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Abstract— This paper introduces a sensor-based planning
algorithm that uses less sensing information than any other
within the family of bug algorithms. The robot is unable
to access precise information regarding position coordinis,
angular coordinates, time, or odometry, but is nevertheles
able to navigate itself to a goal among unknown piecewise-
analytic obstacles in the plane. The only sensor providingeal
values is an intensity sensor, which measures the signal strgth
emanating from the goal. The signal intensity function may
or may not be symmetric; the main requirement is that the
level sets are concentric images of simple closed curvese.i.
topological circles. Convergence analysis and distance biods \

are established for the presented approach.
I. INTRODUCTION

. . . . . . (7]
Navigation in an unknown environment is a classical.
ig. 1. The robot starts at the lower-left green dot and mevesrds the

rOb(_)tiCS prOblem' Typically, _the rObOt_ must gather inf_o_r'upper-right red dot while traversing various obstacle lofauies. Level sets
mation about the obstacles in the environment, its positiasi equal intensity are represented by the circular arcs.

coordinates, orientation, and much more. If limited se®sok,\\ards the goal. The original bug algorithms [14], [15]
deny the robot access to this information, one may wondef,nosed a minimalist sensing model and a robot navigation
if it can cc_>mp|ete any task of significance. Various port'of‘%lgorithm to bring the robot to a specified goal in a 2D
of the radio wave spectrum are sensed by numerous devicggyironment with unknown smooth obstacles. The work
including submarines, wireless heart monitors, radideyte |25 |ater extended to include a range sensor, which led to
sions, mobile phones, f"“?d anything with bluetooth. The maig,nroved bounds on the total distance traveled [13]. Since
question in this paper is: Can we get a robot navigate t0 e there have been several other bug algorithms. In [7],
source of a transmitter among unknown obstacles while onjye TangentBug was proposed, which enhanced the sensing
being able to sense the signal intensity and estimate i3 10G,,5qel to improve the bound on the length of the path to the
gradient? Yes we can. ] . ; ;

To imagine the difficulty, suppose a woman is walkin oal. In [8], TangentBug was extended to three dlmensm_)ns.
around a city trying to get to a tower. She can navigate arou edgeBug and its relative RoverBug [9], [10], [11] restrict

rthe TangentBug sensing model so that it can be applied in an

various buildings without knowing if she is in Kansas o ) . .
Japan and without knowing her longitude and latitude. Tgctual planetary rover. A bug algorithm for solving pursuit

make it more interesting, suppose she is blindfolded. Thef&/@sion was presented in [16]. .

is not only uncertainty about position, but also about the The motivation for ourpaper came from carefully studying
surrounding environment. What information could she use &pedmlodels Of, pr((ajwous pu_g _a_Igonthms_. Evendthough these
get to the tower? Suppose that the tower sendsasignal,whfa‘f els are aimed at minimizing Seénsing and mapping re-
could be a loud sound or a radio broadcast. Does there exfif!"€Ments, they appear to require some preC|se_|n_f0rmat|0
a strategy that enables her to successfully navigate to tﬂbadt may notlbe _nhecessary. For.example, the original Bug1l
tower based on signal intensity? What kinds of sensing arftf! BUQZ algorit ms. [15] use: 1) a contact sensor, 2)
actuation are needed? This paper is motivated by such ba R:ordmates of the |r.1|.t|al robot pqsmon, 3) coordinatds o
guestions. Figure 1 shows an example of a simulated rob current robl;)t pos;]tlogz 4) coordmatlezof the té;lrgell,?)n |
that executes a strategy based on incrementally maximizir(f'gomdetry t(_)l_r?_ ta_ur; the _'Staf?ce tr%ve N ;\roun z(;;n_o Stﬁc €
a single intensity while moving among unknown obstacIeLJ undary. This information is evident when studying the

and without knowing coordinates, orientation, or the signf;P‘"‘rt'mJI"‘lr approach. Bqu. goes.around the entire o_bstacle,
m%)ping calculates the closest leaving point, returns to that paimd
u

r mathematical model falls mostly into the well-knownthen goes in a straight line towards the target. Bug2 caiesila
family of bug algorithms, which have two main modesan “m-line”, which is a line segment that connects the ihitia
of movement: following obstacle boundaries and movingoint to the goal point, and always moves on that line unless

it is contacted an obstacle. While moving along an obstacle,
K. Taylor is with the Department of Computer Science, Ursigrof jt follows the boundary until it is once more on the m-line,
lllinois at Urbana-Champaigkt ayl 021@1 | i noi s. edu . . .
and then it returns to moving towards the target on the m-line
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N\ 7 ~ in any fixed disc (this property is called locally finite in [1.5
| ‘ The obstacle s&D may contain amuter obstacle O, that

\f ) is unbounded; all other obstacles are bounded. See Figure 2.
| Let E be the closure oR? minus allO € O and be called
‘ \ the environment. Note that the environment is connected and
(A~ ~ may or may not be bounded.
o P — A point called thetower exists at some locatiofx;, y;) €

= ///\ ‘ \ R?. The tower broadcastssignal, which is modeled as an
J‘ - < 7V /\ intensity function oveR2. Letm denote thesignal mapping
‘ d “‘\ (AN m : R? — [0, 1], in whichm(p) yields theintensity atp € E,
A . U generated from the tower. It is assumed that the maximum
- ‘ intensity, 1, is achieved at the towern(z;,y;) = 1. If the
Fig. 2. There may be an outer obstaCk.:cr, which has a finite-length  rghot is atp, then the intensity is translated accordingly as
boundary curve but extends infinitely outward in all direns. .
m(p — (z¢,y:)). Due to translational symmetry and the fact
odometer, and angular odometer to execute both the Bui1at the robot never receives position coordinates, it mey b
and Bug2 algorithms. Bug2 would also need to calculat@ssumed without loss of generality tfiat, y;) = (0, 0). This
whether the obstacle has intersected the m-line. VisBugggnificantly simplifies calculations, and we can rephréage t
algorithm[15] is based on the Bug2 algorithm but uses Aroblem as: The robot must find the origif, 0), which
range sensor to decrease the Bug2 path bound. TangentB@gtains the tower.
uses a360° range sensor to avoid following the boundary For anyi € [0, 1], consider the level sets (or preimages)
and instead move a certain distance away from the boundary 1 2 .
unless it is unavoidable. WedgeBug is based on TangentBug m™ (i) = {p € R* [ m(p) = i}. 1)
and uses a more limite?D° to 45° range sensor to minimize We want to allow intensity functions that are as complicated
the number of sensor readings. as those measured in practice from radio signals or other
A common theme among the bug algorithms is that theghysical sources. An important restriction, however, \v#l
rely on knowing the robot’s exact coordinates. Our motithat we allow only one local maximum, which is at the tower.
vation comes from a simple observation: the previous bulg spite of this, it will be assumed that could be any locally
robots had access to the exact coordinates of every plage thépschitz, piecewise-analytic function for which=1(i) is
visited, and in some cases to the exact distance they tchveleBomeomorphic to a circle, i.e. a topological circle, for gve
If they had had unlimited memory, it would even have been € (0,1) and m~1(1) = {(0,0)} (m may define, for
possible to reconstruct a perfect map of their environmentexample, some polyhedral surface). Furthermore, the level
It seems that it ought to be possible to navigate through aets must be concentric, witld, 0) at the center. We make
environment without collecting all of this information. We a general position assumption that for the boundary of every
therefore want to determine whether the robot can naviga € O and every preimage: ' (i), they are either disjoint
to a goal without collecting all of this information. Can it or intersect in a finite number of places. Leéf denote the
reach the goal without having any coordinates? set of all intensity functions that satisfy these condision
Section Il introduces a coordinate-free mathematical Let M, C M denote the set of altadially symmetric
model for a bug that navigates based on the intensity ofiatensity functions. In this case, the level sets form cotde
signal emanating from the goal. Section Il presents a solgircles in the classical sense (rather than concentriclégpo
tion for the case of a radially symmetric intensity functionical circles). As an example,
The resulting plan guarantees that the robot reaches tHe goa 1
and an upper bound on the total distance traveled is given. m(p)

k : T2 g2
Section IV addresses the more general case of an asymmetric Pz Py
intensity function. causes the intensity to decay quadratically with distance,

II. PROBLEM FORMULATION without regard to direction. This is a common idealized

Suppose that a point robot moves k¥ according to a model for radio transmission. More generally, if the level
kinematic differential drive model. A differential drivelbot ~ sets are not concentric circles, thene M \ M; is called
consists of two independently controlled wheels attacled BSsymmetric.
an axle. By sending equal power to both identical wheel The environmentZ and even the signal mapping are
motors, the robot can easityiove straight or rotate in place. ~ unknown to the robot. Furthermore, the robot does not
Therefore, we use these two motions as basic primitives &ven know its own position and orientation. Based on these
control the robot. guantities, astate space X is defined as

Let O be a set ofobstacle_ﬁ in yvhlch ea(_:hO e Ois X CSE@) xEx M 3)
closed with a connected piecewise-analytic boundary that
is finite in length. Furthermore, the obstacles @h are in which SE(2) is the set of all possible robot positions and
pairwise-disjoint. There may be a countably infinite numbeorientations,£ is the set of all possible environments, and
of obstacles; however, at most a finite number are containéd is the set of all possible intensity mappings.

)



Each sensor available to the robot will be defined as gLAN FOR THE SYMMETRIC CASE

mappingh : X — Y from the state spac& into an 1) Letip = hi(x).
observation space Y. Three main sensors will be considered. 2) APPIY tor; and thenu .
First, the contact sensor indicates whether the robot is 3) If hi(z) =1, then terminate; the tower was reached.

touching the environment boundadye: g; XiLI # hi(z), then letiy = h;(x).
. PPIY  for.
n _J1 if x € OF 4 6) If h;(x) > iy then go to Step 1.
otherwise. 7) Go to Step 5.

. . . Fig. 3. A ful plan for th f diall itriensit
The other two sensors obtain information regarding th%'gcﬂon. sticcessitl pian for fhe case of a fadialy symmeiiensty

tower. Theintensity sensor indicates the strength of the signal
from positionp:
(he(z) = 1), 2) hits the tower §;(z) = 1), 3) detects

hi(z) = h(p, 0, B,m) = m(p). ®) a local maximum in intensity along its line of motion.
The robot can use the intensity sensor to determine whéferi The robot rotates counterclockwise, stopping only
it is at the tower, which uniquely occurs whén(z) = 1. when it is aligned with the tower( (z) = 1).
However, if the robot does not know the maximum possiblé/for The robot travels around an obstacle boundary counter-
intensity, then a “tower detection sensor” can be addesljshi clockwise, maintaining contact to its left at all times,
avoided for this paper since the two become mathematically ~ StOPping only when it reaches a local maximum in the
equivalent. intensity.

For the third sensor, there are two possibilities. Tovger ~ There are obviously some hidden details regarding how these
alignment sensor indicates whether the robot is facing theprimitives are implemented, especially in the cases fs

tower: ) anduy,;. Both of these have termination conditions that de-
he(z) = { L ifo= ?tam(—p) (6) pend on detecting a local maximum. This could be achieved
¢ 0 otherwise. in practice by sampling the intensity at high frequency and

Alternatively, the gradient alignment sensor indicates Checking the relations, > iy andiy_1 > ik, of

whether the robot is facing the direction of steepest ascelfe 1ast three intensity observatiqns afe2, k-1, and iy,
of m: Relaxing the comparison betweép ; and i, to include

, ) the possibility of equality allows the robot to detect péate
ha(z) = { (1) gugce?\s,v?;zme) o Vm(p) (7) in intensity values. This sampling policy could obviously
' cause the robot to slightly pass the maximum, which could
At nonsmooth points, the gradief is assumed to be be deemed to be insignificant due to a high sampling rate, or
extended in a standard way from nonsmooth analysis; s#&e robot could execute a short reversal motion. Furthezmor
[4] in general, and [3] for the use of this in the context offor uy., the robot must be able to move itself along the
sensor-based planning. In this general cdsgx) = 1 if wall using the contact sensor. This might be achieved by
(cos 8, sin #) is proportional to any vector in thgeneralized =~ mounting a horizontal wheel that rolls along the wall and is

gradient [4]: force controlled. Such details will not be considered farth
) however, it is important to point out that some subtle dstalil
co {}gglo Vm(pi) : pi — p, M (pi) eXiStS}, (8) remain regarding the implementation of the primitives in

actice. In this paper, the primitives are given, and seem

. . r
in which thep; correspond to any sequence that converges E%asonable under the sensing model.

p, co denotes the convex hull, anmd’ denotes the derivate of

m. Intuitively, this definition gathers up all possible grawtis 1. RADIALLY SYMMETRIC CASE
by taking derivatives along all sequences convering for The section presents a plan for the robot that guarantees it
which derivatives exist. will reach the tower after a finite number of primitives have

_In Section 1l m is radially symmetric, in which case peen applied. In this section,,.q always terminates when
either alignment sensor can be used because they give figer the tower or boundary is reached:; the possibility of a

same result. In Section 1V, the asymmetric case is handlegcg| maximum in intensity arises only in Section IV.
and only the gradient alignment sensor is used. The robot has

no other sensors, such as global positioning, odometry, orfa A plan for the I-Bug
compass. Therefore, it is unable to obtain precise position Using its motion primitives and enough memory to store
angular coordinates. two intensity values;;, andiy, the plan is shown in Figure
Now consider possible actions amotion primitives that 3. The intensityi; is the intensity observed when the current
are given to move the robot. Each motion primitive musppstacle was contacted via completion af @, motion. The
terminate on its own using sensor information. The robot igtensity i, is the value obtained just prior to the execution
allowed only three motion primitives: of us,q. This is used in Step 4 to compare with the current
uswq The robot goes straight forward in the direction it isintensity h;(z) to determine whethei ;,,4 caused the robot
facing, stopping only if: 1) it contacts the obstacleto move. If the robot moved, then a new value fgr is



Fig. 4. When path segments are linearly rotated, their suegisvalent
to a single path.

stored because the robot moved across the interidf.dt  Fig. 5. The robot is repeatedly sent around the obstaclerddfoally
is assumed that the starting position lies in the interioEpf reaching the goal.

which guarantees thai; is defined in the first iteration. In
each execution of Step 5, the robot moves to another lo

maximum,_and then it tries to Ileave the boundary in Step gbstacle boundary (where it recordeéd). It might seem

!f the_maX|mum IS greater th‘m‘f' If after uor; the robot that an infinite loop is possible by failure to satisfy the
'S faC|.ng the_ b_our_1dary, then it cannot make Progress, a@ndition of Step 6 or by the motion being blocked by

EJL - ZHH '(I;hk;s flndlcat_es that another Io_caINmaX|rr1num MUSlhe obstacle boundary. However, Lemma 1 ensures that it
e reached before trying to escape again. ote that our roho Iways possible to leave the obstacle boundary and obtain

cannot follow the Bugl approach in [15] because the robof higher intensity value. In the worst case, the robot may

is unadblcra] to t()jeterlmme whether it has traveled complete ¥Ypeatedly return to the same obstacle bounddy but it
around the obstacle. cannot become trapped. Each time it arrivesCatiy is
B. Convergence larger, and the number of local maxima is finite. A new

Does this plan actually succeed? The following lemm eparture point alongO exists each ime due 1o I__emmg
. Eventually, the robot must leave from a global intensity

represents a crucial step in establishing convergenceeto ) . . . . : .
P P 9 g maximum, and its direction faces the interior of the disc

tower: ;
Lemma 1: For every obstacle boundayO and every D from the_ proof of Lemma 1'. Therefor_e, the robot is not
blocked, it increases the intensity, and will never cont&gt

possible tower locatiore R? — O, there exists at least one b e
intensity local maximunp € 9O for which the disc centered again. Since this is assured for every obstacle, the robst mu
eventually arrive at0,0). |

at the tower(0, 0) with radius||p|| is disjoint from the interior

of 0. o " _ Note that in the proof above, the robot does not necessarily
Proof: Using the general position assumption &0d0),  know whether it is returning to the same obstacle multiple

there are at most a finite number of intensity local maximgmes. |t may alternate between several obstacles unknow-
along 00O. One or more of these may be global MaXingly, but this causes no harm.

ima. Since intensity increases monotonically as distance
decreases, the global maxima are also the points afghg C. Bounding the total distance
that are closest 0, 0). Let p denote any one of these and How far might the robot travel in the worst case to
let D((0,0), p) be the closed disc centered @ 0) with p  reach the tower? Let(po, E) denote the distance traveled
lying on its boundary. All other global maxima must lie onpy the robot after executing the plan in Figure 3 from
the boundary of this disc. By construction, no other pointgositionp,. This would be the reading obtained by a perfect
in O are closer td0,0) thanp; hence,D and the interior of odometer, if it had existed. LetV be the total number
O are disjoint. B of obstacles that intersect a disc of radijys||, centered
at (0,0). A local maximum at a poinp € 90 is called
unblocked if the robot can freely move toward the tower
from p, without immediately entering the interior 6f. The
§0Ilowing proposition bounds the total distance traveled:
Proposition 3 (Bounding the Path Length): The total dis-
tance traveled by the robot satisfies the bound:

ensures that .4 is attempted only at a point that is closer
(0,0) than the point at which the robot arrived at the

Convergence is established in the following proposition:

Proposition 2 (Convergence): The plan in Figure 3 causes
the robot to reach the tower after a finite number of step
regardless of the particular environmefy, initial robot
position in the interior ofF, and tower location in&.

Proof: After executing Step 2 for the first time, either the

tower is reached or the robot contacts the boundary of an N
obstacle. Assuming the latter, Step 4 staigsthe intensity U(po, E) = Lwa + Lrol < |[poll + anckv 9)
at this boundary point. The main idea of the proof is that k=1

the intensity increases monotonically with every subsatjuein which n is the number of unblocked local maxima along
execution of Step 2. Since distance decreases monotgnically, ¢, is its perimeterf ¢,,q is due touf,,4, andly,; is due
as intensity increases, the robot arrives(@t0). Step 6 tO uyo;.



Fig. 7. The environments above are two representatives fhensequence
of obstacles that causk local maxima. The highlighted region of the
obstacles indicates regions where the robot collectsimrgensor readings.
The robot does not know how many peaks may exist. Furthernitarannot
determine whether there is a solution beyond the next peakioald occur
for the example on the bottom. Since the environment is unknthe robot
cannot decide whether the tower is reachable.

Fig. 6. The robot approaches both terms,,; and /., in the bound in ~ must either move to the tower if it exists or declare after a
the case of convex obstacles. finite number of steps that the tower is unreachable. Not only

Proof: The proof proceeds by bounding the total patﬁjoes the plan in Figure 3 fail to achieve this, the following
length due tou ., separately from that ofi .. Let £}, proposition establishes that the robot cannot generattidde

denote the total distance traveled from @}, executions. whether(0,0) € E:

If us.,q is executed only once before reachiffy0), then Proposition 4 (Decidability): Using its sensors and mo-
clearly £1,q = |[pol. In the more general case, each timdion primitives, it is impossible for the robot to determine
Jw - . 1

uswa is applied the path coincides with a line througho). whether the tower is reachable, in other words whether

All path segments can be radially rotated, as shown in Figut(Q’ 0) € E. ) ) i
4, so that their sum is clearly no larger théip|. This Proof: There exists a sequence of rippled disc obstacles
explains the first term in (9). for which each hag intensity maxima. Over the sequence,

Now let ¢;,; be the total distance traveled due to allF ranges fror_nl to any natural number. Since the robqt do_es
o Motions. For a single obstactg, with perimetercy, not know E, it must repeatedly advance to local maxima in

consider the total number amount of boundary traveling th&oPes of an opportunity to move {0, 0). Since there could

occurs. The robot never leavés twice from the same local be arbitrarily many maxima and the robot cannot determine
maximum because the intensity increases monotonically ea/hether it has gone completely around the obstacle, it will
time 0y, is reached by a4 primitive. This implies that iterate forever without learning whethéb, 0) is reachable.

the robot must leave),, via the u.q primitive no more Consider the situation shown in Figure 7. In this case, there
than n;, times. Furthermore, the total distance traveled b§'® many local maxima in intensity, but none of these allow
executing a consecutive sequencef primitives is always the robot to make progress. The robot will continue to visit

less therey,; otherwise, it would surpass the desired departuf@@W local maxima in an effort to escape, but it never knows
point. Therefore, the total distance traveled alafg is whether it has visited all of them. It therefore loops foreve

bounded above by;.c,. Summing over all obstacles yields around the obstacle without being able to determine whether

the bound? s < 34, ncy. it has explored the whole boundary. ]
Combining the two components yields The main impediment with the robot deciding when the
N tower is reachable is that it cannot tell when it returns to
Upo, B) = Lywa + Lror < [|po| + anck' (10)  the same point alongO. This is a familiar problem in
k=1 the searching of unknown mazes [2], graphs [1], [5], and

There areny unblocked local maxima along each obstaclepolygons [6]. The usual solution is to introducepabble
each of which could cause the robot to traverse nearly all ghat serves as a marker. There are many ways to simulate the
the perimeter of the same obstacle. B effect of a pebble, but all of them require additional sensor

Note that if all obstacles are convex, then the second ter(r)ﬁ actuation capabilities.

of (9) can be improved tds, < szv Py. Paths arbitrarily £ opgacles Without Nonsmooth Points

close to this worst-case behavior exist, as shown in Figure . _
6. Suppose that we restrict the obstacle boundaries to be

It is interesting that the bound in Proposition 3 is simila2n@lytic, rather than piecewise-analytic. This impliestth

to that of Bug2 [15], even though our robot receives mucfVerY point alon@O has a well-defined normal, in the sense
less information. In that case, the bound &g, is 1/2 of from classical calculus. Now remove the tower alignment

what is obtained in (9). sensor and converts,q into a new p_rimit_iveunor that
always moves toward the tower in the direction of the normal
D. Decidability at the robot position iRDO. Suppose that the plan in 3
It has been assumed so far that the tower lieskin is modified by executing:,,, in Step 2, instead ofi,,;
Suppose that the tower may lie anywher&ihand the robot followed by u f,,4.



PLAN FOR THE ASYMMETRIC CASE
1) Letir = he(x).
2) Apply uer; and thenu fy,q.
3) If h;(z) =1, then terminate; the tower was reached.
4) If iy, # hi(z), then letiyg = h;(x).
5) If ht(x) = 0, then go to Step 1.
6) Apply o
7) If h;(x) > iy then go to Step 1.
8) Go to Step 6.

Fig. 9. A successful plan for the case of an asymmetric iitiefisnction.
The difference is that multiple iterations are needed wheyssing the
interior of E. This is reflected in Step 5, which did not exist in Figure
3.

Fig. 8. Robot makes progress towards the target in an emaiah with

asymmetric intensity. Figure 8 shows a sample path in the asymmetric intensity

scenario. This iteration continues until the tower or baanyd
is reached. If the boundary is reached, then; is applied

Proposition 5: If the boundary of every obstacle is an-as in Section IIl.
alytic, then the modified plan (which avoids the tower The proof of convergence follows the same general strat-
alignment sensor) always succeeds and the path satisfies @& as in Section IV. Recall Lemma 1, which was perfect for
bound in Proposition 3. ensuring that the robot does not get trapped moving along
Proof: The proof follows from the key observation from an obstacle boundary. In the current setting, replace e di
classical constrained optimization. Recall that when -opti?((0,0), p) with a topological disc, B((0,0), p), which is
mizing an analytic functionf(z) subject to an analytic defined as
constraintg(z) = 0, then local extrema occur only if — f /
V f(z) = AVg(x) for some nonzero scalar constanfcalled B(0,0),p) ={p" € B[ m{p) = m(p)}- (11)
a Lagrange multiplier). In our context,f is replaced by the Informally, the topological disc includes all points with
intensity functionm, and g is replaced bydO. Each time intensity greater than or equal to the intensitypatUsing
that us, terminates due to an extremum, the gradient dghis definition, the following lemma can be stated, which
the intensity function must be normal to the boundary. Dugeneralizes Lemma 1 to a topological disc:
to radial symmetry, the direction o¥ f(x) is always on a  Lemma 6: For every obstacle bounda®yO and every
line through (0,0). Thus, the robot can move toward thepossible tower location, there exists at least one intgnsit
tower by executing,,.,.. This produces the same motion thatocal maximump € 9O for which the topological disc
would have been executed by the original plan in Figure 32((0,0),p) is disjoint from the interior 0fO.
Therefore, the convergence proof in Proposition 2 and tengt Proof:The argument is similar to the proof of Lemma 6.

bound in Proposition 3 still hold. B Using the general position assumption, there are at most a
finite number of intensity local maxima alorigD. One or
IV. GENERAL ASYMMETRIC CASE more of these may be global maxima. lzetienote any one

of these and leB((0, 0), p) be the corresponding topological

This section generalizes some of the ideas from SectiQfisc. Al other global maxima must lie on the boundary of
[l to the setting of intensity functions that are asymmetri B((0,0),p). By construction, no other points i have an

In this section, the level sets are topologically equivaten intensity greater than the intensity @t hence,B((0, 0), p)
circles, but may take any shape. The intensity function 5.4 the interior ofO are disjoint. 1

is piecewise-analytic with a single maximum @t 0). The

primary trouble caused by this case is that the gradient of Using Lemma 6, it is straightforward to establish the

the intensity function no longer “points” to the tower. Ireth convergence of the plan in Figure 9:

symmetric case, the tower alignment sensor (6) and gradientProposition 7 (Convergence): For anye > 0, the plan in

alignment sensor (7) produce the same orientation. In thiggure 9 causes the robot to arrive withindistance from

section, the two sensors generally produce different t@sulthe tower after a finite number of steps, regardless of the

It is assumed here that the gradient alignment sensor is usedrticular environmenk, initial robot position in the interior

Note that a straight-line motion will no longer take the roboof £, and tower location in&.

to the tower. Fortunately, the robot is able to make progress Proof: The proof follows in the same manner as the proof

by relying on the main idea from the classical optimizatiorof Proposition 2 but is omitted due to length constraints. In

techniquesteepest descent with line searching (SDLS) [12]. each step, the intensity is guaranteed to increase. The only
The plan from Figure 3 is modified in the present setting tsignificant change is that it may take multiple iterations of

obtain the plan shown in Figure 9. The only real difference s, to traverse the interior off. Since the robot moves

is given by the insertion of Step 5. During the executiormlong a line in the direction of the gradient in each stes thi

of us,q, the robot may fail to reach the obstacle boundarys equivalent to SDLS optimization, which is well-known to

Therefore, it must realign itself and move in a new directionconverge asymptotically [12]. The asymptotic convergeaice



SDLS is the reason whyis used in the proposition; precise
convergence td0,0) would require an infinite number of [1]
steps in general. ]

It is natural to wonder whether a bound can be constructe
on the total path length, as established in Proposition 3. |
N

the current setting, the second term Enkck remains as  [3]

an upper bound on the motions duel;fpil. The first term,
however, is complicated by the convergence rate of the spL
iterations, which depends on the properties of the intgnsit s
function m. For optimization problems, conjugate gradient
descent is usually preferred over SDLC because of its fast L
convergence rate; however, our robot does not receive énoug
information to apply the method.

V. CONCLUSIONS

We have successfully determined that a robot can, igs
theory, navigate to a signal source using its intensity an
gradient, in spite of having no other information about its
configuration, the obstacles, or even the intensity mappiné9
(except that its level sets are topological circles). Theoto

(7]
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sensor to achieve the task of reaching a goal, which is the
signal source. The robot does not have access to perfgci)
clocks, odometry, or other sensors that would enable it to
infer any coordinates irR?, its orientation in|0,2x), or [12]
its total distance traveled. For a radially symmetric isign
function, we presented a plan for I-Bug that is guarantedd3]
to succeed in a finite humber of steps. Also, a bound
is provided on the total distance traveled. If the intensityis)
function is asymmetric, the plan is slightly modified, but
nevertheless converges. This case seems quite interdsiing 15]
to its extreme generality. Although the robot is unable to
move directly to the goal, its convergence is assured througj6l
an approach that is mathematically equivalent to the sgtepe
descent line search algorithm from optimization.

Many interesting questions remain for future research. It
is surprising that the robot can accomplish the task without
being aware of whether it is returning to the same obstacles.
What other tasks can be accomplished in spite of this
confusion? What tasks require distinguishability between
obstacles? What forms of sensing should be added to give
the robot enough information to make such distinctions.{e.g
a mathematical pebble)? In another direction, can the plans
given in this paper be improved by allowing the robot to
alternative between clockwise and counterclockwise direc
tions? Could a randomized approach lead to good expected-
case behavior? Another interesting direction is to naeigat
using intensity-based coordinates with a robot among multi
ple towers.
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