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Abstract— We presentan algorithm that computesthe complete
set of Pareto-optimal coordination strategies for two translating
polygonal robots in the plane. A collision-free acyclic roadmap
of piecewise-linear paths is given on which the two robots move.
The robots have a maximumspeedand are capable of instantly
switching betweenany two arbitrary boundedspeeds.Each robot
would like to minimize its travel time independently. The Pareto-
optimal solutionsare the onesfor which there exist no solutionsthat
are better for both robots.The algorithm computesexact solutions
in time O(mn 2 log n), in which m is the numberof edges in the
roadmap,and n is the numberof coordination spacevertices.An
implementationis presented.

Index Terms— Pareto Optimal, Multiple Robot Coordination,
Shortest Path, Visibility Graph, Cube Complex, NPC Space

I . INTRODUCTION

Collision-free coordinationof multiple bodies is a funda-
mentalproblemthathasreceivedsigni�cant attentionover the
last decades.Popularexamplesof multibody systemsinclude
recon�gurable robots [6], [10], [15], [27] and autonomous
guided vehicles(AGVs). In this paper, we addresscasesin
which eachbody is treatedasa separaterobot anda roadmap
(network of paths)has beencomputedfor eachrobot. Each
roadmapavoids collisions with workspaceobstacles,but as
robotstravel along their respective roadmaps,collisions may
occur. The task is to schedulethe motionsof the robotsin a
way that avoids collisions betweenrobots while minimizing
the time taken to reachgoals.

Previous approachesto multiple-robotmotion planningare
often categorizedas centralized or decoupled. A centralized
approachtypically constructsa path in a compositecon�g-
uration space,which is formed by the Cartesianproduct of
the con�guration spacesof the individual robots (e.g., [2],
[3], [23]). A decoupledapproachtypically generatespathsfor
eachrobot independently, and then considersthe interactions
betweenthe robots (e.g., [1], [9], [19], [20], [21]). In [5],
[18], [24] robot paths are independentlydetermined,and a
coordinationdiagramis usedto plana collision-freetrajectory
along the paths. In [16], [26], an independentroadmapis
computedfor each robot, and coordination occurs on the
Cartesianproductof theroadmappathdomains.Thesuitability
of one approachover the other is usually determinedby the
tradeoff betweencomputationalcomplexity associatedwith a
given problem,and the amountof completenessthat is lost.
In someapplications,suchas the coordinationof AGVs, the
roadmapmight representall allowablemobility for eachrobot.
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Fig. 1. A samplecoordinationproblemthat canbe solved by our methods.
[left] The initial con�guration. [right] The goal con�guration.

Supposethat all pathsin a roadmapareparameterizedwith
constantspeed,and each robot is capableof switching in-
stantaneouslybetweenbeingat restandmoving at some�x ed
speed(obviously, this assumestransientsarenegligible, which
is only truein someapplications).What is a reasonablenotion
of optimality in this case?Minimizing theaveragetime robots
taketo reachtheirgoal?Minimizing thetimethatthelastrobot
takes?Optimalcoordinationusingsuchscalarcriteriahasbeen
consideredin [14], [17], [25]. The problemwith scalarization
is that it eliminatesmany interestingcoordinationstrategies,
possiblyeven neglectingoptimality for somerobots[16].

We are interestedinsteadin �nding all Pareto-optimal[22]
coordinationstrategiesby treatingcoordinationas a multiob-
jective optimizationproblem.Eachrobot hasan independent
criterion,which leadsto a vectorof costs.EachPareto-optimal
strategy is one for which thereexists no strategy that would
be better for all robots. The approachcan be considered
as �ltering out all of the motion plans that are not worth
considering,andpresentingtheuserwith asmallsetof thebest
alternatives.Within this framework additionalcriteria,suchas
priority or the amountof sacri�ce one robot makes, can be
appliedto automaticallyselecta particularmotion plan. If the
sametasksare repeatedand priorities change,then one only
needsto selectan alternative minimal plan, asopposedto re-
exploring the entirespaceof motion strategies.

In this paper, we introducean exact algorithm for �nding
all Pareto-optimalcoordinationstrategies for two polygonal
robots, each translating along a �x ed roadmap of paths.
Figure 1 shows an example problem of this form. In [16],
an approximatealgorithm was presentedfor any numberof
robotsandpathtypesby developinga Dijkstra-like algorithm



that �nds all Pareto-optimalsolutions.In [11], it is shown that
thenumberof Pareto-optimalcoordinationsof multiple robots
on speci�ed roadmapsis �nite andin [12], a classi�cation of
Pareto-optimalcoordinationsof multiple robots on speci�ed
roadmapsis given using CAT(0) geometry, and an algorithm
is also provided to shortena given coordination to �nd a
Pareto-optimalcoordinationhomotopic to it. To the best of
our knowledge,up to now therehave beenno exactalgorithms
for computing all Pareto-optimalcoordinationstrategies. A
preliminaryversionof this work appearedin [7].

I I . PROBLEM FORMULATION

Supposewe have two polygonal robots R 1 and R 2. For
brevity, let i = 1; 2 throughoutthe following sections.We
assumeR i only translatesin the plane.Thereforethe con�g-
urationspaceof R i is R2. We alsoassumethat we aregiven
a �x ed roadmapM on which R i moves. The roadmapM
speci�es a connectiongraph and a collection of continuous
piecewise-linearpathsassociatedwith its edgesin R2. More
precisely, M = (G; 
 ), in which the graph G consistsof a
�nite numberof 0-dimensionalverticesV and1-dimensional
edgesE assembledasfollows. Eachedgee is homeomorphic
to the closedinterval [0; 1] attachedto V along its boundary
points f 0g and f 1g 1. We assumeG is simple, i.e. has no
loops.Note that G neednot necessarilybe connected,which
canbeusedto representthecasewhereeachrobothasits own
roadmap.

In thede�nition of roadmapM , 
 : G ! R2 is a continuous
map such that for each edge e 2 E, 
 je : G ! R2 is a
piecewise-linearpath in the plane.The length of eachsuch
piecewise-linear path gives a measureof the length of the
correspondingedgein G. Note thatG in this mannerbecomes
a metric spacewith metric d which conformsto the meaning
of length in the plane.

We are also given an initial and a goal con�guration
C init

i ; Cgoal
i 2 G for robot R i . Now the problem is to

give an algorithm to �nd all collision-free Pareto-optimal
coordinationsfor the two robots R 1 and R 2 moving on G
from the initial con�guration C init

1 and C init
2 to the goal

con�guration Cgoal
1 andCgoal

2 respectively. In the following,
we de�ne the meaningof all thoseterms.

A coordination is a continuous,andpiecewise smoothpath
in G � G which avoids collision betweenrobots. Precisely,
a continuouspath C : [0; 1] ! G � G from (C init

1 ; C init
2 )

to (Cgoal
1 ; Cgoal

2 ) is a coordinationfor R 1 and R 2 if for all
t 2 [0; 1], robot R 1 at 
 (C1(t)) doesnot collide with robot
R 2 at 
 (C2(t)) , in which C(t) = (C1(t); C2(t)) . We usethe
term coordinationfor both the above function and its image
wherever thereareno ambiguities.

Finally, we are given a cost functional J that separately
measuresthetime thateachrobottakesto reachits goal,under
a particularcoordination.Thus, it speci�es a partial orderon
the set of all coordinationsC. Eachminimal elementin this
partial order is calleda Pareto-optimalcoordination.

1We placeuponG the topologygiven by the endpointidenti�cations.
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Fig. 2. A pair of pathsegmentsandtheir coordinationcell.

I I I . BASIC CONCEPTS

As statedin SectionII, we have an explicit cost functional
J . Particularly, J i denotestheamountof time that it takesR i

to reachits goal andstop.This time dependson the speedof
R i andthelengthof its path.We have sofar introducedlength
in SectionII. Without lossof generality, let usassumethatour
robotshave a maximum speedof 1. Under this assumption,
the distancefunction d(x; y) gives the minimum amountof
time that it takesR i to go from x to y on G.

To specify J , �rst we de�ne a metric d1 in G� G which
gives the minimum amountof time that it takes to get both
R 1 and R 2 from (x1; x2) to (y1; y2). It is naturally de�ned
by d1 : ((x1; x2); (y1; y2)) 7! max(d(x1; y1); d(x2; y2)) . It is
easyto verify thatd1 is actuallya metric.Second,let L 1 be
the functionalthatgivesthe lengthof eachcontinuouspathin
G� G accordingto d1 .

For eachcoordinationC, we specify J = (J1; J2) in the
following threecases:

� Robot R 1 reachesits goal soonerthan R 2. Thus there
is t0 2 [0; 1) such that 8 t0 � t � 1 : C(t) =
(Cgoal

1 ; C2(t)) and C2(t0) 6= Cgoal
2 . For the least such

t0 we de�ne J (C) = (L 1 (Cj[0;t 0 ]); L 1 (C)) .
� Robot R 2 reachesits goal soonerthan R 1. Thus there

is t0 2 [0; 1) such that 8 t0 � t � 1 : C(t) =
(C1(t); Cgoal

1 ) and C1(t0) 6= Cgoal
1 . For the least such

t0 we de�ne J (C) = (L 1 (C); L 1 (Cj[0;t 0 ])) .
� Otherwise,both robotsreachtheir goalssimultaneously.

We de�ne J (C) = (L 1 (C); L 1 (C)) .

SinceG consistsof 0-dimensionaland1-dimensionalcells,
G� G is a 2-dimensionalcube-complex. In fact,G� G consists
of a numberof 2-dimensionalcells appropriatelypastedto
eachotheralongtheir boundaryedgesandvertices.Eachsuch
2D cell, D = er � es, in which er ; es 2 E, canbe seenasthe
coordinationcell of the two robotson the paths
 jer and
 jes

parametrizedby unit speed.In particular, our coordinationcell
D can be seenas [0; l r ] � [0; ls], in which lk = l(ek ) is the
lengthof ek .

Within each coordinationcell, we use the term obstacle
region to referto thesetof pointscorrespondingto positionsin
which the interiorsof R 1 andR 2 intersect.The freeregion is
setof pointsnot in theobstacleregion. In Figure2, we seean
exampleof a coordinationcell andits obstacleregion. Notice
thatourcoordinationcell is similar to thecoordinationdiagram
of [24], but since our robots are polygonal and our paths
are piecewise-linear, the obstacleregion in our coordination
cell is a collectionof polygonalconnectedcomponents.If we
con�ne our attentionto a singlecoordinationcell (aswe will
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Fig. 3. [left] The visibility graphof a coordinationcell, augmentedwith its
full-speedcompletions.[right] Thetwo Paretooptimalcoordinationsextracted
from this graph.

in Section IV-A), a coordinationis essentiallya piecewise-
smoothpath from (0; 0) to (l r ; ls) inside its free region.

DifferentpathscanhaveequalL 1 lengthsandconsequently
equal J costs. In general, equality of J cost de�nes an
equivalencerelation � on the set of all coordinationsC. In
fact,sinceour optimality criterion is basedon the valueof J ,
we can considerthe set ~C = C=� of equivalenceclassesand
useterm coordinationclassto refer to one of thesemaximal
setsof equivalentcoordinations.

We de�ne thepartial ordermentionedin SectionII in more
detail. De�ne a relation � on ~C as follows: For any two
coordinationclasses[C] and [C0], say that [C] � [C0] if
and only if J1(C) � J1(C0) and J2(C) � J2(C0). It is
easy to see that the de�nition is independentof the choice
of representative, so � is well-de�ned. Any minimal element
in this partialorderis a Pareto-optimalcoordinationclass.The
algorithmproposedherecomputesa representative from each
of thesePareto-optimalcoordinationclasses.

IV. ALGORITHM PRESENTATION

To describethealgorithm,we �rst describehow to compute
all Pareto-optimalcoordinationsin thesimplercaseof a single
coordinationcell, thenextendthealgorithmto thewholeG� G
which consistsof a collectionof suchcoordinationcells.

A. Two �xed paths

In this section we describehow to computeall Pareto-
optimal coordinationsin a singlecoordinationcell, i.e. for the
two robots on two �x ed paths.As statedin SectionIII, the
obstacle(or collision) region of our coordinationcell consists
of a collectionof polygons.Thus,we mayusethetermsvertex
andedgeof the obstacleregion. To presentthe algorithm,we
give somestatementsabout the propertiesof Pareto-optimal
coordinations.

Lemma1: For every Pareto-optimal coordination class
[Cop ] in a coordinationcell [0; l r ] � [0; ls] there is a repre-
sentative Ceq 2 [Cop ] composedof a �nite sequenceof linear
segmentsbetweentheverticesof obstacleregion, initial (0; 0)
andgoal (l r ; ls) points,andpossiblya point on the boundary
of the coordinationcell, (t; ls) or (l r ; t).
Proof: First, notice that there is an equivalent coordination
to Cop which is piecewise-linear. By an argumentsimilar to
the one in [8], which is essentiallybasedon shortening,we
get the result. As a remark, notice that in caseswhere R 1

reachesits goal soonerthan R 2, the �nal segment of each

coordinationin [Cop ] lies over the boundaryof coordination
cell andin particularis of theform (l r ; t)� (l r ; ls). Similarly, if
R 2 reachesits goal�rst, the�nal segmentof eachcoordination
in [Cop ] lies over the boundaryof coordinationcell and is
of the form (t; ls) � (l r ; ls). That is why in somecasesCeq

passesthrougha point on the boundarywhich may neitherbe
an obstaclevertex nor an endpoint. �

As a consequenceof Lemma1, it is suf�cient to consider
only coordinationscomposedof a sequenceof linearsegments
between the vertices of obstacle region, initial and goal
points, and in some casesa point on the boundaryof the
coordinationcell. We call suchPareto-optimalcoordinations
visibility Pareto-optimal. Thenext lemmaexplainsthis naming
andcharacterizesthe setof verticeson the boundary.

Lemma2: Suppose[Cop ] is a visibility Pareto-optimalco-
ordination classwith Cop 2 [Cop ] of the form describedin
Lemma1. Let (t1; t2) denotethe last vertex of Cop which is
not on the boundary(that is, that last vertex suchthat t1 6= l r
andt2 6= ls). Thereare threecases:

(i) If J1(Cop ) < J2(Cop ), then the line segment(t1; t2) �
(l r ; t2 + l r � t1) is collision free and furthermore,is
exactly a segmentof Cop .

(ii) If J1(Cop ) > J2(Cop ), then the line segment(t1; t2) �
(t1 + ls � t2; ls) is collision free and furthermore,is
exactly a segmentof Cop .

(iii) If J1(Cop ) = J2(Cop ), then there is at most one such
[Cop ] in ~C and it is representedby the shortestpath on
the visibility graphof obstacleverticesandendpoints.

Proof: In the �rst two cases,if the line segment is not
collision free,we canalways�nd anothercoordinationwhich
reducesboth J1 and J2, contradictingthe optimality of Cop .
If the line segment is not part of Cop , we can replaceit in
and �nd a bettercoordination.In the third case,it is obvious
that [Cop ], if exists, is unique,becausefor any coordination
[C0] 6= [Cop ] with J1(C0) = J2(C0), either [C0] < [Cop ] or
[C0] > [Cop ]. In fact, Cop is the L 2-shortestpath from (0; 0)
to (l r ; ls) in the interior of coordinationcell. In other words,
Cop is theshortestpathaccordingto theEuclideanmetric.As
a remark,notice that an L 2-shortestpath is alsoL 1 -shortest
but the converseneednot be true. �

Corollary 3: The numberof Pareto-optimalcoordinations
for two polygonal robots on �x ed piecewise-linearpaths is
�nite.

A generalizationof this result is given in [11]. Note that in
case(i) of Lemma2, (l r ; t2 + l r � t1) is simply theintersection
of the line x1 = l r andthe line with slope1 through(t1; t2).
Similar remarkscanbemadefor cases(ii) and(iii). Intuitively,
we canthink of shootinga ray at slope1 from eachobstacle
vertex (t1; t2) and stoppingwhen that ray hits a point with
eitherx1 = l r or x2 = ls, correspondingrespectively to R 1 or
R 2 reachingits goal.Lemmas1 and2 tell usthateveryPareto-
optimal coordinationclasshasa representative that endswith
sucha slope-1segment.

Now we arereadyto presentthealgorithmin Figure4. The
function OBSTACLEPOLYGONS computesthe obstacleregion
polygons.As statedin Section III, the obstacleregion is a
collection of polygonswhich can be computedby collision
detectionalgorithm along eachpair of linear path segments.



COORDINATESINGLECELL(er ; es; R 1; R 2)
P  OBSTACLEPOLYGONS(er ; es; R 1; R 2)
V G  V ISIBIL ITYGRAPH(P [ f (0; 0)g)
DIJKSTRA(V G; (0; 0); L 1 )

S  ;
for eachvertex v = (x1; x2) of eachpolygon in P do

if l r � x1 < ls � x2 then
q  (l r ; x2 + l r � x1)

else
q  (x1 + ls � x2; ls)

end if
if FREE(P; v; q) and FREE(P; q; (l r ; ls)) then

S  S [ f (SHORTESTPATH((0; 0); v); q; (l r ; ls))g
end if

end for

return PRUNEDOMINATEDSOLUTIONS(S)

Fig. 4. The basicalgorithm for two �x ed paths.The robotsR 1 and R 2
move alonger andes respectively.

More precisely, we build the Minkowski sum of R 2 on R 1.
Theintersectionpointsof theroadmappathsegmentswith this
polygon give the boundaryof obstacleregion. The visibility
graph of the vertices of obstacleregion and endpoints is
computedin V ISIBIL ITYGRAPH accordingto the well-known
radial sweepalgorithm [8]. The function FREE determines
whethera line segmentis containedin the free region of the
coordinationcell. This canbe performedby simplegeometric
tests.The optimal pathcandidatesdescribedin Lemma2 are
computedby iterating over the vertices of obstacleregion.
Lastly, thePareto-optimalsolutionsareextractedfrom this set
of candidatesby simple pairwisecomparisonsin PRUNESO-
LUTIONS.

Theorem4: The algorithm COORDINATESINGLECELL in
Figure 4 correctly computesall Pareto-optimalcoordinations
of the two robotson two �x ed piecewise-linearpaths.
Proof: Theresultdirectly follows from Lemma1 andLemma
2. �

If n denotesthenumberof obstaclevertices,thenV ISIBIL-
ITYGRAPH takes O(n2 logn) time. Since eachof the other
stepscan be done in O(n2) time, the time complexity of
COORDINATESINGLECELL is alsoO(n2 logn).

B. Acyclic roadmap

In this sectionwe extend the coordinationcell algorithm
in Figure 4 to the generalcaseof two robots on an acyclic
roadmapG. The theory developed in [13] shows that if G
is acyclic, G � G with L 2 metric is non-positively curved
(NPC), and consequentlyit hasuniqueEuclideangeodesics.
For detailedinformation on NPC spacessee[4]. This result
implies:

Proposition5: AssumeG is an acyclic graph.Equip G �
G with the L 2 metric. Note that G neednot be connected.
Betweenany two pointsx; y in thesameconnectedcomponent
of G� G thereis exactly onegeodesicconnectingx andy.

This property makes G � G similar to the plane,because
geodesicsin G � G play the role of lines in plane. In fact,
geodesicsinside a coordinationcell coincide with the usual
Euclideanlines. Thus,we have the following lemmassimilar
to the onesin SectionIV-A. Note that the obstacleregion in
G� G is polygonal.

Lemma6: For every Pareto-optimal coordination class
[Cop ] from (C init

1 ; C init
2 ) to (Cgoal

1 ; Cgoal
2 ) there is a rep-

resentative Ceq 2 [Cop ] such that Ceq is composedof a
�nite sequenceof geodesicsegmentsbetweenthe verticesof
obstacleregion, initial and goal points, and in somecasesa
point on the boundary, (x; Cgoal

2 ) or (Cgoal
1 ; x).

Proof: First, noticethat thereis an equivalentcoordinationto
Cop which is piecewise-geodesic.By an argumentsimilar to
the one in [8], we get the result. �

As a remark,notice that if robot R 1 reachesits goal �rst,
the �nal segmentof eachcoordinationin [Cop ] lies over the
boundary(Cgoal

1 ; x) � (Cgoal
1 ; Cgoal

2 ). Similarly, if robot R 2

reachesits goal �rst, the �nal segmentof eachcoordination
in [Cop ] lies over the boundary(x; Cgoal

2 ) � (Cgoal
1 ; Cgoal

2 ).
That is why in some casesCeq passesthrough a point on
the boundarywhich may neitherbe an obstaclevertex nor an
endpoint.

Lemma7: Assume[Cop ] is a Pareto-optimalcoordination
class,andCop is of the form describedin Lemma6. Let A =
(x1; x2) be the last vertex of Cop that is not on the boundary,
i.e. x1 6= Cgoal

1 and x2 6= Cgoal
2 . Onceagain,thereare three

cases:

(i) If J1(Cop ) < J2(Cop ), then the geodesicsegment A
to (Cgoal

1 ; y) with equalprogressionfor R 1 and R 2 is
collision free and furthermore,is exactly a segment of
Cop .

(ii) If J1(Cop ) > J2(Cop ), then the geodesicsegment A
to (y; Cgoal

2 ) with equalprogressionfor R 1 and R 2 is
collision free and furthermore,is exactly a segment of
Cop .

(iii) If J1(Cop ) = J2(Cop ), then there is at most one such
[Cop ] in ~C and it is representedby the shortestpath on
the generalizedvisibility graphof obstacleverticesand
endpoints.

Proof: In the �rst two cases,if the geodesicsegment is
not collision free, we can always �nd anothercoordination
which reducesboth J1 and J2, contradictingthe optimality
of Cop . If the geodesicsegment is not part of Cop , we can
replaceit in and �nd a bettercoordination.In the third case,
it is obvious that [Cop ], if exists, is unique,becausefor any
coordination [C0] 6= [Cop ] with J1(C0) = J2(C0), either
[C0] < [Cop ] or [C0] > [Cop ]. In fact, Cop is the L 2-shortest
path. In other words, Cop is the shortestpath accordingto
the Euclideanmetric. As a remark,noticethat an L 2-shortest
pathis alsoL 1 -shortestbut theconverseneednotbetrue. �

Corollary 8: The numberof Pareto-optimalcoordinations
for two polygonal robots on a piecewise-linear acyclic
roadmapM is �nite.
A generalizationof this result is given in [11].



COORDINATEACYCLIC(M ; R 1; R 2; C init ; Cgoal )
P  ;
for eachpair of edgesei ; ej 2 E(G) do

P  P [ OBSTACLEPOLYGONS(ei ; ej ; R 1; R 2)
end for
V G  GENV ISIBIL ITYGRAPH(P [ f C init g)
DIJKSTRA(V G; C init ; L 1 )

S  ;
for eachvertex v = (x1; x2) of eachpolygon in P do

if d(x1; Cgoal
1 ) < d(x2; Cgoal

2 ) then
q  (Cgoal

1 ; x2 + d(x1; Cgoal
1 ))

else
q  (x1 + d(x2; Cgoal

2 ); Cgoal
2 )

end if
if FREE(P; v; q) and FREE(P; q; Cgoal ) then

S  S [ f (SHORTESTPATH(C init ; v); q; Cgoal ))g
end if

end for

return PRUNEDOMINATEDSOLUTIONS(S)

Fig. 5. The algorithm for �nding all Pareto-optimalcoordinationsof two
robotson an acyclic piecewise-linearroadmap.

In COORDINATEACYCLIC in Figure 5, GENV ISIBIL ITY-
GRAPH is a generalizationof visibility graph algorithm in
[8]. More precisely, we performa radial sweepof G� G. This
canbedonebecausetheradialgeodesicsareunique.To sweep
aboutvertex v, sortall theobstacleverticesthroughoutthecell
complex in their geodesicangleorder. We extendthestandard
radial sweepvisibility graphalgorithmby maintaininga sepa-
ratebalancedbinarytreefor each2-cell in G� Gintersectedby
thesweepray. Edgesin eachtreeremainorderedaccordingto
their distancefrom v. To checkwhethera geodesicis collision
free, we check collision for all the nearestedgesgiven by
our tree data structure in those cells that are traversedby
the geodesic.The remainderof the algorithm is essentially
unchangedfrom COORDINATESINGLECELL.

Theorem9: The algorithm COORDINATEACYCLIC in Fig-
ure 5 correctly computesall Pareto-optimalcoordinationsof
the two robotson M from C init to Cgoal . Moreover, its total
complexity is O(mn2 logn), in which m is the numberof
edgesin M , andn is the numberof obstaclevertices.

Proof: Correctnessdirectly follows from Lemma 6 and
Lemma 7. Since eachgeodesicpassesthrough at most 2m
cells, in computingthe visibility graph,we performO(mn 2)
balancedbinary tree operations,eachtaking O(log n) time.
The visibility graphthereforerequiresO(mn2 logn) time to
compute.Both Dijkstra's algorithm and the pruning of S
take O(n2) time. Finally, notice that the numberof Pareto-
optimal coordinationsis at mostn + 2. Thus,the complexity
of algorithm output is O(n). Hence,the total complexity of
our algorithmis O(mn2 logn). �
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Fig. 6. (a) A coordinationproblemon a roadmapwith 7 edges.(b) A subset
of G � G for this problem.
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Fig. 7. The four Pareto-optimalsolutionsfor the problemin Figure6.

V. EXPERIMENTAL RESULTS

We have implementeda simpli�ed versionof the described
algorithmusingnä�ve datastructuresandalgorithmsin several
places.An implementationmore faithful to the description
in SectionIV-B can be expectedto perform better than the
present implementation.The run times below are for our
C++ GNU/Linux implementationexecutedon 2.5GHz Intel
processor.

Figure 6 shows an example coordination problem on a
connectedroadmapwith 7 edges.Eachrobot is shown in its
initial stateandthegoal is for the robotsto switchplaces.For
this problem G � G contains31 obstaclepolygonstotalling
174 obstaclevertices.The completeset of 4 Pareto-optimal
coordinationsillustrated in Figure 7 took appoximately0.2
secondsto compute.

As a secondexample,considerthestargraphSn with vertex
set f v0; : : : ; vn � 1g and edgeset f (v0; vi ) : 1 � i < ng.
Coordination on this family of graphs is unusual because
becauseevery cell of G� G hasa non-emptyobstacleregion.
In Figure8, R 1 andR 2 navigateon anembeddingof S16. The
obstacleregion has225 obstacleswith 933 verticesin total.
The two Pareto-optimalsolutionsareshown in Figure9. Our
implementationtook 25 secondsto solve this problem.

VI . CONCLUSION AND FUTURE WORK

In this paper, we presentedan algorithm to computeall
Pareto-optimal coordinations of two polygonal translating
robots, which have a maximum speedand are capableof
instantly switching betweenany two speedsboundedby the
maximum speed,on an acyclic roadmapof piecewise-linear
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Fig. 9. The two Pareto-optimalsolutionsfor the problemin Figure8.

paths in the plane. We showed that the algorithm works
correctlyandshowed that its complexity is O(mn2 logn), in
which m is thenumberof edgesof roadmapandn is the total
numberof obstaclevertices.

However, exactly thesamealgorithmcanbeappliedto �nd
all Pareto-optimalcoordinations,assumingthat the con�gura-
tion spaceof eachrobot while moving on the roadmapis G,
theunderlyingacyclic graphof the roadmap,andtheobstacle
regionsin G� G arepolygonal.More generally, even in cases
where the obstacleregions are not polygonal but we can
computebitangentsandconsequentlythegeneralizedvisibility
graph, we may trivially modify the algorithm presentedin
this paperto computeall Pareto-optimalcoordinationsof such
robots.In this regard, for examplein caseof car-like mobile
robotson a network of SA paths(see[24]), we may consider
computing bitangentsof the obstacleregion in G � G to
computethe generalizedvisibility graph. We can then �nd
all Pareto-optimalcoordinations.

As a future work, we may considersolving the problem
for two robots on a graph which is not necessarilyacyclic.
Notice that if G is a simple2-cycle, G� G is homeomorphic
to a torus.This is a simpleexampleof nontrivial topological
spacesthat arise for G � G if G is cyclic. In this case,the
fundamentalgroupof G� G is not trivial. SinceG� G is an
NPC metric space,the geodesicis uniquein every homotopy
classof G� G [11]. However, sincethe fundamentalgroupof
G � G is nontrivial, there may be in�nitely many geodesics
betweentwo points.This fact makescomputingthe visibility
graphcomplicated.
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