservation
y = 1 is obtained, there are two possibilities for the current state, deperitg on
which action was taken by nature whery = 1; hence, the nondeterministic I-state
contains two states. If the motion continues untily = 1, then there will be four
states in the nondeterministic I-state. Unfortunately, the uncertainy can only
grow in this example. There is no way to use the sensor to reduce the sizehd t
nondeterministic I-states.

The previous example can be generalized to observing a single coordirata
point that moves around in a planar topological graph, as showm iFigure 11.20a.
Most of the model remains the same as for Example 11.20, except that thiate
space is now a graph. The set of nature actions, X), needs to be extended so
that if x is a vertex of the graph, then there is one input for each incident edge.
These are the possible directions along which the point could move.

Example 11.21 (Observing a Point on a Graph) Consider the graph shown
in Figure 11.20b, in which there are four edgés.When the point moves on the
interior of the rightmost edge of the graph, then the state can be iafred from

8This example was signi cantly re ned after a helpful discussion with Rob Ghrist.



11.5. EXAMPLES FOR CONTINUOUS STATE SPACES 609

— = ==
= = =

Figure 11.21: Pieces of the nondeterministic I-spadgge; are obtained by the
di erent possible sets of edges on which the point may lie.

the sensor. The seH (y) contains a single point on the rightmost edge. If the
point moves in the interior of one of the other edges, theh (y) contains three

points, one for each edge abowe This leads to seven possible cases for the non-

deterministic I-state, as shown in Figure 11.21. Any subset of these edgesyrbe
possible for the nondeterministic I-state, except for the empty set.

The eight pieces of 4t depicted in Figure 11.21 are connected together in an
interesting way. Suppose that the point is on the rightmost edge anchoves left.
After crossing the vertex, the I-state must be the case shown in the upper hig
of Figure 11.21, which indicates that the point could be on one tfvo edges. If
the point travels right from one of the I-states of the left edges, thethe |-state
shown in the bottom right of Figure 11.20 is always reached; howay it is not
necessarily possible to return to the same I-state on the left. Thus, in geaér
there are directional constraints onl 4. Also, note that from the I-state on the
lower left of Figure 11.20, it is impossible to reach the I-state orhé lower right
by moving straight right. This is because it is known from the struatre of the
graph that this is impossible.

The graph example can be generalized substantially to re ect a wide vanet
of problems that occur in robotics and other areas. For example, FigutEl.22
shows a polygon in which a point can move. Only one coordinate iss&ved,
and the resulting nondeterministic I-space has layers similar to thosebtained
for Example 11.21. These ideas can be generalized to any dimension. Inténgst
models can be constructed using the simple projection sensors, such as a [ositi
sensor or compass, from Section 11.5.1. In Section 12.4, such layers \piflear
in a pursuit-evasion game that uses visibility sensors to nd moving tgets.

11.5.3 Examples with Nature Sensing Actions

This section illustrates the e ect of nature sensing actions, but only fortte nonde-
terministic case. General methods for computing probabilistic I-statesre covered
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Y
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Figure 11.22: The graph can be generalized to a planar region, angides in the
nondeterministic I-space will once again be obtained.

Figure 11.23: (a) It is always possible to determine whether the sttrajectory
went above or below the designated region. (b) Now the ability to deterime
whether the trajectory went above or below the hole depends on the palar
observations. In some cases, it may not be possible.

in Section 11.6.

Example 11.22 (Above or Below Disc?) This example involves continuous
time. Suppose that the task is to gather information and determine kether the
state trajectory travels above or below some designated region of thetstapace,
as shown in Figure 11.23.

Let X = R2. Motions are generated by integrating the velocityX; y), which is
expressed ag = cos(u(t) + (t)) and y =sin(u(t) + (t)). For simplicity, assume
u(t) = 0 is applied for all time, which is a command to move right. The ature
action (t) 2 =[ =4; =4] interferes with the outcome. The robot tries to
make progress by moving in the positivex; direction; however, the interference
of nature makes it dicult to predict the x, direction. Without nature, there
should be no change in the, coordinate; however, with nature, the error in the
X, direction could be as much ag, after t seconds have passed. Figure 11.24
illustrates the possible resulting motions.
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Figure 11.24: Nature interferes with the commanded direction, so thahe true
state could be anywhere within a circular section.
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Figure 11.25: A simple mobile robot motion model in which the semgj model is
as given in Figure 11.11 and then nature interferes with commanded tiams to
yield an uncertainty region that is a circular ring.

F(x;u)

Sensor observations will be made that alleviate the growing coneusfcertainty;
use the sensing model from Figure 11.11, and suppose that the measureneerr
r is 1. Suppose there is a disc iR? of radius larger than 1, as shown in Figure
11.23a. Since the true state is never further than 1 from the measuredt, it
is always possible to determine whether the state passed above or below dlisc.
Multiple possible observation histories are shown in Figure 11.23&he observa-
tion history need not even be continuous, but it is drawn that way for cavenience.
For a disc with radius less than 1, there may exist some observation higts for
which it is impossible to determine whether the true state traveled alve or below
the disc; see Figure 11.23b. For other observation histories, it may sble possible
to make the determination; for example, from the uppermost trajectgrshown in
Figure 11.23b it is known for certain that the true state traveled bove the disc.

Example 11.23 (A Simple Mobile Robot Model) In this example, suppose
that a robot is modeled as a point that moves inrX = R2. The sensing model
is the same as in Example 11.22, except that discrete stages are used instdad o
continuous time. It can be imagined that each stage represents a constanteirval
of time (e.g., 1 second).

To control the robot, a motion command is given in the form of an a@n
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Figure 11.26: (a) Combining information fromX,( 1;u;) and the observationy,;
(b) the intersection must be taken betweerX,( 1;u;) and H(y,). (c) The action
U, leads to a complicated nondeterministic I-state that is the union off (X; u)
over all x; 2 X( 2).

U 2 U = Sl Nature interferes with the motions in two ways: 1) The robot
tries to travel some distanced, but there is some error 4 > 0, for which the true
distance traveled,d® is known satisfyjd® dj < 4; and 2) the robot tries to move
in a direction u, but there is some error, , > 0, for which the true directionu®is
known to satisfyju uj < . These two independent errors can be modeled by
de ning a 2D nature action set, ( x). The transition equation is then de ned so
that the forward projection F (x;u) is as shown in Figure 11.25.

Some nondeterministic |-states will now be constructed. Suppose thalbe
initial state x; is known, and history I-states take the form

(11.73)

The rst sensor observation, y;, is useless because the initial state is known.
Equation (11.29) is applied to yieldH (y;)\f x;9= fx;g. Suppose that the action
u; = 0 is applied, indicating that the robot should move horizontaly to the right.
Equation (11.30) is applied to yieldX »( 1;u;), which looks identical to theF (x; u)
shown in Figure 11.25. Suppose that an observation is received as shown in
Figure 11.26a. Using thisX,( 2) is computed by taking the intersection ofH (y,)
and X ( 1;uy), as shown in Figure 11.26b.

The next step is considerably more complicated. Suppose that = 0 and that
(11.30) is applied to computeX 3( »; u,) from X,( ,). The shape shown in Figure
11.26c¢ is obtained by taking the union of (X»; u,) for all possiblex, 2 X,( »).
The resulting shape is composed of circular arcs and straight line segmefgse
Exercise 13). Oncey; is obtained, an intersection is taken once again to yield
Xa( 3) = X3( 2;u2) \ H(ys), as shown in Figure 11.27. The process repeats in
the same way for the desired number of stages. The complexity of the region
in Figure 11.26¢ provides motivation for the approximation rathods of Section
11.4.3. For example, the nondeterministic I-states could be nicely appimated
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Figure 11.27: After the sensor observationys, the intersection must be taken
betweenXz( 2;uz) and H(ya).

by ellipsoidal regions.

11.5.4 Gaining Information Without Sensors

For some problems, it is remarkable that uncertainty may be reduced viibut even

using sensors. Recall Example 11.17. This is counterintuitive because it seem

that information regarding the state can only be gained from sensindt is possi-
ble, however, to also gain information from the knowledge that sonaetions have
been executed and the e ect that should have in terms of the state transitien
The example presented in this section is inspired by work aensorless manipu-

lation planning [14, 19], which is covered in more detail in Section 12.5.2. This

topic underscores the advantages of reasoning in terms of an I-space, gzsosed
to requiring that accurate state estimates can be made.

Figure 11.28: A top view of a tray that must be tilted to roll the bdl into the
desired corner.
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1: down 2: down-left
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Figure 11.29: A plan is shown that places the ball in the desired lodah using
a sequence of six tilts, regardless of its initial position and in spite dfie fact
that there are no sensors. The thickened black lines and black dots iodte the
possible locations for the ball: the nondeterministic I-states. Under ela picture,
the direction that the ball rolls due to the action is written.

Example 11.24 (Tray Tilting) The state space X R?, indicates the posi-
tion of a ball that rolls on a at surface, as shown Figure 11.28. Téaball is con ned
to roll within the polygonal region shown in the gure. It can be inagined that
the ball rolls in a tray on which several barriers have been glued to coe its
motion (try this experiment at home!). If the tray is tilted, it is a ssumed that the
ball rolls in a direction induced by gravity (in the same way that a lall rolls to
the bottom of a pinball machine).

The tilt of the tray is considered as an action that can be chosen by the@bot.
It is assumed that the initial position of the ball (initial state) is unknown and

there are no sensors that can be used to estimate the state. The task is to nd

some tilting motions that are guaranteed to place the ball in the gsition shown
in Figure 11.28, regardless of its initial position.

The problem could be modeled with continuous time, but this complicat the
design. If the tray is tilted in a particular orientation, it is assumed that the ball
rolls in a direction, possibly following the boundary, until it canes to rest. This
can be considered as a discrete-stage transition: The ball is in some rest estat
tilt action is applied, and a then it enters another rest state. Thus, a disete-stage
state transition equation, xx+1 = f (X; Uk), is used.

To describe the tilting actions, we can formally pick directions fortie upward
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normal vector to the tray from the upper half of S?; however, this can be reduced
to a one-dimensional set because the steepness of the tilt is not importaas, long
as the ball rolls to its new equilibrium state. Therefore, the set of aans can be
considered asJ = S, in which a directionu 2 S* indicates the direction that the
ball rolls due to gravity. Before any action is applied, it is assued that the tray
is initially level (its normal is parallel to the direction of gravty). In practice, one
should be more careful and model the motion of the tray between a paifractions;
this is neglected here because the example is only for illustrative pwges. This
extra level of detail could be achieved by introducing new state variadd that
indicate the orientation of the tray or by using continuous-time ations. In the
latter case, the action is essentially providing the needed state informai, which
means that the action function would have to be continuous. Here it isimply
assumed that a sequence of actions fro8t is applied.
The initial condition is X; = X and the history I-state is

(11.74)

K.

It is surprisingly simple to solve this task by reasoning in terms of muleter-
ministic |-states, each of which corresponds to a set of possible locatidos the
ball. A sequence of six actions, as shown in Figure 11.29, is su cient to grantee
that the ball will come to rest at the goal position, regardless of itgitial position.

11.6 Computing Probabilistic Information States

The probabilistic I-states can be quite complicated in practice becauseobael-

ement of | 5o iS @ probability distribution or density function. Therefore, sub-
stantial e ort has been invested in developing e cient techniques for comptihg

probabilistic I-states e ciently. This section can be considered as a contira-

tion of the presentations in Sections 11.2.3 (and part of Section #1for the case
of continuous state spaces). Section 11.6.1 covers Kalman Itering, whi pro-

vides elegant computations of probabilistic I-states. It is designedrfproblems in

which the state transitions and sensor mapping are linear, and alt& of nature

are modeled by multivariate Gaussian densities. Section 11.6.2 coversemeyal

sampling-based planning approach, which is approximate but pjes to a broader
class of problems. One of these methods, callgatticle Itering , has become very
popular in recent years for mobile robot localization.
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11.6.1 Kalman Filtering

This section covers the most successful and widely used example of a derived
I-space that dramatically collapses the history I-space. In the special case
which both f and h are linear functions, andp( ), p( ), and p(x;) are Gaussian,

all probabilistic I-states become Gaussian. This means that the prabilistic
I-space, | pron, does not need to represent every conceivable probability density
function. The probabilistic I-state is always trapped in the subsace of | pop
that corresponds only to Gaussians. The subspace is denotedlgsuss. This
implies that an I-map, mom : lprob !' | gauss, CaN be applied without any loss of
information.

The model is calledinear-Gaussian(or LG). Each Gaussian density orR" is
fully speci ed by its n-dimensional mean vector and ann n symmetric covari-
ance matrix, . Therefore, | 4auss Can be considered as a subset Bf" in which
m =2n+(3). For example, if X = R", then | gayss  R®, because two indepen-
dent parameters specify the mean and three independent parameters specify the
covariance matrix (not four, because of symmetry). It was mentioned iSection
11.4.3 that moment-based approximations can be used in general; hoameyor an
LG model it is important to remember that | gauss IS an exact representation of
I prob-

In addition to the fact that the | o, collapses nicely, mom is a su cient I-map,
and convenient expressions exist for incrementally updating the derivedstates
entirely in terms of the computed means and covariance. This implies thave
can work directly with | ga,ss, Without any regard for the original histories or even
the general formulas for the probabilistic I-states from Section 14.1. The update
expressions are given here without the full explanation, which is lgthy but not
di cult and can be found in virtually any textbook on stochastic control (e.g.,
[5, 27)).

For Kalman ltering, all of the required spaces are Euclidean, but they &y
have di erent dimensions. Therefore,leX = R",U= = R™ andY = = R'".
Since Kalman ltering relies on linear models, everything can be expressed in
terms of matrix transformations. LetAy, By, Ck, Gk, and Hy each denote a matrix
with constant real-valued entries and which may or may not be singula The
dimensions of the matrices will be inferred from the equations in wdh they will
appear (the dimensions have to be de ned correctly to make the multightions
work out right). The k subscript is used to indicate that a di erent matrix may
be used in each stage. In many applications, the matrices will be the saime
each stage, in which case they can be denoted By B, C, G, and H. Since
Kalman Itering can handle the more general case, the subscripts are inded
(even though they slightly complicate the expressions).

In general, the state transition equationxx.1 = f(Xk; Uk; «), iS de ned as
X1 = AxXk + Byl + Gy «; (11.75)

in which the matricesAy, By, and Gy are of appropriate dimensions. The notation
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f is used instead of , because the Kalman Iter works even iff is dierent in
every stage.

Example 11.25 (Linear-Gaussian Example) For a simple example of (11.75),
supposeX = R®andU = = R?. A particular instance is

0 p- 1 0 1 0 1
0 21 10 1 1
X1 = @ 1 Axe+ @ Ay + @ 1A (11.76)
2 0 1 11 0 1
The general form of the sensor mapping = he(Xx; «) is
Yk = CiXk + Hi ks (11.77)

in which the matricesCy and Hy are of appropriate dimension. Once agairy is
used instead oh because a di erent sensor mapping can be used in every stage.
So far the linear part of the model has been given. The next step is to spgcif
the Gaussian part. In each stage, both nature actiong and  are modeled with
zero-mean Gaussians. Thus, each has an associated covariance matrix, dermted
and , respectively. Using the model given so far and starting with an initial
Gaussian density oveiX , all resulting probabilistic I-states will be Gaussian [27].
Every derived I-state inl gauss Can be represented by a mean and covariance.
Let ¢ and  denote the mean and covariance &f(Xj k). The expressions given
in the remainder of this section de ne a derived information transitia equation
that computes .1 and .1, given , «, U, and yy+1. The process starts by
computing ; and 1 from the initial conditions.
Assume that an initial condition is given that represents a Gaussian dengit
over R". Let this be denoted by o, and (. The rst I-state, which incorporates

the rst observation y;, is computed as 1 = o+ Li(y1 Ci o) and
1=(1 LiCy) o (11.78)
in which | is the identity matrix and
Li= oCJ C oCI+H; H; ™ (11.79)

Although the expression forL; is complicated, note that all matrices have been
speci ed as part of the model. The only unfortunate part is that a maix inversion
is required, which sometimes leads to numerical instability in practiceee [27] or
other sources for an alternative formulation that alleviates this pblem.

Now that ; and ; have been expressed, the base case is completed. The
next part is to give the iterative updates from stagek to stagek + 1. Using ,
the mean at the next stage is computed as

kit = Ak k+ BiUk + Lier (Ykrr Cia (Ak k + BrUk)); (11.80)
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in which Ly.; will be de ned shortly. The covariance is computed in two steps;
one is based on applyingl,, and the other arises from consideringy.; . Thus,
after uy is applied, the covariance becomes

0. = A KAl + G, GJ: (11.81)
After yi.1 is received, the covariance y.; is computed from ., as
kit = (1 Lie1Crar) Dip: (11.82)
The expression fory is
Le= oCT G 0CT + He He & (11.83)

To obtain L., substitute k+1 for k in (11.83). Note that to compute .; using
(11.80), ©9,; must rst be computed because (11.80) depends drk.;, which in
turn depends on £, .

The most common use of the Kalman lter is to provide reliable estimats of
the state xy by using . It turns out that the optimal expected-cost feedback
plan for a cost functional that is a quadratic form can be obtainedof LG systems
in a closed-from expression; see Section 15.2.2. This model is often calle@GLQ
to re ect the fact that it is linear, quadratic-cost, and Gaussian. The gtimal
feedback plan can even be expressed directly in terms qf, without requiring

k- This indicates that the I-space may be collapsed down t& ; however, the
corresponding I-map is not su cient. The covariances are still needed to cqmte
the means, as is evident from (11.80) and (11.83). Thus, an optimgllan can be
specied as : X ! U, but the derived I-states inl gauss Need to be represented
for the I-map to be su cient.

The Kalman Iter provides a beautiful solution to the class of linearGaus-
sian models. It is even successfully applied quite often in practice for prebis
that do not even satisfy these conditions. This is called thextended Kalman
Iter . The success may be explained by recalling that the probabilistic I-space
may be approximated by mean and covariance in a second-order momenséa
approximation. In general, such an approximation may be inapppriate, but it
is nevertheless widely used in practice.

11.6.2 Sampling-Based Approaches

Since probabilistic I-space computations over continuous spaces ilveothe eval-
uation of complicated, possibly high-dimensional integrals, there strong mo-
tivation for using sampling-based approaches. If a problem is noméiar and/or
non-Gaussian, such approaches may provide the only practical way tompute
probabilistic |-states. Two approaches are considered here: grid-basedhping
and particle Itering. One of the most common applications of the échniques
described here is mobile robot localization, which is covered in Sectiok. 2
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A grid-based approach Perhaps the most straightforward way to numeri-
cally compute probabilistic I-states is to approximate probabity density func-

tions over a grid and use numerical integration to evaluate the integls in (11.57)
and (11.58).

A grid can be used to compute a discrete probability distribution thatapprox-
imates the continuous probability density function. Consider, foexample, using
the Sukharev grid shown in Figure 5.5a, or a similar grid adaptedtthe state
space. Consider approximating some probability density functiop(x) using a
nite set, S X. The Voronoi region surrounding each point can be considered
as a \bucket" that holds probability mass. A probability is associged with each
sample and is de ned as the integral op(x) over the Voronoi region associated
with the point. In this way, the samplesS and their discrete probability distribu-
tion, P(s) for all s 2 S approximate p(x) over X . Let P(si) denote the probability
distribution over Sy, the set of grid samples at stagé&.

In the initial step, P(s) is computed fromp(x) by numerically evaluating the
integrals ofp(x;) over the Voronoi region of each sample. This can alternatively be
estimated by drawing random samples from the densify(x;) and then recording
the number of samples that fall into each bucket (Voronoi region). Nmalizing
the counts for the buckets yields a probability distribution,P(s;). Buckets that
have little or no points can be eliminated from future computatias, depending on
the desired accuracy. LetS; denote the samples for which nonzero probabilities
are associated.

Now suppose thatP (syj k) has been computed ove$, and the task is to com-
pute P(Sk+1] k+1) givenuy and yy.; . A discrete approximation,P (Sk+1jSk; Uk), tO
p(Xk+1jXk; Ux) can be computed using a grid and buckets in the manner described
above. At this point the densities needed for (11.57) have been appnmédted by
discrete distributions. In this case, (11.38) can be applied ové&; to obtain a
grid-based distribution overSy.; (again, any buckets that do not contain enough
probability mass can be discarded). The resulting distribution i (Sx+1] «; Uk),
and the next step is to considery.; . Once again, a discrete distribution can be
computed; in this case,p(Xk+1jYk+1) IS approximated by P (sk+1jYk+1) by using
the grid samples. This enables (11.58) to be replaced by the discrete carpart
(11.39), which is applied to the samples. The resulting distributio, P (Sk+1] Kk+1),
represents the approximate probabilistic |-state.

Particle ltering As mentioned so far, the discrete distributions can be esti-
mated by using samples. In fact, it turns out that the Voronoi region®ver the
samples do not even need to be carefully considered. One can work directly with
a collection of samples drawn randomly from the initial probabity density, p(x1).
The general method is referred to aparticle ltering and has yielded good per-
formance in applications to experimental mobile robotics. Recall Rige 1.7 and
see Section 12.2.3.

Let S X denote a nite collection of samples. A probability distribution is
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de ned over S. The collection of samples, together with its probability distribu-
tion, is considered as an approximation of a probability density @r X . SinceS is
used to represent probabilistic I-states, lePy, denote the probability distribution
over S, which is computed at stagek using the history I-state . Thus, at every
stage, there is a new sample sef, and probability distribution, Pj.

The general method to compute the probabilistic I-state update pieeds as
follows. For some large numbemn, of iterations, perform the following:

1. Select a statexy 2 S according to the distribution Py.

2. Generate a new sample.; , for Sc.1 by generating a single sample accord-
ing to the density p(Xk+1 jXk; Uk)-

3. Assign the weightw(Xk+1) = P(Yk+1jXk+1)-

After the m iterations have completed, the weights oveBy.; are normalized
to obtain a valid probability distribution, Py.1. It turns out that this method
provides an approximation that converges to the true probabiligt I-states asm
tends to in nity. Other methods exist, which provide faster convergencg25].
One of the main di culties with using particle Itering is that for some problems
it is dicult to ensure that a su cient concentration of samples exists in the
places where they are needed the most. This is a general issue that plaguesyma
sampling-based algorithms, including the motion planning algidghms of Chapter
5.

11.7

This section uni es the sequential game theory concepts from Section 10.8hw
the I-space concepts from this chapter. Considerable attention is déed to the

modeling of information in game theory. The problem is complicatedy the fact

that each player has its own frame of reference, and hence its own I-spacent
solution concepts, such as saddle points or Nash equilibria, depend critigan the

information available to each player as it makes it decisions. Pataling Section
10.5, the current section rst covers |-states in game trees, followed by lades
for games on state spaces. The presentation in this section will be con nedtte

case in which the state space and stages are nite. The formulation okpaces
extends naturally to countably in nite or continuous state spaces, atbn spaces,
and stages [2].

Information Spaces in Game Theory

11.7.1

Recall from Section 10.5.1 that an important part of formulatinga sequential
game in a game tree is specifying the information model. This was deabed in
Step 4 of Formulation 10.3. Three information models were considergdSection

Information States in Game Trees
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10.5.1: alternating play, stage-by-stage, and open loop. These andmy other
information models can be described using I-spaces.

From Section 11.1, it should be clear that an I-space is always de nedttvi
respect to a state space. Even though Section 10.5.1 did not formally inthace a
state space, it is not di cult to de ne one. Let the state spaceX beN, the set of
all vertices in the game tree. Assume that two players are engaged in a sequant
zero-sum game. Using notation from Section 10.5.; and N, are the decision
vertices of B and P, respectively. Consider the nondeterministic I-spackget
over N. Let denote a nondeterministic I-state; thus, each 2 | et IS @ subset
of N.

There are now many possible ways in which the players can be confusedlevh
making their decisions. For example, if some contains vertices from bothN,
and N, the player does not know whether it is even its turn to make a decision.
If additionally contains some leaf vertices, the game may be nished withit a
player even being aware of it. Most game tree formulations avoid thes&ange
situations. It is usually assumed that the players at least know when isitheir
turn to make a decision. It is also usually assumed that they know the stagf
the game. This eliminates many sets fromge.

While playing the game, each player has its own nondeterministicstate be-
cause the players may hide their decisions from each other. Letand , denote
the nondeterministic I-states for R and P,, respectively. For each player, many
sets inl pqet are eliminated. Some are removed to avoid the confusions mentioned
above. We also impose the constraint that; N; fori =1 and i = 2. We only
care about the I-state of a player when it is that player's turn to m&e a decision.
Thus, the nondeterministic I-state should tell us which decision verticem N;
are possible as Pfaces a decision. Let; and | , represent the nondeterministic
I-spaces for R and P,, respectively, with all impossible I-states eliminated.

The I-spaced ; and| , are usually de ned directly on the game tree by circling
vertices that belong to the same |-state. They form a partition of the ertices in
each level of the tree (except the leaves). In fact; even forms a partition ofN;
for each player. Figure 11.30 shows four information models speci @dthis way
for the example in Figure 10.13. The rst three correspond directly téthe models
allowed in Section 10.5.1. In the alternating-play model, each pler always knows
the decision vertex. This corresponds to a case of perfect state informatioim
the stage-by-stage model, Palways knows the decision vertex; Pknows the
decision vertex from which R made its last decision, but it does not know which
branch was chosen. The open-loop model represents the case that has therest
information. Only P, knows its decision vertex at the beginning of the game. After
that, there is no information about the actions chosen. In fact, tb players cannot
even remember their own previous actions. Figure 11.30d shows an infation
model that does not t into any of the three previous ones. In this moel, very
strange behavior results. If R and P initially choose right branches, then the
resulting decision vertex is known; however, if Pinstead chooses the left branch,
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Figure 11.30: Several di erent information models are illustratedor the game in
Figure 10.13.

then P, will forget which action it applied (as if the action of B, caused R to
have amnesia!). Here is a single-stage example:

Example 11.26 (An Unusual Information Model) Figure 11.31 shows a game
that does not t any of the information models in Section 10.5.1. tlis actually

a variant of the game considered before in Figure 10.12. The gameai&ind of
hybrid that partly looks like the alternating-play model and partly like the stage-
by-stage model. This particular problem can be solved in the usual wdyom the
bottom up. A value is computed for each of the nondeterministic I-stas, for the
level in which P, makes a decision. The left I-state has value 5, which corresponds
to P, choosing 1 and R responding with 3. The right I-state has value 4, which
results from the deterministic saddle point in a 2 3 matrix game played between
P, and P,. The overall game has a deterministic saddle point in which;Rehooses

3 and P, chooses 3. This results in a value of 4 for the game.

Plans are now de ned directly as functions on the I-spaces. @eterministic)
plan for P; is de ned as a function ; on |, that yields an actionu 2 U( ;) for
each 121 1, and U( ,) is the set of actions that can be inferred from the |-state

1; assume that this set is the same for all decision vertices in. Similarly, a
(deterministic) plan for P, is de ned as a function , on |, that yields an action
v2V(,) foreach ,21,.

There are generally two alternative ways to de ne a randomized plamiterms

of I-spaces. The rst choice is to de ne aglobally randomized planwhich is a
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@ )
P, acts 1 / iz&. / iN.
Cost 3 3 5 1 1 7 0 2 4

Figure 11.31: A single-stage game that has an information modetlike those in
Section 10.5.1.

probability distribution over the set of all deterministic plans. Duing execution,
this means that an entire deterministic plan will be sampled in advare according

to the probability distribution. An alternative is to sample actions as they are
needed at each I-state. This is de ned as follows. For the randomized case, let
W( 1) and Z( ,) denote the sets of all probability distributions overU( ;) and

V ( »), respectively. Alocally randomized plan forP; is de ned as a function that
yields somew 2 W( ;) for each ; 2 I ;. Likewise, alocally randomized plan
for P, is a function that maps from |, into Z( ,). Locally randomized plans
expressed as functions of I-states are often callbghavioral strategiesn game
theory literature.

A randomized saddle point on the space of locally randomized plans doed
exist for all sequential games [2]. This is unfortunate because thigrfo of ran-
domization seems most natural for the way decisions are made during exemu
At least for the stage-by-stage model, a randomized saddle point alvgagxists
on the space of locally randomized plans. For the open-loop model, damized
saddle points are only guaranteed to exist using a globally randoned plan (this
was actually done in Section 10.5.1). To help understand the problemmuppose
that the game tree is a balanced, binary tree witlk stages (hence, Rlevels). For
each player, there are '2 possible deterministic plans. This means that’2 1
probability values may be assigned independently (the last one is corahed to
force them to sum to 1) to de ne a globally randomized plan over the spacd
deterministic plans. De ning a locally randomized plan, there aré |-states for
each player, one for each search stage. At each stage, a probability disition is
de ned over the action set, which contains only two elements. Thus, each dfdase
distributions has only one independent parameter. A randomized plas speci ed
in this way usingk 1 independent parameters. Sinck 1 is much less than
2 1, there are many globally randomized plans that cannot be expressedaas
locally randomized plan. Unfortunately, in some games the locally mdomized
representation removes the randomized saddle point.

This strange result arises mainly because players can forget informatiover
time. A player with perfect recallremembers its own actions and also never forgets
any information that it previously knew. It was shown by Kuhn that the space of
all globally randomized plans is equivalent to the space of all lodglrandomized
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plans if and only if the players have perfect memory [26]. Thus, by sking to
games in which all players have perfect recall, a randomized saddle patways
exists in the space locally randomized plans. The result of Kuhn even holfts
the more general case of the existence of randomized Nash equilibria on thecep
of locally randomized plans.

The nondeterministic I-states can be used in game trees that involve neor
players. Accordingly, deterministic, globally randomized, and locallyandomized
plans can be de ned. The result of Kuhn applies to any number of playerghich
ensures the existence of a randomized Nash equilibrium on the space of locally
randomized strategies if (and only if) the players have perfect recallt is generally
preferable to exploit this fact and decompose the game tree into smalleratrix
games, as described in Section 10.5.1. It turns out that the precise comalit that
allows this is that it must be ladder-nested2]. This means that there are decision
vertices, other than the root, at which 1) the player that must make a dcision
knows it is at that vertex (the nondeterministic |-state is a singletoa set), and
2) the nondeterministic I-state will not leave the subtree rooted athat vertex
(vertices outside of the subtree cannot be circled when drawing the ganred).
In this case, the game tree can be decomposed at these special decision vertices
and replaced with the game value(s). Unfortunately, there is still th@uisance of
multiple Nash equilibria.

It may seem odd that nondeterministic |-states were de ned without being
derived from a history I-space. Without much di culty, it is possible to de ne
a sensing model that leads to the nondeterministic I-states used in this sexti
In many cases, the I-state can be expressed using only a subset of the action
histories. Let ux and w denote the action histories of P and P, respectively.
The history I-state for the alternating-play model at stagek is (b 1;w% 1) for
P, and (u;w 1) for P,. The history I-state for the stage-by-stage model is
(bk 1;%% 1) for both players. The nondeterministic I-states used in this section
can be derived from these histories. For other models, such as the one inufgg
11.31, a sensing model is additionally needed because only partial infation
regarding some actions appears. This leads into the formulation @ed in the
next section, which involves both sensing models and a state space.

11.7.2 Information Spaces for Games on State Spaces

I-space concepts can also be incorporated into sequential games that arayed
over state spaces. The resulting formulation naturally extends Formation 11.1
of Section 11.1 to multiple players. Rather than starting with two jayers and
generalizing later, the full generality of havingn players is assumed up front.
The focus in this section is primarily oncharacterizing I-spaces for such games,
rather than solving them. Solution approaches depend heavily on ttgarticular
information models; therefore, they will not be covered here.

As in Section 11.7.1, each player has its own frame of reference and thenef
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its own I-space. The |-state for each player indicates its informatioregarding a
common game state. This is the same state as introduced in Section 1G0.&yever,
each player may have di erent observations and may not know the actis of
others. Therefore, the I-state is di erent for each decision maker. In the sa of
perfect state sensing, these I-spaces all collapsexto

Suppose that there aren players. As presented in Section 10.5, each player
has its own action spacelJ'; however, here it is not allowed to depend om,
because the state may generally be unknown. It can depend, however, on the
I-state. If nature actions may interfere with the state transition egation, then
(10.120) is used (if there are two players); otherwise, (10.121) is usedhich leads
to predictable future states if the actions of all of the players argiven. A single
nature action, 2 ( x;u®;u?:::;u"), is used to model the e ect of nature across
all players when uncertainty in prediction exists.

Any of the sensor models from Section 11.1.1 may be de ned in the case of
multiple players. Each has its own observation spacé’ and sensor mappind'.
For each player, nature may interfere with observations through tiare sensing
actions, '(x). A state-action sensor mapping appears ag = hi(x; '); state
sensor mappings and history-based sensor mappings may also be de ned.

Consider how the game appears to a single player at stadgeWhat information
might be available for making a decision? Each player produces thdldaving in
the most general case: 1) an initial condition, }); 2) an action history, ul ,; and
3) and an observation historyyk It must be speci ed whether one player knows
the previous actions that have been applied by other players. It mighgéven be
possible for one player to receive the observations of other players. |frieéceives
all of this information, its history I-state at stagek is

(11.84)

In most situations, however, |, only includes a subset of the histories from (11.84).
A typical situation is

k= (ot 1Y) (11.85)
which means that R knows only its own actions and observations. Another possi-
bility is that all players know all actions that have been appliedput they do not
receive the observations of other players. This results in

(11.86)

Of course, many special cases may be de ned by generalizing many of the examples

in this chapter. For example, an intriguing sensorless game may be ded in
which the history I-state consists only of actions. This could yield

k= o e o) (11.87)
or even a more secretive game in which the actions of other players ar¢ krmown:
k= ( orth 1): (11.88)
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Once the I-state has been decided upon, a history I-spacg,, for each player is
de ned as the set of all history I-states. In general, I-maps and derivedspaces
can be de ned to yield alternative simpli cations of each history I-spae.

Assuming all spaces are nite, the concepts given so far can be organized into
a sequential game formulation that is the imperfect state informabin counterpart
of Formulation 10.4:

Formulation 11.4 (Sequential Game with I-Spaces)
1. A set ofn players, P, Py, :::, Py.
2. A nonempty, nite state spaceX .

3. For each R, a nite action spacelU’. We also allow a more general de nition,
in which the set of available choices depends on the history I-state;ishcan
be written asU'( ').

eachi suchthat1 i m.

everyx 2 X, 2 ( x;u),andu’ 2 U' for eachi suchthat1 i n.

6. For each R, a nite observation spacer'.
7. For each R, a nite nature sensing action space '(x) for eachx 2 X.

8. For each R, a sensor mappingh' which produces an observationy =
hi(x; '), foreachx 2 X and "2 (x). This de nition assumes a state-
nature sensor mapping. A state sensor mapping or history-based sensor
mapping, as de ned in Section 11.1.1, may alternatively be used.

9. A set of K stages each denoted byk, which begins atk = 1 and ends at
k=K. LetF =K +1.

10. For eac_:h R, aninitial condition |}, which is an element of arnitial condition
spacel .

11. For each R, a history I-spacel |, which is the set of all history I-states,
formed from action and observation histories, and may include the histies
of other players.

12. For each B, let L' denote a stage-additive cost functional,

X
(11.89)

k=1
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Figure 11.32: In the Battleship game, each player places several shipsaogrid.
The other player must guess the locations of ships by asking whether a feular
tile is occupied.

Extensions exist for cases in which one or more of the spaces are continuses;
[2]. It is also not di cult to add goal sets and termination conditions and allow
the stages to run inde nitely.

An interesting specialization of Formulation 11.4 is when all playersave iden-
tical cost functions. This is not equivalent to having a single player drause the
players have di erent I-states. For example, a task may be for several roisoto
search for a treasure, but they have limited communication between them. &h
results in di erent I-states. They would all like to cooperate, but they ae unable
to do so without knowing the state. Such problems fall under the sugt of team
theory [7, 20, 24].

As for the games considered in Formulation 10.4, each player has itsroplan.
Since the players do not necessarily know the state, the decisions are based o
the I-state. The de nitions of a deterministic plan, a globally rardomized plan,
and a locally randomized plan are essentially the same as in Section 11..7The
only di erence is that more general I-spaces are de ned in the current settn
Various kinds of solution concepts, such as saddle points and Nash eifyui,
can be de ned for the general game in Formulation 11.4. The existencelotally
randomized saddle points and Nash equilibria depends on general on tlaetigular
information model [2].

Example 11.27 (Battleship Game) Many interesting I-spaces arise from clas-
sical board games. A brief illustration is provided here from Battleshi which
is a sequential game under the alternating-turn model. Two players,;Rand P;,
each having a collection of battleships that it arranges secretly on a 1010 grid;
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see Figure 11.32.

A state is the speci cation of the exact location of all ships on each plays
grid. The state space yields the set of all possible ship locations fortbglayers.
Each player always knows the location of its own ships. Once they arlaped on
the grid, they are never allowed to move.

The players take turns guessing a single grid tile, expressed as a row and
column, that it suspects contains a ship. The possible observations afeit! and
\miss," depending on whether a ship was at that location. In each turn, aingle
guess is made, and the players continue taking turns until one pkayhas observed
a hit for every tile that was occupied by a ship.

This is an interesting game because once a \hit" is discovered, it is clearath
a player should search for other hits in the vicinity because there areigg to be
several contiguous tiles covered by the same ship. The only problem is tthiae
precise ship position and orientation are unknown. A good player essetity uses
the nondeterministic I-state to improve the chances that a hit willoccur next.

Example 11.28 (The Princess and the Monster) This is a classic example
from game theory that involves no sensing. A princess and a monster moveoat
in a 2D environment. A simple motion model is assumed; for example, thegke
single steps on a grid. The princess is trying not to be discovered by theonster,
and the game is played in complete darkness. The game ends when the menst
and the princess are on the same grid point. There is no form of feedbdbat
can be used during the game; however, it is possible to construct nondetenisiic
I-states for the players. For most environments, it is impossible for ghmonster
to be guaranteed to win; however, for some environments it is guarasd to
succeed. This example can be considered as a special kinghwfsuit-evasion
game A continuous-time pursuit-evasion game that involves I-spaces is ered
in Section 12.4.

Further Reading

The basic concept of an information space can be traced back to work of Kuhn [26]
in the context of game trees. There, the nondeterministic I-state isreferred to as
an information set. After spreading throughout game theory, the concept was also
borrowed into stochastic control theory (see [5, 27]). The terminformation space is
used extensively in [2] in the context of sequential and di erental game theory. For
further reading on I-spaces in game theory, see [2, 33]. In arti cial inteligence literature,
I-states are referred to asbelief statesand are particularly important in the study of
POMDPs; see the literature suggested at the end of Chapter 12. Thebservability
problemin control theory also results in I-spaces [6, 12, 22, 37], in whiclobserversare
used to reconstruct the current state from the history I-state. In robotics literature,
they have been callechyperstates[19] andknowledge state§l3]. Concepts closely related
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to I-spaces also appear aperceptual equivalence classegs [10] and also appear in the
information invariants framework of Donald [9]. |-spaces were proposed as a general
way to represent planning under sensing uncertainty in [3, 29, 30]For further reading
on sensors in general, see [17].

The Kalman lter is covered in great detail in numerous other texts; see for example,
[8, 27, 37]. The original reference is [23]. For more on particle lters, se[1, 11, 16, 25].

Exercises

1. Forward projections in | nget:

(a) Starting from a nondeterministic I-state, X( ), and applying an action uy,
derive an expression for the nondeterministic one-stage forward proion
by extending the presentation in Section 10.1.2.

(b) Determine an expression for the two-stage forward projection startng from
Xk( k) and applying ux and U+ .

2. Forward projections in | prop:

(a) Starting from a probabilistic I-state, P(xxj k), and applying an action u,
derive an expression for the probabilistic one-stage forward projection

(b) Determine an expression for the two-stage forward projection startng from
P (xx] k) and applying ux and ug+1 .

3. Determine the strong and weak backprojections on his; for a given history I-state,
k- These should give sets of possiblex 1 2 | pigt -

4. At the end of Section 11.3.2, it was mentioned that an equivalent DFA can be
constructed from an NFA.

(@) Give an explicit DFA that accepts the same set of strings as the NFA h
Figure 11.8b.

(b) Express the problem of determining whether the NFA in Figure 11.8b accepts
any strings as a planning problem using Formulation 2.1.

5. This problem involves computing probabilistic I-states for Example 11.14. Let
the initial I-state be
P(x1)=[1=3 1=3 1=3]; (11.90)

in which the ith entry in the vector indicates P(x; = i +1). Let U = f0;1g. For
each action, a state transition matrix can be speci ed, which gives theprobabili-
ties P (Xk+1 jXk; Uk). For u =0, let P(Xg+1]jXk; Uk =0) be

0 1
45 15 0

@1=10 45 1=10A: (11.91)
0 1=5 45
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() (b)

Figure 11.33: (a) A topological graph in which a point moves (rie that two
vertices are vertically aligned). (b) An exercise that is a variant of Exaple
11.17.

The j th entry of the ith row yields P(Xyx+1 = 1] Xk = j;ux =0). For u =1, let

P (Xk+1 ] Xk; Uk = 1) be 0 1

1-10 55 1-10

@0 15 45A: (11.92)
0 0 1

The sensing model is speci ed by three vectors:

P (ykjxk =0) =[4 =5 1-5]; (11.93)

P(ykixk =1) =[1 =2 1=2]; (11.94)
and

P (ykjxk =2) =[1 =5 4=5]; (11.95)

in which the ith component yields P (yx = i j Xx). Suppose thatk = 3 and the
history I-state obtained so far is

( 0jU1;U2;Y1;Y2;Y3) = ( 0;1;0;1;0;0): (11.96)

The task is to compute the probabilistic I-state. Starting from P (x1), compute the
following distributions: P(x1j 1), P(X2j 1;u1), P(X2j 2), P(X3j 2;U2), P(X3j 3).

. Explain why it is not possible to reach every nondeterministic I-gate from every

other one for Example 11.7. Give an example of a nondeterministic I-state tht
cannot be reached from the initial I-state. Completely characterize the reachabil-
ity of nondeterministic I-states from all possible initial conditions.

. In the same spirit as Example 11.21, consider a point moving on the topologat

graph shown in Figure 11.33. Fully characterize the connectivity ofl pqet (you
may exploit symmetries to simplify the answer).
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Design an I-map for Example 11.17 that is not necessarily su cient but leads to
a solution plan de ned over only three derived I-states.

Consider the discrete problem in Figure 11.33b, using the same sengiand motion
model as in Example 11.17.

(a) Develop a sucient I-map and a solution plan that uses as few derived F
states as possible.

(b) Develop an I-map that is not necessarily su cient, and a solution plan that
uses as few derived I-states as possible.

Suppose that there are two I-maps, 1 : 11!l 2and 2:12!1 3, anditis given
that 1 is sucient with respect to 11, and 2 is su cient with respect to 5.
Determine whether the I-map , 1 is su cient with respect to |4, and prove
your claim.

Propose a solution to Example 11.16 that uses fewer nondeterministicdtates.

Suppose that a point robot moves inR? and receives observations from three hom-
ing beacons that are not collinear and originate from known locations. Assura
that the robot can calibrate the three observations onS*.

(a) Prove that the robot can always recover its position in R?.

(b) What can the robot infer if there are only two beacons?
Nondeterministic I-state problems:

(@) Prove that the nondeterministic I-states for Example 11.23 are alwaysa
single connected region whose boundary is composed only of circular arcs
and line segments.

(b) Design an algorithm for e ciently computing the nondeterministi c I-states
from stage to stage.

Design an algorithm that takes as input a simply connected rectilinearegion (i.e.,
described by a polygon that has all right angles) and a goal state, and designs
a sequence of tray tilts that guarantees the ball will come to rest at tre goal.
Example 11.24 provides an illustration.

Extend the game-theoretic formulation from Section 11.7.2 of history I-spaes to
continuous time.

Consider the \where did | come from?" problem.

(a) Derive an expression forX 1( ).
(b) Derive an expression forP (x1j ).
In the game of Example 11.27, could there exist a point in the game at which

one player has not yet observed every possible \hit" yet it knows thestate of the
game (i.e., the exact location of all ships)? Explain.

11.7. INFORMATION SPACES IN GAME THEORY i

18. When playing blackjack in casinos, manycard-counting strategies involve remem-
bering simple statistics of the cards, rather than the entire hisbory of cards seen
so far. De ne a game of blackjack and card counting as an example of history
I-states and an I-map that dramatically reduces the size of the I-space, and an
information-feedback plan.

Implementations

19. Implement the Kalman Iter for the case of a robot moving in the plane. Show
the con dence ellipsoids obtained during execution. Be careful of nmerical issues
(see [27]).

20. Implement probabilistic I-state computations for a point robot moving in a 2D
polygonal environment. Compare the e ciency and accuracy of grid-based ap-
proximations to particle Itering.

21. Design and implement an algorithm that uses nondeterministic I-stats to play a
good game of Battleship, as explained in Example 11.27.
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