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Abstract—We presentan algorithm that computesthe complete
set of Pareto-optimal coodination strategies for two translating
polygonal robots in the plane A collision-free acyclic roadmap
of piecavise-linear pathsis given on which the two robots move
The robots have a maximumspeedand are capable of instantly
switching betweenany two arbitrary boundedspeeds.Each robot
would like to minimizeits travel time independently The Pareto-
optimal solutionsare the onesfor which there exist no solutionsthat
are better for both robots. The algorithm computesexact solutions
in time O(mn?logn), in which m is the numberof edgs in the
roadmap,and n is the numberof coodination spacevertices.An
implementatioris presented.

Index Terms— Pareto Optimal, Multiple Robot Coordination,
Shortest Path, Visibility Graph, Cube Complex, NPC Space

I. INTRODUCTION

Collision-free coordinationof multiple bodiesis a funda-
mentalproblemthat hasrecevedsigni cant attentionover the
last decadesPopularexamplesof multibody systemsnclude
recon gurable robots [6], [10], [15], [27] and autonomous
guided vehicles (AGVSs). In this paper we addresscasesin
which eachbody is treatedasa separateobotanda roadmap
(network of paths)hasbeencomputedfor eachrobot. Each
roadmapavoids collisions with workspaceobstaclesbut as
robotstravel alongtheir respectie roadmapsgollisions may
occur The taskis to schedulethe motionsof the robotsin a
way that avoids collisions betweenrobots while minimizing
the time taken to reachgoals.

Previous approacheso multiple-robotmotion planningare
often cateyorized as centralized or decoupled A centralized
approachtypically constructsa path in a compositecon g-
uration space,which is formed by the Cartesianproduct of
the con guration spacesof the individual robots (e.g., [2],
[3], [23]). A decoupledapproacttypically generatepathsfor
eachrobotindependentlyand then considersthe interactions
betweenthe robots (e.g., [1], [9], [19], [20], [21]). In [5],
[18], [24] robot paths are independentlydetermined,and a
coordinationdiagramis usedto plan a collision-freetrajectory
along the paths.In [16], [26], an independentroadmapis
computedfor each robot, and coordination occurs on the
Cartesiarproductof theroadmappathdomains The suitability
of one approachover the otheris usually determinedby the
tradeof betweencomputationaktomplexity associatedvith a
given problem, and the amountof completenesshat is lost.
In someapplications,suchasthe coordinationof AGVs, the
roadmapmight represenall allowablemobility for eachrobot.

Fig. 1. A samplecoordinationproblemthat canbe solved by our methods.
[left] Theinitial con guration. [right] The goal con guration.

Supposeéhatall pathsin a roadmapare parameterizeavith
constantspeed,and eachrobot is capableof switching in-
stantaneouslpetweerbeingat restandmoving at some x ed
speedobviously, this assumesransientsare negligible, which
is only truein someapplications)Whatis a reasonabl@&otion
of optimality in this caseMinimizing the averagetime robots
take to reachtheirgoal?Minimizing thetime thatthelastrobot
takes?Optimal coordinationusingsuchscalarcriteriahasbeen
consideredn [14], [17], [25]. The problemwith scalarization
is that it eliminatesmary interestingcoordinationstrateyies,
possiblyeven neglecting optimality for somerobots[16].

We areinterestednsteadin nding all Pareto-optimal[22]
coordinationstrateies by treatingcoordinationas a multiob-
jective optimization problem.Eachrobot hasan independent
criterion,which leadsto a vectorof costs.EachPareto-optimal
stratgyy is one for which there exists no strateyy that would
be better for all robots. The approachcan be considered
as ltering out all of the motion plans that are not worth
consideringandpresentinghe userwith asmallsetof thebest
alternatves.Within this framework additionalcriteria, suchas
priority or the amountof sacri ce one robot makes, can be
appliedto automaticallyselecta particularmotion plan. If the
sametasksare repeatedand priorities change then one only
needsto selectan alternatve minimal plan, asopposedo re-
exploring the entire spaceof motion stratgjies.

In this paper we introducean exact algorithm for nding
all Pareto-optimalcoordinationstratejies for two polygonal
robots, each translating along a x ed roadmap of paths.
Figure 1 shovs an example problem of this form. In [16],
an approximatealgorithm was presentedor ary number of
robotsand pathtypeshby developinga Dijkstra-like algorithm



that nds all Pareto-optimakolutions.In [11], it is shovn that
the numberof Pareto-optimakoordinationsof multiple robots
on speci ed roadmapgs nite andin [12], a classi cation of
Pareto-optimalcoordinationsof multiple robots on speci ed
roadmapss given using CAT(0) geometry and an algorithm
is also provided to shortena given coordinationto nd a
Pareto-optimalcoordinationhomotopicto it. To the best of
our knowledge,up to now therehave beenno exactalgorithms
for computing all Pareto-optimalcoordination stratgies. A
preliminary versionof this work appearedn [7].

Il. PROBLEM FORMULATION

Supposewe have two polygonalrobots R; and R,. For
brevity, let i = 1;2 throughoutthe following sections.We
assumeR; only translatesn the plane.Thereforethe con g-
uration spaceof R; is R%. We alsoassumethat we are given
a x ed roadmapM on which R;j moves. The roadmapM
speci es a connectiongraph and a collection of continuous
piecavise-linearpathsassociatedvith its edgesin R2. More
precisely M = (G; ), in which the graph G consistsof a
nite numberof 0-dimensionalerticesV and 1-dimensional
edgeskE assembledsfollows. Eachedgee is homeomorphic
to the closedinterval [0; 1] attachedto V alongits boundary
points fOg and f 1g 1. We assumeG is simple, i.e. has no
loops. Note that G neednot necessarilybe connectedwhich
canbe usedto representhe casewhereeachrobothasits own
roadmap.

In thede nition of roadmagv , :G! R?isacontinuous
map such that for eachedgee 2 E, jo : G! R?is a
piecevise-linearpath in the plane. The length of eachsuch
piecavise-linear path gives a measureof the length of the
correspondingdgein G. NotethatG in this mannerhecomes
a metric spacewith metric d which conformsto the meaning
of lengthin the plane.

We are also given an initial and a goal con guration
cint ;¢ 2 G for robot R;. Now the problem is to
give an algorithm to nd all collision-free Pareto-optimal
coordinationsfor the two robotsR; and R, moving on G
from the initial con guration CI"™ and CI" to the goal
con guration C°? andC$°? respectiely. In the following,
we de ne the meaningof all thoseterms.

A coordinationis a continuousand piecavise smoothpath
in G G which avoids collision betweenrobots. Precisely
a continuouspath C : [0;1] ! G G from (C't ; Clnit )
to (CiJoal : cg°a') is a coordinationfor R, and R if for all
t 2 [0;1], robot R; at (Cy(t)) doesnot collide with robot
R, at (Cx(t)), in which C(t) = (Cy(t); Ca(t)). We usethe
term coordinationfor both the abore function and its image
wherever thereare no ambiguities.

Finally, we are given a cost functional J that separately
measurethetime thateachrobottakesto reachits goal,under
a particularcoordination.Thus, it speci es a partial orderon
the set of all coordinationsC. Eachminimal elementin this
partial orderis called a Pareto-optimalcoordination.

1we placeupon G the topology given by the endpointidenti cations.
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Fig. 2. A pair of path sgmentsand their coordinationcell.

I1l. BASIC CONCEPTS

As statedin Sectionll, we have an explicit costfunctional
J. Particularly, J; denoteghe amountof time thatit takesR;
to reachits goal and stop. This time dependson the speedof
R; andthelengthof its path.We have sofar introducedength
in Sectionll. Without lossof generality let usassumehatour
robots have a maximumspeedof 1. Under this assumption,
the distancefunction d(x; y) givesthe minimum amountof
time thatit takesR; to go from x toy on G.

To specifyJ, rst we de ne ametricd; in G G which
gives the minimum amountof time that it takesto get both
R1 andR; from (x1;X2) to (y1;y2). It is naturally de ned
by di :((X1;X2); (y1:Y2)) 78 max(d(x1;y1); d(X2;Y2)). Itis
easyto verify thatd; is actuallya metric. SecondjetL! be
the functionalthat givesthe length of eachcontinuouspathin
G G accordingto d; .

For eachcoordinationC, we specifyJ = (J1;J2) in the
following threecases:

Robot R; reachests goal soonerthan R,. Thus there
is to 2 [0;1) suchthat 8 tg t 1: C@) =
(C3°: Cy(t)) and Ca(to) 6 CI°. For the leastsuch
to wedene J(C) = (L* (Cjpouo)); L (C)).

Robot R, reachests goal soonerthan R1. Thus there
is to 2 [0;1) suchthat 8 tg t 1: C@) =
(Ca(t); €3 and Cy(to) 6 C°. For the leastsuch
to wedene J(C) = (L* (C);L* (Cjpoito)))-
Otherwise,both robotsreachtheir goals simultaneously
Wedene J(C) = (L! (C);L! (C)).

SinceG consistsof 0-dimensionabnd 1-dimensionakells,
G Gis aZ2-dimensionatube-complg. In fact, G G consists
of a numberof 2-dimensionalcells appropriatelypastedto
eachotheralongtheir boundaryedgesandvertices.Eachsuch
2Dcell,D = e &, in whiche ;e 2 E, canbe seenasthe
coordinationcell of the two robotson the paths je, and je,
parametrizedby unit speedIn particular our coordinationcell
D canbeseenas|[0;1;] [0;ls], in which Iy = I(e) is the
lengthof ey.

Within each coordinationcell, we use the term obstacle
regionto referto thesetof pointscorrespondindo positionsin
which theinteriorsof R; andR; intersect.The freeregionis
setof pointsnotin the obstacleregion. In Figure2, we seean
exampleof a coordinationcell andits obstacleregion. Notice
thatour coordinationcell is similar to the coordinationdiagram
of [24], but since our robots are polygonal and our paths
are piecavise-linear the obstacleregion in our coordination
cell is a collectionof polygonalconnecteccomponentsif we
con ne our attentionto a single coordinationcell (aswe will
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Fig. 3. [left] The visibility graphof a coordinationcell, augmentedvith its
full-speedcompletions[right] Thetwo Paretooptimalcoordinationsxtracted
from this graph.

in SectionIV-A), a coordinationis essentiallya piecavise-
smoothpathfrom (0; 0) to (l;;1s) insideits free region.

DifferentpathscanhaveequallL ! lengthsandconsequently
equal J costs. In general, equality of J cost de nes an
equivalencerelation  on the set of all coordinationsC. In
fact, sinceour optimality criterion is basedon the value of J,
we can considerthe setC= C= of equivalenceclassesand
useterm coordinationclassto refer to one of thesemaximal
setsof equivalentcoordinations.

We de ne the partial ordermentionedn Sectionll in more
detail. De ne a relation on C as follows: For any two
coordination classes[C] and [CY, say that [C] [CY if
andonly if J1(C)  J1(C%Y and J,(C)  J»(CH. It is
easyto seethat the de nition is independenbf the choice
of representatie, so is well-de ned. Any minimal element
in this partial orderis a Pareto-optimaktoordinationclass.The
algorithm proposecherecomputesa representatie from each
of thesePareto-optimalcoordinationclasses.

IV. ALGORITHM PRESENTATION

To describehe algorithm,we rst describehow to compute
all Pareto-optimaktoordinationsn the simplercaseof a single
coordinationcell, thenextendthe algorithmto thewholeG G
which consistsof a collection of suchcoordinationcells.

A. Two xed paths

In this section we describehow to computeall Pareto-
optimal coordinationdgn a singlecoordinationcell, i.e. for the
two robotson two x ed paths.As statedin Sectionlll, the
obstacle(or collision) region of our coordinationcell consists
of acollectionof polygons.Thus,we mayusethetermsvertex
and edgeof the obstacleregion. To presenthe algorithm,we
give some statementsaboutthe propertiesof Pareto-optimal
coordinations.

Lemmal: For every Pareto-optimal coordination class
[Cop] in a coordinationcell [0;1;] [0;1s] thereis a repre-
sentatve Ceq 2 [Cop] cOmposedf a nite sequencef linear
segmentsbetweerthe verticesof obstacleregion, initial (0; 0)
andgoal (I;;ls) points,andpossiblya point on the boundary
of the coordinationcell, (t; Is) or (I;;t).

Proof: First, notice that there is an equialent coordination
to Cop which is piecavise-linear By an argumentsimilar to
the onein [8], which is essentiallybasedon shortening,we
get the result. As a remark, notice that in caseswhere R ;
reachesits goal soonerthan R,, the nal sggmentof each

coordinationin [Cop] lies over the boundaryof coordination
cell andin particularis of theform (I, ;t) (I;;1s). Similarly, if
R, reachedts goal rst, the nal sggmentof eachcoordination
in [Cop] lies over the boundaryof coordinationcell and is
of the form (t;1s)  (lr;ls). Thatis why in somecasesCeq
passeshrougha point on the boundarywhich may neitherbe
an obstaclevertex nor an endpoint.

As a consequencef Lemmal, it is sufcient to consider
only coordinationscomposedf a sequencef linearsegments
between the vertices of obstacle region, initial and goal
points, and in some casesa point on the boundaryof the
coordinationcell. We call such Pareto-optimalcoordinations
visibility Pareto-optimalThe next lemmaexplainsthis naming
and characterizeshe setof verticeson the boundary

Lemma2: Suppos€Cqp] is a visibility Pareto-optimailco-
ordination classwith Cop 2 [Cgp] Of the form describedin
Lemmal. Let (t1;t,) denotethe last vertex of Cqop wWhich is
not on the boundary(thatis, thatlastvertex suchthatt; 6 I,
andt;, 6 |s). Therearethreecases:

(i) 1f J1(Cop) < J2(Cop), thenthe line sggment(ty;t>)
(Ir;t2 + I ty) is collision free and furthermore,is
exactly a sggmentof Cgp.

If J1(Cop) > J2(Cop), thenthe line segment(ty;to)
(t1 + Is  ty;ls) is collision free and furthermore,is
exactly a sggmentof Cgp.

If J1(Cop) = J2(Cop), thenthereis at most one such
[Cop] in Candit is representedby the shortestpath on
the visibility graphof obstacleverticesand endpoints.

Proof: In the rst two cases,if the line sggmentis not
collision free,we canalways nd anothercoordinationwhich
reducesboth J; andJ,, contradictingthe optimality of Cop.
If the line segmentis not part of Co,, We can replaceit in
and nd a bettercoordination.In the third case,it is obvious
that [Cop], if exists, is unique, becausegor ary coordination
[CY 6 [Cop] with J1(CY = J(CH, either[CY < [Cop] OF
[CY > [Copl- In fact, Cop is the L2-shortestpath from (0; 0)
to (Ir;1s) in the interior of coordinationcell. In otherwords,
Cop is the shortespathaccordingto the Euclideanmetric. As
a remark,notice that an L 2-shortestpathis alsoL ! -shortest
but the corverseneednot be true.

Corollary 3: The numberof Pareto-optimalcoordinations
for two polygonal robots on x ed piecavise-linearpathsis
nite.

A generalizatiorof this resultis givenin [11]. Note thatin
case(i) of Lemma2, (I ;to+ 1, ty) is simply theintersection
of theline x; = |, andthe line with slopel through(ty;t>).
Similarremarkscanbe madefor casegii) and(iii). Intuitively,
we canthink of shootinga ray at slope 1 from eachobstacle
vertex (ti;t2) and stoppingwhen that ray hits a point with
eitherx; = I, orx; = lg, correspondingespectiely to R, or
R, reachingts goal.Lemmasl and2 tell usthatevery Pareto-
optimal coordinationclasshasa representatie that endswith
sucha slope-1sggment.

Now we arereadyto presenthe algorithmin Figure4. The
function OBSTACLEPOLYGONS computeshe obstacleregion
polygons.As statedin Sectionlll, the obstacleregion is a
collection of polygonswhich can be computedby collision
detectionalgorithm along eachpair of linear path sggments.

(ii)

(i)



COORDINATESINGLECELL(€r;€e5;R1;R?)
P OBSTACLEPOLYGONS(&r ; 65;R1;R2)
VG  VISIBILITYGRAPH(P [ f(0;0)q)
DIJKSTRA(V G; (0;0); L1 )

S
for eachvertex v = (xy1;X2) of eachpolygonin P do
a (ixa+ 1 Xa)
else
qa (xit+ls xzls)
end if

if FReEe(P;v;q) and FRee(P;q; (I;1s)) then
S S| f(SHORTESTPATH((0;0);Vv); q; (Ir;1s)) g
end if
end for

return PRUNEDOMINATEDSOLUTIONS(S)

Fig. 4. The basicalgorithm for two x ed paths.The robotsR 1 andR 2
move alonge; andes respectiely.

More precisely we build the Minkowski sum of R, on Rj.
Theintersectiorpointsof theroadmappathsegmentswith this
polygon give the boundaryof obstacleregion. The visibility
graph of the vertices of obstacleregion and endpointsis
computedn VIsIBILITYGRAPH accordingto the well-known
radial sweepalgorithm [8]. The function FREE determines
whethera line sggmentis containedin the free region of the
coordinationcell. This canbe performedby simple geometric
tests.The optimal path candidateslescribedn Lemmaz2 are
computedby iterating over the vertices of obstacleregion.
Lastly, the Pareto-optimakolutionsare extractedfrom this set
of candidatedy simple pairwise comparisonsn PRUNESO-
LUTIONS.

Theoem4: The algorithm COORDINATESINGLECELL in
Figure 4 correctly computesall Pareto-optimalcoordinations
of the two robotson two x ed piecavise-linearpaths.

Proof: The resultdirectly follows from Lemmal andLemma
2.

If n denoteghe numberof obstaclevertices,thenVisiBiL-
ITYGRAPH takes O(n?logn) time. Since eachof the other
stepscan be donein O(n?) time, the time compleity of
COORDINATESINGLECELL is alsoO(n? logn).

B. Acyclic roadmap

In this sectionwe extend the coordinationcell algorithm
in Figure 4 to the generalcaseof two robotson an agyclic
roadmapG. The theory developedin [13] shows that if G
is ag/clic, G G with L2 metric is non-positvely curved
(NPC), and consequentlyit hasunique Euclideangeodesics.
For detailedinformation on NPC spacessee[4]. This result
implies:

Proposition5: AssumeG is an agyclic graph.Equip G
G with the L? metric. Note that G neednot be connected.
Betweenary two pointsx; y in the sameconnectedcomponent
of G G thereis exactly one geodesicconnectingx andy.

This propertymakes G G similar to the plane,because
geodesicdn G G play the role of lines in plane.In fact,
geodesicdgnside a coordinationcell coincide with the usual
Euclideanlines. Thus,we have the following lemmassimilar
to the onesin SectionlV-A. Note that the obstacleregion in
G Gis polygonal.

Lemma6: For every Pareto-optimal coordination class
[Cop] from (CiMt ;Cint ) to (C$°¥;C3%) thereis a rep-
resentatie Ceq 2 [Cop] suchthat Ceq is composedof a
nite sequencef geodesicsggmentsbetweenthe verticesof
obstacleregion, initial and goal points, andin somecasesa
point on the boundary (x; C3°?') or (C°¥; x).

Proof: First, noticethatthereis an equivalentcoordinationto
Cop Which is piecevise-geodesicBy an argumentsimilar to
the onein [8], we gettheresult.

As a remark,notice thatif robot R, reachests goal rst,
the nal segmentof eachcoordinationin [Cqp] lies over the
boundary(C%;x) (C%?;c2?). Similarly, if robotR,
reachesdts goal rst, the nal segmentof eachcoordination
in [Cop] lies over the boundary(x; C3°)  (C°; cg°).
That is why in some casesCeq passesthrougha point on
the boundarywhich may neitherbe an obstaclevertex nor an
endpoint.

Lemma7: Assume[Cyp] is a Pareto-optimalcoordination
class,andCy, is of the form describedn Lemmaé. Let A =
(x1;%2) bethelastvertex of Cyp thatis not on the boundary
i.e.x; 6 Cf"a' andx, 6 cg°a'. Onceagain,thereare three
cases:

(i) If J1(Cop) < J2(Cqp), then the geodesicsggment A

to (C°':y) with equalprogressiorfor R; andR; is

collision free and furthermore,is exactly a segment of

Cop-

If J1(Cop) > J2(Cop), then the geodesicsggment A

to (y; C3°) with equalprogressiorfor R; andR; is

collision free and furthermore,is exactly a segment of

Cop.

If J1(Cop) = J2(Cop), thenthereis at mostone such
[Cop] in Candit is representedby the shortestpath on

the generalizedvisibility graphof obstacleverticesand
endpoints.

Proof: In the rst two cases,if the geodesicsegment is

not collision free, we can always nd anothercoordination
which reducesboth J; and J,, contradictingthe optimality
of Cop. If the geodesicsggmentis not part of Cop, we can
replaceit in and nd a bettercoordination.In the third case,
it is obwvious that [Cqp], if exists, is unique,becausdor ary

coordination[CY & [Cop] with J1(CO = J»(C9, either
[CY < [Cop] OF [CY > [Cop]. In fact, Cqp is the L2-shortest
path. In other words, C,p is the shortestpath accordingto

the Euclideanmetric. As a remark,notice that an L 2-shortest
pathis alsoL ! -shortesbut the corverseneednot betrue.

(ii)

(i)

Corollary 8: The numberof Pareto-optimalcoordinations
for two polygonal robots on a piecavise-linear agyclic
roadmapM is nite.

A generalizatiorof this resultis givenin [11].



COORDINATEACYCLIC(M ;Ry;R,; CNit : C90al)
P
for eachpair of edgese;; g 2 E(G) do

P P[ OBSTACLEPOLYGONS(g ;€ ;R1;R>)
end for
VG  GENVISIBILITYGRAPH(P [ fCMt )
DIJKSTRA(VG;CMt ;1)

S
for eachvertex v = (x1;X2) of eachpolygonin P do
if d(x1;C) < d(x2;C°) then
q  (CP™ixp + d(x1;C*))
else
g (xp+ d(xz; C$*); C§)
end if
if FREE(P;V;q) and FREE(P; g; C9°) then
S S| f(SHORTESTPATH(C™ ;v);q; C9))g
end if
end for

return PRUNEDOMINATEDSOLUTIONS(S)

Fig. 5. The algorithm for nding all Pareto-optimalcoordinationsof two
robotson an agyclic piecavise-linearroadmap.

In COORDINATEACYCLIC in Figure 5, GENVISIBILITY-
GRAPH is a generalizationof visibility graph algorithm in
[8]- More precisely we performa radialsweepof G G. This
canbe donebecauseheradialgeodesicareunique.To sweep
aboutvertex v, sortall the obstacleverticesthroughouthe cell
comple in their geodesiangleorder We extendthe standard
radial sweepvisibility graphalgorithmby maintaininga sepa-
ratebalancedinarytreefor each2-cellin G Gintersectedy
the sweepray. Edgesin eachtreeremainorderedaccordingto
their distancefrom v. To checkwhethera geodesids collision
free, we check collision for all the nearestedgesgiven by
our tree data structurein those cells that are traversed by
the geodesic.The remainderof the algorithm is essentially
unchangedrom COORDINATESINGLECELL.

Theoem9: The algorithm COORDINATEACYCLIC in Fig-
ure 5 correctly computesall Pareto-optimalcoordinationsof
the two robotson M from C"t  to C9°@ | Moreover, its total
compleity is O(mn?logn), in which m is the number of
edgesin M , andn is the numberof obstaclevertices.

Proof: Correctnessdirectly follows from Lemma 6 and
Lemma 7. Since eachgeodesicpasseshrough at most 2m
cells, in computingthe visibility graph,we performO(mn?)
balancedbinary tree operations,eachtaking O(log n) time.
The visibility graphthereforerequiresO(mn?logn) time to
compute. Both Dijkstra's algorithm and the pruning of S
take O(n?) time. Finally, notice that the numberof Pareto-
optimal coordinationds at mostn + 2. Thus,the compleity
of algorithm outputis O(n). Hence,the total compleity of
our algorithmis O(mn? logn).
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Fig. 6. (a)A coordinationproblemon aroadmapwith 7 edges(b) A subset
of G G for this problem.
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reto-optimalsolutionsfor the problemin Figure 6.

V. EXPERIMENTAL RESULTS

We have implementeda simpli ed versionof the described
algorithmusingnave datastructuresandalgorithmsin several
places.An implementationmore faithful to the description
in SectionlV-B can be expectedto perform betterthan the
presentimplementation.The run times belon are for our
C++ GNU/Linux implementationexecutedon 2.5GHz Intel
processar

Figure 6 shavs an example coordination problem on a
connectedoadmapwith 7 edges.Eachrobotis shavn in its
initial stateandthe goalis for the robotsto switch places.For
this problem G G contains31 obstaclepolygonstotalling
174 obstaclevertices. The completeset of 4 Pareto-optimal
coordinationsillustrated in Figure 7 took appoximately0.2
secondgo compute.

As a secondexample,considetthe stargraphS,, with vertex
setfvg;:::;vn 10 andedgesetf(vo;vi) : 1 i< ng
Coordinationon this family of graphsis unusual because
becausevery cell of G G hasa non-emptyobstacleregion.
In Figure8, R; andR; navigateon anembeddingf Si6. The
obstacleregion has 225 obstacleswith 933 verticesin total.
The two Pareto-optimalsolutionsare showvn in Figure 9. Our
implementationtook 25 secondgo solwe this problem.

VI. CONCLUSION AND FUTURE WORK

In this paper we presentedan algorithm to computeall
Pareto-optimal coordinationsof two polygonal translating
robots, which have a maximum speedand are capable of
instantly switching betweenary two speedshoundedby the
maximum speed,on an agyclic roadmapof piecavise-linear



Fig. 8. (a) A coordinationproblemon the stargraphSsie. (b) A subsetof
G G for this problem.

J
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Fig. 9. Thetwo Pareto-optimalsolutionsfor the problemin Figure 8.

paths in the plane. We showved that the algorithm works
correctly and shaved that its complexity is O(mn? logn), in
which m is the numberof edgesof roadmapandn is thetotal
numberof obstaclevertices.

However, exactly the samealgorithmcanbe appliedto nd
all Pareto-optimalcoordinationsassuminghat the con gura-
tion spaceof eachrobot while moving on the roadmapis G,
the underlyingacyclic graphof theroadmapandthe obstacle
regionsin G G arepolygonal.More generally evenin cases
where the obstacleregions are not polygonal but we can
computebitangentsaandconsequentlyhe generalizedisibility
graph, we may trivially modify the algorithm presentedin
this paperto computeall Pareto-optimakoordinationf such
robots. In this regard,for examplein caseof carlike mobile
robotson a network of SA paths(see[24]), we may consider
computing bitangentsof the obstacleregion in G G to
computethe generalizedvisibility graph. We can then nd
all Pareto-optimalcoordinations.

As a future work, we may considersolving the problem
for two robotson a graphwhich is not necessarilyagyclic.
Notice thatif G is a simple2-cycle, G G is homeomorphic
to a torus. This is a simple exampleof nontrivial topological
spacesthat arisefor G G if G is cyclic. In this case,the
fundamentagroupof G G is not trivial. SinceG Gis an
NPC metric space the geodesids uniquein every homotopy
classof G G [11]. However, sincethe fundamentabroup of
G G is nontrivial, there may be in nitely mary geodesics
betweentwo points. This fact makes computingthe visibility
graphcomplicated.
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