Exploiting Group Symmetries to Impro ve Precision in Kino dynamic

and Nonholonomic Planning

PengChendg' Emilio Frazzol¥ Stewven M. LaValle®

University of Illinois
Urbana, IL 61801USA
f pchengl,frazzoli, lavalleg@uiuc.edu

Abstract

We address the problem of eliminating gapsin paths
that are constructed by some nonholonomic and kino-
dynamic motion planning algorithms. In many of these
algorithms, control inputs at each planning step are
chosenfrom a "nite set, obtained from discretization
of the available control input set. While this approach
is attractive for computational reasons, it can geneate
gaps, or disoontinuities, either between path segments
or between the nal state and the desired gaal. For the
purpose of reducing gaps, the original control set and
continuous time interval can be utilized, and incremen-
tal perturbations may be applied to incrementaly opti-
mize the gaperror while respecting collision constraints.
By exploiting Lie group symmetries, which ememgein a
broad classof rokot systems,we are ableto avoid costly
numerical integrations that usually occur in each step
of gradient-basel optimization techniques. It is hoped
that the approach can ultimately lead to faster planning
algorithms by allowing coarser discretizations of time
and the availableinput set, with the understandingthat
later re nements can be made exciently.

1 Intro duction

A fundamertal robotics problem is the automatic con-
struction of control lawsthat leadto collision-freepaths
that satisfy kinematic and possibly dynamic equations
of motion. Therefore, considerable e®orts have been
put forth to dewelop algorithms that compute tra-
jectories for nonlinear systemswith non-corvex con-
straints. Tedniquesthat apply to the largest class of
problems usually require discretization and numerical
approximation to a cortinuous-time and corntinuous-
input system. For example in [3,7{9,17,20,25], nu-
merical dynamic programming yields approximately-
optimal solutions. Other recert approades, sud as
[5,10,11,21,23], aim at the construction of trajectories
through the sequetial combination of seweral \motion

primitiv es" from a "nite library, chosenthrough a pro-
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cessof quantization of feasible cortrol input histories.
Other sampling-basedtechniques have also been pro-
posed, particularly for solving high dimensional prob-
lems[13,16,18]. Besidesour work, other recert interest
in optimizing computed paths for nonholonomic sys-
tems includes [15].

Most of the existing methods that apply to gen-
eral nonlinear systemseither: 1) incremenrtally build
a seard graph from the initial state toward the goal
state, or 2) incremenrtally build two trees, one from
the initial state and another from the goal state, with
hopesthat the two treeswill evertually meet. To avoid
searting the same state repeatedly and to terminate
the seart in a nite number of iterations, many meth-
ods have beenusedto discretize the con guration or
state spacesud that there are only a nite number of
nodesin the seard graph. In [9], the discretization is
basedon a grid built from the accelerationboundsand
a xed time step. Nonuniform boxes are usedto dis-
cretize the state spacein [25]. The con guration space
is decomposedinto disjoint parallelepipedsof equal size
and asymptotic completenesss derived in [3].

Although methods basedon discretization and nu-
merical computation often apply to broad classesof
problems, a common limitation is the occurrencesof
gaps in the solution. For example, an e®ectof the
quartization of available cortrol inputs is that the sys-
tem is not small-time locally cortrollable (STLC): the
reachable sets under sudh cortrol laws has in seweral
casesthe structure of a lattice, thus preventing the ex-
act matching of the nal point of the trajectory with
an arbitrary goal, in a nite number of steps. (In cases
in which the reacable set is everywhere dense[22], or
even continuous[10], it is possiblein principle to add a
sequenceof cortrols to move the nal point arbitrarily
closeto the end goal, but this is doneat the expenseof
the exciency of the trajectory.) Single-treeapproaces
usually will not achieve an exact goal state, and the
quality of the solution strongly dependson the level of
guartization that wasusedin the algorithm. Dual-tree,
bidirectional approadcescan preciselyattain the initial
and goal states; howewer, there is usually a gap in the
middle of the solution where the two trees meet.

Oneis often facedwith the tradeo®of selectingmore-
expensiwe approximations of the original system, either



of its state space,or of the set of cortrol inputs, for
the purpose of reducing this error. If excient meth-
ods can be deweloped to dramatically reducethis error,
then the solution quality would be greatly improved.
This is especially true for trajectories for which a gap
appearsin the middle, sincetrajectory integration from
an erroneousstarting point could dramatically alter the
“nal state. Furthermore, the exciency of numerical ap-
proachesto trajectory designand nonholonomic plan-
ning can be greatly improved by attempting to solve
problems at a very coarselevel of resolution with the
understanding that substartial re nement to reduce
gaps can be applied at any point. Ezxcient gap re-
duction techniquescan alsobe usedto enablemultiple-
guery roadmap methods, such as those in the proba-
bilistic rcadmap framework [1,2,4,12,19,24,28,30], to
be adapted to problems that involve di®erertial con-
straints.  Although some such methods already ex-
ist [26,29], they typically require a steering solution
to be applied to avoid the gapsthat would arise when
connections are attempted between states. If a gap-
reduction technique is excient enough,it could enable
the applicability of this framework to a much broader
classof systems.

2 Problem Form ulation

The focus in this paper is on a subproblem that typ-
ically arisesin kinodynamic and nonholonomic plan-
ning. First, we formulate the general motion planning
problem, and then we formally state the subproblem
of interest in this paper, i.e., the improvemert of the
precision of the motion planning solution.

The planning problem The planning problem is
expressedas a sewen-tuple, (X;%D; Xinit ;Xgoal ; U; ),
in which: 1) X is a di®ereriiable manifold of dimen-
sionn; 2) %: X £ X ! [0;1) is a metric on X; 3)
D : X I R represerts collision constraints on X by
requiring that the state, x, satisfy D(X) - 0; 4) Xinit

represerns an initial state; 5) Xgoa represerts a desired
goal state; 6) U %2 R™ represens a compact set of in-
puts or cortrols; 7) f is a smooth mapping from X £ U
to the tangent bundle TX that encadesthe systemdy-
namics as a set of time-invariant Ordinary Di®erertial
Equations (ODEs),

x = f(x(t);u(t)); 1)

in which x(t) 2 X, u(t) 2 U,andt 2 [0;1 ). For non-
holonomic planning, f represens non-integrable con-
straints on the tangent bundle TX, and for kinody-
namic planning, f includes secondorder time deriva-
tiv esof the con guration variables (it may be an exam-
ple of both nonholonomic and kinodynamic planning).

Let u denotea piece-wisecortin uous, open-loop con-
trol law, u : [0;t; ) ! U, which canbeusedto producea
state, x(t), via integration of (1), if somex(0) is given
andt 2 [0;tf). Let ©, : X ! X denote a mapping
that takesa starting state, x(tp), to a state x(tg + t),
after the application of u for duration t (note that the

time argumert to u will be shifted by j to becausethe
domain of u is [0;t;)). The choice of tqy is arbitrary
due to time invariance of (1), and therefore it is not
represerted in the notation ©f,.

The planning problem is to nd some u (and

asswiated t;) sud that Xgoa = o (Xinit ) and

D(©},(Xinit )) - Ofor all t 2 [0;t;). In practice, how-

ever, quartization is performedin most planning algo-
rithms, which leads to approximate goal satisfaction,

Y4OU (Xinit );Xgoal) < 2, for some specied precision
2 > 0. Sud a gap can appear, for instance, at the

end of the tra jectory using the grid-baseddynamic pro-

gramming method of [3], or even in the middle of the

trajectory whentrying to connecttwo treesin the bidi-

rectional Rapidly-exploring Random Trees(RRT) ap-

proach [18]. In this paper, we only formulate the prob-

lem of reducing the gap at the end of a trajectory; how-

ever, only minor notational adjustments are necessary
to apply the techniquesto reducing gapsin the middle

of a trajectory.

In most cases,the running time of the planning al-
gorithm will increase dramatically as 2 is decreased.
Therefore, it is useful to solve the subproblem of tak-
ing a computed u, and perturbing it into a new cortrol
function that acdhievesimproved accuracy by reducing
the gapbetween®; (Xint ) and Xgoa . By this approad,
a planning algorithm cangeneratea solution quickly for
a large 2 tolerance, and then improve the accuracyin a
secondstage, which is the main topic of this paper.

Closing Gaps to Impro ve Precision  Assumehere
that a cortrol function u has beencomputed as an ap-
proximate solution to the planning problem, which is
speci ed by the sewen-tuple. The task is to perturb u
into a cortrol function, v:[0;t?) ! U, sud that

{0
YO\ (Xinit ) Xgoal) ¢ 1/(©Lf (Xinit ); Xgoal );

while ensuring that D(©F, (xinit )) - O for all t 2 [0;t?).

This optimization of “awill occur asa sequenceof small

perturbations that incremertally transform u into v

while preserving all constraints. Ideally, we would like
0

to obtain ©\ (Xinit ) = Xgoal,» but this will not usually
be possibledue to numerical considerationsand limita-
tions of a particular homotopy class(our methods will
not be allowed to change path classes).

Perturbations to u will be generally achieved by rst
partitioning the domain of u into k small segmerts, and
then reparameterizing eadh segmen to start at time
0 while preserving its length. Choosek positive real
values, ty, tp, :::, tk, sud that t; + tp, + ¢¢Ct, = t;.
Uis
constructed sothat u;(t) = u(ty + ¢¢¢+ t;; 1 + t). Due
to time-invariance, note that the same state will be
reached whether u is applied or uq, :::, ux are applied
in succession.In terms of ©, this can be expressedas

d (Xinit ) = Off 266012 £O (Xint )1 (2)

Supposethat a small perturbation is madeto someu;.
To determine the resulting nal state, numerical inte-



gration must ordinarily be carried out using u; for all
j suchthat i, j ,

Numerical opt|m|zat|on algorithms require the fre-
quert evaluation of the distancefunction %with respect
to various new cortrol functions. Direct application of
standard optimization techniqueswill leadto excessie
computational requiremerts in all but the most trivial
cases(e.g. linear or low-dimensional systems).

Our optimization methods perform perturbations
that avoid the costly numerical integrations by exploit-
ing fundamertal geometric symmetry properties of the
systems of interest in robotic motion planning. The
group actions are usedto quickly transform the latter
portions of a changedtrajectory, which avoids integra-
tions and leadsto dramatic performanceimprovemens.

3 Symmetries of Robot Systems

The main idea behind the algorithm we proposeis the
exploitation of the symmetriesin the systemdynamics.
In this sectionwe de ne and illustrate symmetries, i.e.,
invariance properties of mecdanical systems,and some
of their applications to motion planning.

For the sake of simplicity, we assumethat the state
can be partitioned, at least locally, into the Cartesian
product of two manifolds X = G£ Z, where G is a
Lie group with identity elemen e. For simplicity of
exposition, we will assumethat Z = R"2, n, < n. Ac-
cordingly, we write the genericpoint x 2 X asthe pair
(g;2) 2 GE Z. Following corvertions from di®ereriial
geometry, Z is the basespace,G is the "b er, and their
product X is a principal b er bundle; see[14].

Let the left action, denoted as?, of G onto X be
de ned asfollows:

a  GEX! X
(h;x) 7! @ h(x) = (hg; 2):

We call Ga symmetry group for the system(2) if its dy-
namicsare invariant with respectto the left action. In-
varianceis equivalert to the following statemert. Given
any trajectory t 7! (x(t);u(t)) 2 X £ U which is a solu-
tion to equation (1), the trajectory t 7! (& ,,(x(t)); u(t))
is also a solution to equation (1) for all h 2 G.
Generally, the dynamics of systemswith symmetry
group G can be decomposedin the following way:

a = f4(92)
z = f(zu): )
It can be easily veri ed that invariance implies that
group actions commute with state transitions; from
the above de nition of invariance, we know that if
Xi = O (Xint ), then @ n(x¢) = © @ n(Xint ), i.€

| = a ‘hl+©tf +2 . This leadsto the key stepin our
proposedprocedure When we maodify the input signal
u; of duration t; to u? of duration t°, wewill require that
for someh; in G the corresponding state transition, at
the i-th step, can be decomposedas follows:

Oyo = 21, 2O} : ()

Thus, the perturbed state transition can be decom-
posedas an action of the symmetry group on the un-
perturb ed state transmon If this is true, then the per-
turbed "nal state x , given a changein the cortrol
signal during the i-th interval only, can be expressedas
0
X0 = O 06O, £ 6Ol (Xinit )
©tk +CeC+2a |, "‘©ti +¢¢¢+© (let ) (5)
3, xOlf +¢¢¢+©t' +¢¢¢+©U1(X|n|t )

h1 (Xf )

Thus, we needto compute only the new state transition
during interval i to determine the new nal position.
Intuitiv ely, the fact that the perturbed state tran-
sition at the i-th step di®ersfrom the original state
transition by an action of the symmetry group, means
that the remaining part of the tra jectory canbe \trans-
lated" rigidly without needfor re-computation.
Enforcing (4) is equivalent to requiring that the per-
turbation doesnot changethe starting and ending con-
dition, in ead time interval, of the basevariable z. In
other words, if x(t) = (g(t); z(t)) is the nominal tra jec-
tory, and xp(t) = (9p(t); zp(t)) is the perturb egtrajec-

tory, we require than z(T;) = z,(T;) with T; = i=1 tis
fori=1:::k.

4 Using Symmetries to Avoid

Integrations

Becausecomputation of the nal state is extensively
used in both evaluation and "nite-di®erence gradient
calculation of the objective function, we will concen-
trate on how to calculate the nal state exciently by
exploiting symmetries of the system. Without this
method, the computation time in ead iteration grows
linearly with the number of integration steps along
a trajectory. By exploiting symmetries, the compu-
tation time is reduced to a constari-time operation
(with respect to integration accuracy). In this section,
two methods are preseried: one based on feedbak-
linearizable base dynamics, and another for systems
with axne-in-control basedynamics. Our simulations
in Section 6 indicate that the secondof these methods
is by far the most excient.

Metho d 1. Feedback-linearizable base dynam-
ics A systemwith feedbadk-linearizable basedynam-
ics is one for which there exists a changeof coordinates
(z;u) 7! (3;v) for systemequation (3) such that the dy-
namicson the transformed basearelinear, i.e., equation
(3) can be rewritten as:

g = fg(g:?) 6)

3

3 = A3 +Bv:

Systems which can be reduced to this form include
many static- and dynamic-feedba&-linearizable sys-
tems . The unicycle model (10) and 5-dimensional car



model (11), on which we did simulations, belongto this
category SeeSection6.1.

To modify the trajectory and maintain the baseat
time T;, we employ the linear structure on the baseof
thesesystems(6). Speci cally, for time interval t; with
cortrol signal u;, we could partition it into | subinter-

vals of equallength +t; = t' Assumethe control signal

ul in subinterval j is constart forj = 1;:::; ;1 and the
baseof the starting state of interval t; |s zII 1. Then we
can calculate the baseof the end state z; of interval t;
with a closedform by solving the linear time-invariant
ODEs describing the basedynamics.

zi = At zi; 1+ Biug; (7)

£ ) o

where A; = AL, By = Al 1B4; Al 2By ¢ee; By
Ag = €M, By = UertiVBdt, and ug =
[(uil)T ; 60C; (u{)T]T. Therefore, if we choosev from the

kernel spaceof B¢ in (7), the basestate will be main-
tained at time T; and the nal state will be calculated
exciently.

Metho d 2: Atne-in-con trol base dynamics
Even though the above method saves numerical inte-
gration in unperturbed time intervals, the computation
is still expensiwe for the remaining numerical integra-
tion. The basic idea of the method introduced in this
paragraphis that, instead of partitioning time intervals
and choosingv in the kernel spaceof By in (7), wein-
sert new trajectory intervals betweentwo pre-existing
intervals. Howewer, to avoid numerical integration and
exploit symmetries of the system, there should exist a
cortrol signal 4 for the inserted trajectory such that
basewill be kept constan, i.e., the f,(z;u) = 0in (3).
Determining values of the cortrol input u that sat-
isfy this condition is particularly easyfor systemswith
atne-in-control base dynamics, i.e., systems whose
basedynamics is described by an ODE of the form

z=fyx(x)+ fu(xu

Clearly, systems with feedbadk-linearizable base dy-
namics belongto this class.

An exampleof the systemwith atne-in-control base
dynamics but without feedbadk-linearizable base dy-
namicsis a trailer systemusedin our simulation. The
trailer system consistsof a car pulling a trailer. The
state of the system can be represened using a local
chart, as (X;y;; ;He), in which x, y, and py are x-,
y-coordinates and orientation of the car, ~ is the steer-
ing angle of the car, and |, is the orientation of the
trailer. The input to the systemis (u;;uy), in which
u; is the translational velocity along x-axis of the local
frame of the car, and u, is the rate of change of the
steering angle. The dynamics of the trailer systemare
as follows:

= U1cOoS{h)

= upsin(i)

= uitan( )=L; (8)
uz

= uisin(he i pe)=La;

& ||Er<|><

in which L, is the length of the car, L, the length
of the hitch. By introducing the transformation Py =

M i L, the last equation in (8) is changedto py =
uptan(")=L; j ujsin(y)=L,. Then, the b er coordi-
natesare (x; y; lu), and the basecoordinatesare (" ; q).
Choosingu, = 0at state with tan(")=L1j sin(pg)=L> =
0 will keepthe baseconstarn.

Assumethat baseat time T; is z(T;) = %, a newtra-
jectory interval t 2 (T;;T; + #t) 7! (x(t); ?) is inserted
after T;. When the new trajectory has some cortrol
signal & to keepthe baseof the system constart, ©3
is an elemert of the symmetry group, generatedas the
exponertial of an elemen of the Lie algebrag of G. The
element © of the Lie algebrais calculated from basez.

5 General Algorithm Overview

Assumethat a vector p in RK» characterizesthe con-
trol function u, and is the input to the gap reduction
algorithm. The kp generally is large even when the
cortrol function is dlscretlzed overtlme We de ne the
“nal state as a function x; : R 1 X according to

(2). Reducingthe gapis to seard in R* for a p* such
that %Xf (p ) Xgoal) %Xf (p) Xgoal) for all p2 Rkp
and the control function u, parameterized by p°,

violation-free. By saying a cortrol signalu : [0;t;) ! U

is violation-free, we meanthat D(©Y (Xt )) - O for all
t 2 [0;t¢). This gap reduction problem generally is a
high-dimensional nonlinear program with nonvex con-
straints, in which x; (p) is a noncorvex function, non-
cornvex constraints exists due to obstaclesin the con-
“guration space and high-dimensionality comes from
the large number ky. In this paper, this problem is
attacked by solving a sequenceof low-dimensional non-
linear programs with noncorvex constraints. In ead
low-dimensional nonlinear program, a low-dimensional
subspaceof R*» is searded to optimize the objective
function.

Outline of the algorithm  The gap reduction al-
gorithm is shown in Fig. 1. The algorithm runs it-
eratively until NotTerminated() returns \false", which
means that the algorithm has run for either a given
number of iterations or a given period of time. In eath
iteration, a low-dimensional subspaceS ¥ R¥r is st
chosen. The subspaceS combines with the objective
function to composea low-dimensional nonlinear prob-
lem, which is solved to generatea new parameter vector
pn. If the cortrol function, parameterizedby pp, is not
violation-free, p, is discarded, otherwise, the value of
YEX+ (Pn); xgoa|) is cheked. If the value is lessthan
the given 2¢, p, will be reported asthe nal solution;
otherwise, current parameter vector p is setto py.

Selection of subspace for the nonlinear program

Because of the combinatorial complexity of possible
choicesof subspacein R*», it is impractical to enumer-
ate all choices. An easyway to selectseard subspace
is to just randomly choosek. dimensionsfrom R¥». To



avoid the calculation of high-dimensional gradient vec-
tors, it is better to choosesmallerk.. However, because
the perturbation of one parameter will causethe nal
state to move in a spaceof at most one dimension, k¢
should be at least the dimension of the "b er spaceto
ensurethe b er of the nal state to move in the whole
b er space. The problem with the randomly chosen
subspaces is that the Jacobian matrix J of the objec-
tive function with respect to variable elemerns of p in
S might be ill-conditioned and/or the current p might
be a bad starting point for the optimization. In these
casesthe corvergencerate of the optimization process
could be very small, especially when the seard space
is restricted in the kernel spaceof B¢ in (7).
Observing that most gradient-based optimization
techniquesemploy the steepest descem method astheir
starting step, it is expected that a nonlinear program
with better corvergencerate at the starting point for
the steepest descem method might have a good chance
to convergefaster using other optimization techniques.
Therefore, we approximately calculate the corvergence
rate % of the steepest descet method [27] for the non-

linear program at the starting point as follows:

( o »2 2)2
A N ) ®)

in which f , ;g are eigervaluesof Jacobianmatrix J and
f> g are coexcients of linear decomposition of x; (p) i
Xgoal With respect to eigervectorsof J.

Therefore, we choosea nite collection C of subspace
of R¥» and calculate ® for ead corresponding nonlinear
program. The subspacewith the smallest® is usedto
composea nonlinear program. If the cardinality of Cis
large, a large amourt of time in subspaceselectionwill
decreasdhe overall performance. If the cardinality of C
is small, optimizing the chosennonlinear programswith
small corvergencerate will alsoa®ectthe performance.
According to our experiences,when the cardinality of

Cwasin [i—g; '%’], the performancewas the best.

6 Simulation Studies

We performedsimulations basedon three nonlinear sys-
tems: a unicycle, a car with dynamics, and a kinematic

Gap-Reduction(X; %2D; Xinit ; Xgoal ; U; T P;2c)
1 Initialize the algorithm;

2 while NotTerminated() = true

3 S := SubspaceSlection (R*?);

4 pn = Optimiz (Y4 (P); Xgoal )); P2 S;
5 if Collision (pn) = false then

7 if Y4Xt (Pn); Xgoa ) < 2¢ then

8 return pn;

9 else p:= pn;

10 return failure.

Figure 1: The gap-reduction algorithm.

car pulling a trailer. The implementation was done in
Matlab ona 1.2GhzPC running Windows XP. Matlab's
nonlinear programming function, fmincon, was usedto
solve low-dimensional nonlinear programs. Only the
relative times are important in Fig. 3; we expect that
the running times would be one or two orders of mag-
nitude faster if implemented in C++ on a current PC
under Linux.

6.1 Mo dels

The unicycle A coordinate represertation of the
state is (X; y; W Vx; Vy;! ), in which x 2 [0;100], y 2
[0;100],and u 2 [i ¥¥] represent position and orienta-
tion of the unicycle;! 2 [j 3;3]is the angular velocity,
and vy 2 [ij 15;15] is translational velocity along the
x-axis of the body frame. The translational velocity
along the y-axis of the body frame is constrainedto be
zero. The body frame usedto describe modelsin the
paper is a coordinate "xed on the system moving in a
2D plane with x-axis along the forward direction and
y-axis along the direction perpendicular to the forward
direction in the plane. The input vector is (uj;uy),
in which u; 2 [j 1;1] is the rate of change of vy, and
us 2 [j 4;4] is the rate of changeof ! . The equations
of motion (f from Section 2) are

X = VxcCos)

y = Vxsin(y

po= ! (10)
Vx = U2

I = up:

Car with dynamics The state vector, in coordi-
nates, is (vy;! ;X y;W, in which x 2 [0;,800], y 2
[i 800 450], and u 2 [j %] represen position and
orientation; ! 2 [j 10;10] is the angular velocity, vy 2
[i 10;10] are translational velocity along the y-axis of
the local frame "xed on the car. The input to the sys-
tem is the steeringangle,u 2 [j 0:6;0:6]. The equations
of motion are

vy = W (Fyr (U) + fyr (u))=M

L = (fyraj fy )=l

X = Vxcoql) vysin(y) (11)
Y = Vvgsin(y) + vy cos)

=1

in which v, = 88is constart translational velocity along
x-axis of the local frame, M and | are the massand
inertia, and fys (u) and fy, (u) are linear functions of u
and represen forcesacting on front and rear tires along
the y-axis of the local frame.

The trailer system The equations of motion are
givenin (8). The state spaceboundsare: x 2 [0; 400],
y 2 [0;400], i 2 [i ¥%4¥, ~ 2 [j 0:6;0:6], and W 2
[i %4¥] . The bounds on inputs are u; 2 [0;2:0] and
up, 2 [j 0:24;0:24]. Note, we intentionally set ui, the
forward speed,to be nonnegative sothat the systemis



not STLC, and the gap cannot be reduced by trivially
moving along the direction of Lie bracket.

6.2 Results

Three methods were compared, which included a clas-
sical gradient descem, Method 1, and Method 2. The
classicalmethod doesnot usesymmetriesof the system
and calculatesthe "nal state by numerically integrat-
ing the control function. All three methods used the
randomized subspaceselectionalgorithm from Section
5with k. be 6 and the cardinality of Cbe 10. Tentrials
weredoneto the sameproblem for ead algorithm; eat
trial consistsof 20 iterations of subspaceselection,and
corresponding nonlinear program optimization. The
average nal value of objective functions and overall
running time over ten trials were reported. When ap-
plying Method 2 on the trailer system,instead of insert-
ing intervals after stateswith tan(" )=L1j sin(ug)=L, =
0to maintain the base,we insertedintervals after states
with tan(" )=L1j sin(uy)=L2 < 0:4. After a new control
function is returned from the gap reduction algorithm,
we calculated nal statesof the newcortrol function us-
ing symmetriesand numerical integration, respectively.
The only di®erencebetweentwo nal stateswasat the
orientation of the trailer, pp, and the maximum di®er-
encewas 0:082.

The objective function usedto measuregap error be-
tweenthe nal state and the goal state is %X+ ; Xgoal) =
X

WijXf ; Xgoal ]2, IN which w; is a weight for eat
i=1
dimension, and j¢ ¢j calculates the distance between
the i elemen of x; and Xgoal CONsidering topology.
Weights are usedfor giving greater importance to state
variables that may have smaller ranges. In our im-
plemertation, if the i elemen of the state corre-
sponds to the orientation of the system, w; = 10 and
Xyl = min(jxi i yij;iXi i viji ¥9; otherwise,w; = 1
and jx;yji = jXi i Yij, in which x;y 2 R", x; and y;
arei™ elemen of x andy, and j ¢j returns the absolute
value.

A piecewiseconstart control function for each mo-
tion planning problem, shown in Fig. 2, was calculated
using the resolution-complete RRT algorithm [6]. The
original gaps between nal states and goal states are
small in the sensethat the initial value of objective
functions is lessthan 5. We also changedthe goal state
to generate problems with large gaps, i.e., problems
with the initial value of objective functions larger than
5. In fact, to make the problem more ditcult, the ini-
tial value of objective functions for large gapsin Fig. 2
is much larger than 5.

All three methodswereapplied on eat problem with
both small and large gap. Sample solutions for eat
problem obtained using Method 2 are shown in Fig. 2.
From simulations, we obsened that all three methods
could close small gaps and their performanceis com-
paredin Fig. 3. For problemswith large gaps,because
only Method 2 works, we provided its results separately
to avoid excessie empty ertries in Fig. 3.
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Figure 2. Gap reduction for problems with three dif-
ferert models, in which solutions returned from a mo-
tion planner are shavn ascortin uouslines; dashedlines
show solutions after closingthe large gaps;dotted lines
show solutions after closing the small gaps, and thick
segmerts along dashed and dotted lines are inserted
trajectory intervals by the gap reduction algorithm.



Classical Method 1 Method 2

Ini. | (w/o symm.)
val. av. T av. T av. T
fv. (s) fv. (s) fv. (s)
1| 2.6 | 0.040| 3146 | 0.48 | 1654 || 0.013| 39
21 3.9 | 0.062| 9689 || 0.45| 9191 || 0.043| 97
3| 49| 0.21 | 65610| N/A | N/A || 0.051| 142

Figure 3: Comparison of performance for a classical
approad, and two methods that exploit symmetries.
Method 2 yields the best performanceby far.

Comparison of performance on problems with
small gaps Resultsof simulations is shawvn in Fig. 3,
in which the numbers 1, 2 and 3, denote problems that
involve the unicycle, car with dynamics, and the trailer
system, respectively; \ini. val." is the initial value
of objective functions; \av. f.v." is the average nal
value of objective functions; \T" is the overall running
time. The data of Method 1 for the trailer systemis
not available (N/A) becausehe systemis not feedbadk-
linearizable. The duration of initial control functions
from the planner for ead problem is 13, 9:2, and 130
seconds respectively

>Hom the table, note that the performance of
Method 1 and the classicalmethod is comparable be-
causeeven though Method 1 has smaller running time,
its average nal value is bigger than the latter method.
There are two reasons.The rst reasonis that the ini-
tial control functions for problem 1 and 2 only last for
9:2 and 13 seconds,respectively. BecauseMethod 1
perturbs the cortrol function in the kernel spaceof B
in (7), it sustains more constraints and a harder opti-
mization problem which might needto solve more low-
dimensional nonlinear programs. If the control func-
tion is short and the cost of numerical integration from
Xinit IS hot big, computational saving from the numer-
ical integration might not cover the costto solve more
nonlinear programs. The secondreasonis that the in-
put space of these two problems is small, [j 0:6;0:6]
and [j 1;1] £ [j 4;4], respectively, which leadsto an
even harder optimization. We redesignedthe problem
with the unicycle model. The input spacewasincreased
to [j 10;10]£ [i 40;40], and the length of the original
cortrol sequencewas increasedto 39 seconds.Ten tri-
als were done using eadh method. Using the classical
method, the overall running time is 17128seconds.Us-
ing Method 1, the overall running time is 2633seconds,
which is signi cantly improved. Using Method 2, the
overall running time is 187 seconds,which is dramati-
cally superior.

Problems with large gaps Becauseonly Method 2
worked for problems with large gaps, only results for
Method 2 are preseried.

For the problem with the unicycle, Xt is
(0:5;54,0,0;0), Xgoar is (50;54;i 0:5;7,0:4), and the
initial nal state x¢ is (49:9;60;j 0:8;7;0:4). Of ten

trials, the average nal value of the objective function

is 0:021, and the overall running time is 73:4 seconds.
For the problem with the car with dynamics, Xjnit is
(0;0;5;i 540,0), Xgoa is (7;0:2; 715 650 0), and the

initial x; is (7;0:2;639 i 649 i 0:25). Of ten trials, the

average nal valueis 0:023,and the overall running time

is 12047 seconds.For the problem with the trailer sys-
tem, Xinit 1S (71;56,%0; %), Xgoa IS (80; 40; 0;0:04; 0),

and the initial x; is (64;18;j 0:35;0:04;; 0:4). Of ten

trials, the average nal value is 0:0094,and the overall

running time is 16375 seconds.

7 Conclusions

Based on our experiments, we conclude that our
symmetry-based methods are highly successfulat re-
ducing precision errors in computed tra jectories. The
methods apply to basedynamicsthat are feedbad lin-
earizable or atne in cortrol, which includes many in-
teresting systemsthat arise in robotics. With an op-
timized implementation, we expect the running times
to be fast enoughto enablemany interesting improve-
mernts of existing nonholonomicand kinodynamic plan-
ning techniques. For example, coarser quantizations
may be used, paths from multiple seard trees can be
combined, and ertire seart trees may be recycled by
applying group actions. In future work, we hope to
combine the methods developed here with planning al-
gorithms in applications such asrobotics and computer-
generatedanimation.

Acknowledgmen ts This work wasfundedin part by
the following grants: NSF CAREER 0133869 (Fraz-
zoli), NSF CAREER 9875304(LaValle), NSF 0208891
(Frazzoli and LaValle), and NSF 0118146(Bullo and
LaValle).

References

[1] N. M. Amato, O. B. Bayazit, L. K. Dale, C. Jones,
and D. Vallejo. OBPRM: An obstacle-basedPRM for
3D workspaces. In Proceedings of the Workshop on
Algorithmic Foundations of Rohotics, pages 155{168,
1998.

[2] N. M. Amato and Y. Wu. A randomized roadmap
method for path and manipulation planning. In IEEE
Int. Conf. Rolot. & Autom., pages113{120, 1996.

[3] J. Barraguand and J.-C. Latombe. Nonholonomic
multib ody mobile robots: Controllabilit y and motion
planning in the presenceof obstacles. Algorithmica,
10:121{155, 1993.

[4] V. Boor, N. H. Overmars, and A. F. van der Stap-
pen. The gaussiansampling strategy for probabilistic
roadmap planners. In IEEE Int. Conf. Rolot. & Au-
tom., pages1018{1023, 1999.

[5] F. Bullo and K. M. Lynch. Kinematic controllabil-
ity for decoupledtrajectory planning in underactuated
mechanical systems. IEEE Trans. Rolot. & Autom.,
17(4):402{412, 2001.



[6] P. Cheng and S. M. LaValle. Resolution complete
rapidly-exploring random trees. In Proc. |IEEE Int
Conf. on Rolotics and Automation, pages 267{272,
2002.

B. Donald and P. Xavier. Provably good approxima-
tion algorithms for optimal kinodynamic planning for
cartesian robots and open chain manipulators. Algo-
rithmic a, 14(6):480{530, 1995.

B. Donald and P. Xavier. Provably good approxi-
mation algorithms for optimal kinodynamic planning:
Robots with decoupled dynamics bounds. Algorith-
mica, 14(6):443{479, 1995.

[9] B. R. Donald, P. G. Xavier, J. Canny, and J. Reif.
Kino dynamic planning. Journal of the ACM, 40:1048{
66, November 1993.

E. Frazzoli. Robust Hybrid Control for Autonomous
Vehicle Motion Planning. Department of Aeronautics
and Astronautics, Massadusetts Institute of Tednol-
ogy, Cambridge, MA, June 2001.

E. Frazzoli, M. A. Dahleh, and E. Feron. Maneuver-
basedmotion planning for nonlinear systemswith sym-
metries. 2003.

[12] C. Holleman and L. E. Kavraki. A framework for using
the workspace medial axis in PRM planners. In IEEE
Int. Conf. Robot. & Autom., pages1408{1413, 2000.

[13] R. Kindel, D. Hsu, J.-C. Latombe, and S. Rock. Kino-
dynamic motion planning amidst moving obstacles. In
IEEE Int. Conf. Rotot. & Autom., 2000.

S. Kobayashi and K. Nomizu. Foundations of Di®eren-
tial Geometry. Vol. I, volume 15 of Interscience Tracts
in Pure and Applied Mathematics. Interscience Pub-
lishers, New York, NY, 1963.

F. Lamiraux, D. Bonnafous, and C. Van Geem. Path
optimization for nonholonomic systems: Application
to reactive obstacle avoidance and path planning. In
IEEE Int. Conf. Robot. & Autom., pages 3099{3104,
2002.

S. M. LaValle. Rapidly-exploring random trees: A new
tool for path planning. TR 98-11, Computer Science
Dept., lowa State University, Oct. 1998.

[7

—_—

8

—_

[10]

[11]

[14]

[15]

[16]

[17] S. M. LaValle and P. Konkimalla. Algorithms for com-
puting numerical optimal feedbadk motion strategies.
International Journal of Rolotics Reserch, 20(9):729{

752, September 2001.

S. M. LaValle and J. J. Ku®ner. Randomized kinody-
namic planning. In Proc. IEEE Intl Conf. on Rolotics
and Automation, pages473{479, 1999.

[19] P. Leven and S. Hutchinson. Real-time motion plan-
ning in changing environments. In Proc. International
Symposium on Rolotics Research, 2000.

[20] K. M. Lynch and M. T. Mason. Stable pushing: Me-
chanics, controllabilit y, and planning. Int. J. Robot.
Res., 15(6):533{556, 1996.

[21] A. Marigo and A. Bicchi. Steering driftless nonholo-
nomic systems by control quanta. In IEEE Conf. De-
cision & Control, 1998.

[22] A. Marigo, B. Piccoli, and A. Bicchi. Readabilit y anal-
ysis for a class of quantized control systems. In Proc.
IEEE Conf. on Decision and Control, 2000.

(18]

(23]

(24]

[25]

(26]

[27]

(28]

(29]

(30]

S. Pancarti, L. Leonardi, L. Pallottino, and A. Bic-
chi. Optimal control of quantized input systems. In
C. Tomlin and M. Greenstreet, editors, Hybrid Sys-
tems: Computation and Control V, Lecture Notes in
Computer Science.Springer, 2002.

C. Pisula, K. Ho®, M. Lin, and D. Manoch. Random-
ized path planning for a rigid body basedon hardware
accelerated Voronoi sampling. In Proc. Workshop on
Algorithmic Foundation of Rohotics, 2000.

J. Reif and H. Wang. Non-uniform discretization ap-
proximations for kinodynamic motion planning. In J.-
P. Laumond and M. Overmars, editors, Algorithms for
Robotic Motion and Manipulation , pages97{112. A K
Peters, Wellesley MA, 1997.

S. Sekhavat, P. Svestka, J.-P. Laumond, and M. H.
Overmars. Multilev el path planning for nonholonomic
robots using semiholonomic subsystems. Int. J. Robot.
Res., 17:840{857,1998.

J. R. Shewchuk. An introduction to the conjugate gra-
dient method without the agonizing pain. Available
from "http://www-2.cs.cm u.edu/ jrs/jrspap ers.html”,
1994.

T. Simeon, J.-P. Laumond., and C. Nissoux. Visibil-
ity based probabilistic roadmaps for motion planning.
Advanced Robotics Journal, 14(6), 2000.

P. Svestka and M. H. Overmars. Coordinated motion

planning for multiple car-like robots using probabilistic

roadmaps. In IEEE Int. Conf. Rolot. & Autom., pages
1631{1636, 1995.

S. A. Wilmarth, N. M. Amato, and P. F. Stiller.
MAPRM: A probabilistic roadmap planner with sam-
pling on the medial axis of the free space.In IEEE Int.
Conf. Robot. & Autom., pages1024{1031, 1999.



