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Summary . This paper preserts characterization of shortest paths for di eren tial-
drive mobile robots with classifying solutions in the spirit of Dubins curves and
Reeds-Sheppcurves for car-like robots. Not only optimal paths for mobile robots
are interesting with respect to the optimized criteria, but alsothey o er a family of
motion primitiv esthat can be usedfor motion planning in the presenceof obstacles.
A well-de ned notion of shortest is obtained by optimizing the total amount of
wheel rotation. This paper extends our previous characterization of the minimum
wheel-rotation trajectories that are maximal with respect to sub-path partial order
in [2]. In order to determine the shortest path for every pair of initial and goal
con gurations, we needto characterize all the minimum wheel-rotation tra jectories
regardless of whether they are maximal with respect to sub-path partial order or
not. In this paper we give all 52 minimum wheel-rotation tra jectories. We also give
the end-point map in terms of the path parameters for every shortest path. Thus,
nding the shortest path for every pair of initial and goal con gurations reduces
to solving systems of equations for the path parameters. As in [2], the Pontry agin
Maximum Principle as a necessarycondition eliminates some non-optimal paths.
The paths that satisfy the Pontry agin Maximum Principle (called extremals) are
preserted in this paper by nite state machines. Level sets of the cost function for
a number of robot orientations are nally preserted.

1 Intro duction

This paper preseris the complete family of all 52 minimum wheel-rotation
tra jectoriesfor di eren tial-driv e mobile robots in the plane without obstacles.
By wheel-rotation we meanthe distance travelled by the robot wheels,which
is independent of the robot maximum speed. Thus, minimizing wheel-rotation
is a natural variation of the shortest path problem by Dubins [4] and Reeds



and Shepp[6], in which the distancetravelled by the car is minimized. In this
regard, this work has been basically motivated by Dubins and Reeds-Shepp
shortest paths for car-like vehicles.In fact, we show that someReeds-Shepp
curvesappearin the setof minimum wheel-rotation tra jectories, whereasthere
are minimum wheel-rotation tra jectoriesthat are di erent from Reeds-Shepp
curves.

The rst work on shortest paths for car-like vehiclesis done by Dubins
[4]. He gives a characterization of time-optimal trajectories for a car with a
bounded turn radius. In that problem, the car always moves forward with
constart speed. He usesa purely geometrical method to characterize such
shortest paths. Later, Reedsand Shepp [6] solve a similar problem in which
the car is able to move backward as well. They identify 48 di erent shortest
paths. Shortly after Reedsand Shepp, their problem is solved and also re-
ned by Sussmannand Tang [11] with the help of optimal control techniques.
Sussmannand Tang show that there are only 46 di erent shortest paths for
Reeds-Sheppcar. Souweresand Laumond [9] classify the shortest paths for a
Reeds-Shepprar into symmetric classes.

Howewer, optimal trajectories for nonholonomic systems are interesting
not only becauseof the criterion that they optimize, but also becausethey
have a property that makesthem useful for motion planning in the presence
of obstacles.If we restrict the motions of the systemto the set of optimal
tra jectories, we still consene someimportant properties of the system such
assmall-time local controllability. Consequetly, local plannersthat are based
on families of optimal trajectories satisfy the topological property [7]. Hence,
di erent families of optimal trajectories provide local planners that can be
helpful in di erent applications.

In [1], the time-optimal tra jectoriesfor the di erential driveis studied, and
a complete characterization of all time-optimal trajectories is given. Time-
optimal trajectories for the di erential drive consistof rotation in place and
straight line segmems. Minim um wheel-rotation tra jectories are composedof
rotation in place, straight line, and swing segmems (one wheel stationary
and the other rolling). In this paper we extend our previous characterization
of the minimum wheel-rotation tra jectories, which are maximal with respect
to sub-path partial order, to derive all 52 di erent minimum wheel-rotation
trajectories.

Souweresand Boissonnat [8] study the time optimality of Dubins car with
angular accelerationcontrol. They presert an incomplete characterization of
time-optimal trajectories for their system. However, full characterization of
sudh time-optimal trajectories seemsto be dicult becauseSussmann[10]
provesthat there are time-optimal trajectories for that systemthat require
in nitely many input switchings (chattering or Fuller phenomenon).Sussmann
usesZelikin and Borisov theory of chattering control [12] to prove his result.
Chyba and Sekhavat [3] study time optimalit y for a mobile robot pulling one
trailer.



We rst preseri nite state machines for extremals. We then give an ex-
plicit characterization of all 52 minimum wheel-rotation paths with their end-
point map in terms of the path parameters. Finally, we give level sets of the
cost function computed at a number of robot orientations. The proofs of lem-
mas are omitted due to spacelimitations.

2 Problem Form ulation

Y

Fig. 1. Dieren tial-driv e model

A di erential-driv e robot [2] is a three-dimensional system with its con-
guration variable denotedby gq= (x;y; ) 2 C= R? S'in which x and y
are the coordinates of the point on the axle, equidistant from the wheels,in
a xed frame in the plane,and 2 [0;2 ) is the angle betweenx-axis of the
frame and the robot local longitudinal axis (seeFigure 1).

The robot hasindependert velocity cortrol of eadh wheel. Assumethat the
wheelshave equal bounds on their velocity. More precisely ui;u, 2 [ 1;1],
in which the inputs u; and u, are respectively the left and the right wheel
velocities, and the input spaceisU = [ 1;1] [ 1;1] R?2. The systemis

a= f(qu)= uifi(g) + uxf2(q) 1)

in which f; and f, are vector elds in the tangent bundle T C of con guration
space.Let the distance betweenthe robot wheelsbe 2b. In that case,

0 1 0 1
, cos , cos
f1= =@sin A andf,= = @sin A : (2)
2 1 2 1
b b

The Lagrangian L and the cost functional J to be minimized are

L(u) = 2(usj + juzi) 3)
T

Juy=  L(u()dt @)
0



The factor % above helpsto simplify further formulas, and doesnot alter the
optimal trajectories.

For every pair of initial and goal con gurations, we seekan admissible
control, i.e. a measurablefunction u : [0;T] ! U, that minimizes J while
transferring the initial con guration to the goal con guration. Sincethe cost
J is invariant by scaling the input within U, we can assumewithout loss of
generality that the controls are either constartly zero(u (0; 0)) or saturated
at leastin oneinput, i.e. max(jus(t)j;ju2(t)j) = Lfor all t 2 [0; T].

In [2], it is shown that minimum wheel-rotation trajectories exist. The
Pontry agin Maximum Principle [5] provides a necessarycondition for opti-
mality. Using the Pontry agin Maximum Principle, candidate trajectories are
characterized in [2], and eventually, geometrical methods completely deter-
mine minimum wheel-rotation trajectories.

De nition 1. An extremal is a trajectory q(t) that satis es the conditions of
the Pontryagin Maximum Principle [2, 5].

3 Characterization of Extremals

In [2], two classesof extremals, tight and loosg are distinguished.

3.1 Tight Extremals
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Fig. 2. Robot stays betweentwo lines "1 and ", along a tight extremal.

For every tight extremal there are two parallel lines *; and "5 in the plane.
The two lines *; and ", cut the planeinto v e disjoint subsets(seeFigure 2):
S+, 1, S , "2, and S . Along the extremal, both wheelsof the robot must
stay on or between the two lines (seeFigure 2). Furthermore, the extremal
control law is
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up 2 fOg if wheel22 S (5)
é [0;1] if wheel22 7,
< [0;1] if wheell2 °;

u, 2 fog if wheell2 S : (6)
[ 1,01 if wheell2 °,

It canbe seenfrom the above extremal cortrol law that tight extremalsare
composedof swing and straight segmets. WeuseL, R, and S to denoteswing
around the left wheel, the right wheel, and straight line motions respectively.
We use a superscript for direction: is clockwise, + is courter-clockwise, +
is forward, and is backward. Otherwise, the direction of swing is constart
throughout the trajectory. The symbol meanszero or more copiesof the
baseexpression.Depending on the distance between; and ", there are three
di erent typesof tight extremals. For eact type, we de ne a nite state ma-
chine to presen extremals more precisely

Fig. 3. F1 represens casel tight extremals

Casel: Let d("1; 2) = 2bin which d is the distance function. Besidesswing,
the robot can move straight forward and backward by keepingthe wheels
on “i's. In this case,the extremals are composedof a sequenceof swing and
straight segmeltts. We de ne a nite state machine F; to presen sud ex-
tremals more precisely Let Q1 = f0;(5: 1); (5 2); 1 (3:71): (3 72)g be
the set of states. States are the robot orientations together with its posi-
tion, i.e. whether it lies on the line "3 or “,. Let the input alphabet be

.= fS*:S ;L‘;;L?;R‘;;R?g. De ne F; by the transition function that



is depicted in Figure 3. If robot starts in one of the statesin Qi, it hasto
move accordingto F;. If the initial con guration of robot is none of the states,
the robot performs a compliant L or R motion, in which 0 < 5, t0
reach one the states and continuesaccordingto F. In general,there can be
an arbitrary number of swing and straight segmets. Since the straight seg-
ments can be translated and mergedtogether, a represertativ e subclasswith

only onestraight segmen su ces for giving all such minimum wheel-rotation
trajectories.

Case2: Let d("1; 2) > 2b. The robot cannot move straight becauseit cannot
keepthe wheelson i's over someinterval of time. Thus, such extremals are
of the form (R L ) . Note that these extremals are sub-paths of casel ex-
tremals. Again, we de ne a nite state machine F; to presert such extremals
moreprecisely Let Q2 = f(5;"1);(5: 2); (3 71); (3 "2)g bethe setof states.
States are the robot orientations together with its position, i.e. whether it lies
on the line “; or “,. Let the input alphabet be ,=fL*;L ;R*;R g. De-
ne F, by the transition function that is depicted in Figure 4.
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Fig. 4. F, represens case?2 tight extremals

Case 3: Let d("1;72) < 2b. In this case, the extremals are of the form
(L R L*R*) inwhich = sin (d('1; 2)=2b) < 5. Like the two previous
caseswe de ne a nite state machine F3 to presen sud extremals more pre-
ciselyLet Qs = f5 (3 1)i(3: 2iz+ 1% GG i+ g
be the set of states. States are the robot orientations together with its po-
sition, i.e. whether it lies on the line "3 or “,. Let the input alphabet be

3 = fL*;L ;R";R g. Dene F3 by the transition function that is de-
picted in Figure 5.

Lemma 1 ([2]). Letq(t) be atight extremal. Wheel-rotation of q is the length
of the projection of g(t) onto the x-y plane.
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Fig. 6. E1 provides a represertativ e subclass of loose extremals in + direction.
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Fig. 7. Ex provides a represertativ e subclass of looseextremals in  direction.



3.2 Loose Extremals

The PMP does not give a restrictive enough extremal control law for loose
extremals[2]. In fact, the only constraint the PMP imposeson looseextremals
isthat uy; uz 2 [0;1] or us; uz 2 [ 1;0]. The following lemma shows that
for those loose extremals that happen to be minimum wheel-rotation, there
exists an equivalert trajectory (i.e. with equal wheel-rotation) with the same
boundary points which is composedof swing and rotation in place.

Lemma 2 ([2]). Let (q(t);u(t)) 2 P be a loose minimum wheel-rotation
trajectory-control pair that tranfers the initial con gur ation ¢ to the gaal con-
gur ation gy. There exists a trajectory-control pair (q(t);u(t)) 2 P transfer-
ring ¢ to gy, in which u is composel of a sequene of alternating rotation in
place and swing segmentsin the samedirection. Furthermore, g(t) and q(t)
have the samewheel rotation, i.e. J(u) = J(u).

WeuseP to denoterotation in place.In order to presern the represenativ e
subclass of loose extremals whose existenceis establishedin Lemma 2, we
de ne nite state machinesE; and E. Let O and Q = f; 5+
5,2 50 be the set of states which represent the robot orientation. Let the
input alphabetbe =fL*;L ;R*;R ;P* ;P g Dene E andE by
the transition functions that are depicted in Figures 6 and 7 respectively. E;
provides a represenativ e subclassof looseextremalsin + direction and E; in

direction.

Lemma 3 ([2]). Letq(t) be a loose extremal assaiated with the control u(t),
and let # be the length of the projection of q(t) onto St. In this case wheel-
rotation of q is b#.

4 Characterization of Maximal Minim um
Wheel-Rotation  Trajectories

In previous section, extremals which are candidate minimum wheel-rotation
tra jectorieswere studied. Using geometricaltechniques,one can give a charac-
terization of minimum wheel-rotation tra jectoriesfor di eren tial-driv e mobile
robots. Particularly , sinceany sub-path of an optimal path is necessarilyopti-
mal, we preseried minimum wheel-rotation tra jectoriesthat are maximal with
respect to sub-path partial order in [2]. In the following, we precisely de ne
sub-path partial order aswell as symmetries of the problem, and we summa-
rize minimum wheel-rotation trajectories that are maximal with repsectto
sub-path partial order.

4.1 Sub-P ath Partial Order

Let P be the setof all nite-time trajectory-control pairs of the di erential-
drive. More precisely



P=f(qu)j q:[0;T]! Cu:[0;T]! U admissible g= f(qu)g: (7)

In this paper, input functions that are equal almost everywhere (a.e.) are
assumedto be identical. Let (g;u) and (¢% u® be two elemerts of P which are
de ned respectively on [0; T] and [0; T9. In order to de ne sub-path relation,
we de ne a partial order on P asfollows:

(u) (u9) () T Tland9 t 0;8t2[0;TLu(t)= uft+ t): (8)
De ne the relation on P asfollows:

(Gu)  (@u) () (qu (@%u)and (@5u) (g u): )

Since is an equivalencerelation, P = P= is well-de ned and is the set
of all nite-time trajectory-control pairs of the di erential-driv e up to plane
transformations. Since is a partial order on P and is an equivalence
relation, is also a well-de ned partial orderon P = P= .

4.2 Symmetries

Assume(qg;u) 2 P is a minimum wheel-rotation tra jectory-control pair that
is de ned on [0; T]. Let g(t) be the trajectory assaiated with cortrol u(T
t), q(t) the trajectory assaiated with cortrol  u(t), and ¢(t) the trajectory
assaiated with cortrol (t) = (ux(t); us(t)). De ne the operators O1, O, and
O3z on P by

O1 s (q(t); u(t)) 7! (&(t);u(T 1)) (10)
Oz s (q(t);u(t)) 7! (a(t); u(t) (11)
O3z (q(t); u(t)) 7! (4(t); a(t)): (12)

Due to symmetries, O1(q; u), O2(q; u), and O3(g; u) are also minimum wheel-
rotation trajectories. O; correspondsto reversing the trajectory in time, O,
corresponds to reversing the inputs, and O3 corresponds to exchanging the
left and the right wheels.

4.3 Optimal Trajectories That Are Maximal in P

Minimum wheel-rotation trajectories are composed of a nite number of
swing, straight, and rotation in placesegmetits [2]. Let L, R, S, P, ,and+
be the sameasin Section 3. Subscripts are non-negative anglesor distances.
Here we summarize minimum wheel-rotation tra jectories that are maximal
with respect to the partial order  which is described in Section 4.1. Taking
the symmetriesin Section4.2 into accourt, all the maximal minimum wheel-
rotation tra jectories, with their symmetric clones,are givenin Table 1. Since
the symmetry operators O1; O,; and Oz commute, we do not needto worry
about their order.



Table 1. Maximal minimum wheel-rotation trajectories sorted by symmetry class

(A (B)
Base L R?SJ'R L R?SJ'L;R+
(O] R S+R?L R+L;S+R?L
02 L+R;S R* L+R;S L?R
O3 RJ'L;SJ'L+ R+L;S+RTL
0; 02 |R*S R;L+ R LTS R;L+
O;1 O3 LJ'SJ'L;R+ L RTSJ'L;R+
O, O3 R L?S L |R L?S R;L+
O;1 Oz Os3(]L S L R L+R;S L?R
+ 5 + 2
(&) (D)
Base L RL*RTILYR L R*
01 RL*R L |[R'L R L*
O L*R'L R [L R'L'R
O3 R*L*R L [R L*R'L
O; O, |[R L R'L*IR L*R'L
O; O3 |L RL*R*|IL RTL*™R
O, O3 |[R L RL*IR*'L R L"
0O; 02 O3|L*R*L R |[L*R L R*
v < 7| < 5
(B) (F)
Base R*P*L" P"R*P"
(O] L*P*R" P*R*P"*
02 R P L P R P
O3 L PR P L P
01 O L PR P R P
O; O3 R P L P L P
O, O3 L*P*R™ P*L*P"
O; O, O3] R*P'L" P'L*P*
+ o+ + o+

5 All Minim um Wheel-Rotation Trajectories

In order to determine the shortest path for every pair of initial and goal
con gurations, we needto characterize all the minimum wheel-rotation tra-
jectories regardlessof whether they are maximal or not. Here we will give all
the minimum wheel-rotation tra jectories. We will alsocompute their costand
goal con guration in terms of the parameters. Thus, nding the shortest path

for every pair of initial and goal con gurations reducesto solving systemsof



equationsfor the path parameters.In the following sections,symbols are the
sameas in Section 3. Also C represerts a swing, L or R, and j represerts
a change of direction. Note that in the following, orientation of the robot
must always be consideredan elemern of St. In other words, is evaluated
mod 2 .

Let the initial con guration of an arbitrary trajectory q(t) be (xi;vyi; i) 2
C i.e.q(0) = (Xi;V¥i; i)- Suppose(q;u) 2 P, andit isde ned on[0; T]. Let §(t)
be the trajectory corresponding to the input u(t) such that §(0) = (0;0;0).
Supposethe goal con guration of ¢is (x;y; ), i.e. T) = (X;y; ). In that
case,the goal con guration of qis

Xg = Xj + XCOS | ysin ; (13)
Yg = Yi + Xsin ; + ycos ; (14
g= it 3 (15)

i.e. q(T) = (Xqg;¥g: g)- Thus, we may assumewithout loss of generality that
the initial con guration of robot is (0; 0; 0) throughout this section.
51CPC and P C P

In Table 2, the list of minimum wheel-rotation tra jectories of typeC P C
and P C P canbe found. The goal con guration of C P C is

X= ¢sin 1+ sin 2 sin 3) (16)
y=ccos 1 1+ cos, COS 3) a7
= 3 (18)
and the goal con guration of P C P is
X =c(sin 1 sin ) (29)
y = c¢(cos , COS ;) (20)
= 3 (21)

in which 1; »; 3, and c are the parametersin Table 2. Wheel-rotation of
such trajectoriesis + +

52 C jCc C and C C jC

In Table 3, the list of minimum wheel-rotation tra jectories of type C jC C
and C C jC can be found. The goal con guration of both C jC C and
C CijC is

= ¢(2sin 1 2sin 2+ sin 3) (22)
y=c(2cos 1 1 2cos ,+ cOS 3) (23)
= 3 (24)

in which 1; 2; 3, and c are the parametersin Table 3. Wheel-rotation of
such trajectoriesis + +



Table 2. + +

cpclpcP [ 2 | 3 [ c|
R*P*L*|[P*R*P* ¥ + o+ b
L*P*RT|P"L*P* + + o+ b
RPLI[PRP b
LPRI[PLP b
Table 3 5
ciccl ] 2 ] s |c]
R*L R b
L*R L b
R L"R* + | b
L RL* ¥ b
ccicl[.] - [ s [c]
R*L'R b
L*R'L b
R LR + |b
L RL* + b

53 C CjC C and C jC C jC

In Table 4, the list of minimum wheel-rotation tra jectoriesoftypeC C jC C
and C jC C jC canbe found. The goal con guration of C C jC C is

= c¢(4sin 1 2sin 2 sin 3) (25)
=cdcos; 1 2cos , cos 3) (26)
= 3 (27)

and the goal con guration of C jC C |C is

X= ¢2sin 1 2sin 2+ 2sin 3 sin 4) (28)
y=c(2cos ;1 1 2cos ,+ 2C0S 3 COS 4) (29)
= 4 (30)

in which 1; 2; 3; 4, and c are the parametersin Table 4. Wheel-rotation
of such trajectoriesis + 2 +

54 C S4C

In Table 5, the list of minimum wheel-rotation trajectories of type C S4C
can be found. The goal con guration of C S4C is



cciccl s 2] a [c]
R*L*R L b
L*R*L R b
R L R'LT b
L RL*R" b
ciccicl[.] » [ s « |c]
R*L R L 2 2 + b
L*R L R 2 2 + b
R L"R*L + +2 +2 b
L R'L'R + + 2 + 2 b
X = C1CO0S 1+ CSin 1+ c3Sin » (31)
y=0CSin 1 €COS 31 C3CO0S 2+ Cy (32)
= 2 (33)

in which 1; 2;c¢1;Cp;C3; and ¢4 arethe parametersin Table 5. Wheel-rotation
of such trajectoriesis + d+

Table 5. ; zandd O
CSC [[+] 2 [ale[o]ul
R"S;R" + df 0| bl b
L*SiL” + [d|lo]b|b
R*S,L d| 2blb| b
L*S{R d|2b| b b
R SR d| 0| bl b
L S L d 0 |b|b
R SjL* + [d| 20/ b| b
L S;R” + d{2b| b| b

55 C C_.SC and C §4C_C

In Table6, the list of minimum wheel-rotation tra jectoriesoftypeC C _SqC
and C S4C_C canbe found. The goal con guration of sud trajectoriesis
X = C€1Sin 1+ CcCcos 1+ Cc3Sin o (34)
Y= C€1C0S 1+ CSih 1 C3C0S 2+ C4 (35)
= 2, (36)



in which 1; 2;c¢1;Cp;C3; and ¢4 are the parametersin Table 6. Wheel-rotation
of such trajectoriesis + 5 + d+

Table 6. Range of parameters is given for ead trajectory (d 0)

Range |C C_S4C || 1| ’ | c | C |c3|c4|
5 R+L;S;R + 5 2b d| 2b bl b
; s [L"RT S, L + 5 2b+d 2b |b|b
2
+ ER*L;SQL+ + 5+ 2b d| O b| b
+ s|[L*RT Sy R” + 5+ 2b+d 0 b| b
2
; > |[R L_SR* >+ | 26 d| 20 | b b
2
; 7z |L R_SiL” s+ |2b+d| 2b |b|b
+ 7|R L_S4L 5 2b d 0 b| b
2
+  5|L R_S;R 2 2b+d| 0 | bb
Range |[C S¢C_C [ {] 2 | o | o [e]a]
; > [R"S,L_R > 26 [ 20 d[ b b
2
. S |I'SiR L - 20 |20+d|b|b
+ 5|R"SyRT LT + 5+ 0 20 d{b| b
2
+ z|L"SgLIR" + 5 0 |2b+d| bl b
7z |R SgLTR” + 5+ 2b [ 2b+d| bl b
: > |L SyRTLY _ 20 | 2o d[b|b
2
IR SiR L > 0 |20+d|[b| b
2
s|L S,L_R - 0 | 20 d| b

56 L R,S¢L,R and R L,S4R,L

In Table7, the list of minimum wheel-rotation tra jectoriesoftypeL R _SqL R
andR L S¢R L canbefound. The goal con guration of such trajectories
is

X =C€1Sin 1+ CcCcos 1+ Cc3Sin o (37)
Y= €C0S 1+ CSih ;1 C3C0S 2 C3 (38)
= 92, (39)

in which 1; 2;¢;C; and cz are the parametersin Table 7. Wheel-rotation
of such trajectoriesis + +d+
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6 Cost Function

In Figure 8, level sets of the cost function for some goal orientations are
preseried. In computing the cost function, initial con guration is assumedto
be (0;0;0), and goal orientation  is assumedto be 0; 4; 7; %; >, and

Numerical computations shaw that minimum wheel-rotation cost function
is similar to Reeds-Sheppostfunction. Moreover, a collection of Reeds-Shepp
curvesare amongminimum wheel-rotation tra jectories. This may suggestthat
minimum wheel-rotation cost function is equalto Reeds-Sheppcost function,
but we do not have a proof for it. However, minimum wheel-rotation tra-
jectories are di erent from Reeds-Sheppcurves becausethere are minimum
wheel-rotation tra jectories that contain rotation in place.

7 Conclusions

We preserted nite state machines for di erent categoriesof extremals. We
then summarizedmaximal minimum wheel-rotation tra jectories. Using previ-
ous characterization of maximal minimum wheel-rotation tra jectories in [2],
we derived 52 di erent minimum wheel-rotation tra jectories, which are listed
in Section 5. We further determined the end-point map in terms of the pa-
rameters. Thus, nding the shortest path for every pair of initial and goal
con gurations reducesto solving systemsof equations for the path parame-
ters.

As it was seenin Section 6, numerical computations shav that minimum
wheel-rotation cost function is similar to Reeds-Sheppcost function. More-
over, a collection of Reeds-Sheppcurvesare among minimum wheel-rotation
tra jectories. This may suggestthat minimum wheel-rotation cost function is
equal to Reeds-Sheppcost function. However, since loose minimum wheel-
rotation trajectories are composed of rotation in place and swing segmetts,
they are not identical with equivalent Reeds-Sheppurves.Regionsof activity
of di erent minimum wheel-rotation tra jectories and the relationship between
Reeds-Sheppost and minimum wheel-rotation in generalremain open ques-
tions.
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