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Abstract—
In this paper we presentan online algorithm for pursuit-

evasion in a unknownsimply connectedenvironment,for one
pursuerthat hasminimal sensingandcarriesa setof stationary
sentriesthat it candrop off andpick up during thepursuit. In our
sensingmodel,the pursuer is only able to detectdiscontinuities
in depth information (gaps), and it is able to �nd all of the
evaders without any explicit localization or geometricinforma-
tion, by using a Gap NavigationGraph. The strategy is based
on growing an evader-free region, by reading “exploration”
schedulesfrom the Gap NavigationGraph, that is constructed
online. We prove that a pursuer with k + 1 sentriescan clear
any environmentthat could be cleared by k pursuers using the
algorithm in [7], which required a completemap and perfect
sensing.

I . INTRODUCTION

Imagine the following setting: a robotic law enforcer
needsto �nd all suspectsinside a building �oor from
which it doesnot have a map. The sensorscapabilities
of this robot are limited; it doesnot have a compass,and
the only tool it has for navigation, a rangesensor, gives
unreliable information. To make things complicated,of
coursethe suspectsare trying to hide from our robotic
police.In this paperwe proposea strategy for solving this
kind of online pursuit-evasion scenarios,using minimal
sensing.

The pursuit-evasionproblemwas treatedoriginally in
a game theoretic framework [3], [9]. Pursuit-evasion in
graphshas beenstudiedextensively [1], [6], [10], [13],
[17], [21]. Therehave beenimportantdevelopmentsin the
studyof pursuit-evasionfor mobile robotsin the planein
recentyears.This problem was introducedin [24], as a
dynamic version of the art-gallery problem.A complete
algorithm for polygons searchableby one pursuerwas
presentedin [7], in which it was also shown that deter-
mining the optimal numberof pursuersis NP-hard.Some
solutionsfor particularcharacteristicsof thepursuershave
beenfound.For example,pursuerswith a single�ashlight
[16], or a group of pursuersthat are always mutually

visible [5], [27]. In [20], it was proved that any polygon
searchableby a pursuerhaving omnidirectionalview, is
also searchableby a pursuerwith two �ashlights, which
leadsto a quadratic-timealgorithm.

Until very recently, the availability of a map of the
environment was assumed.In [22] an online version of
the problem is presented,in which the requiredsensing
capabilitiesof the pursuerareminimal, anda representa-
tion of the environment is not available. In [11], a six-
state automatonis designedwith the samecapabilities
as a pursuerwith a single �ashlight, following the en-
vironment's boundary. Our paperusesthe samesensing
model as [22]. In that work, a strategy was given that
enablesa single pursuerto clear any polygon that could
be clearedby the pursuerwith perfectsensing.However,
the motionsare extremely inef�cient and requirecareful
feedbackcontrol to prevent accidentalloss of previous
work. Although the theoreticalresultsare interesting,the
approachis impracticalfor real mobile robot systems.

Our approachis basedon the datastructurepresented
for navigation in [26]. Becausethis approachproduces
optimalmotions,theresultingstrategiesarevery ef�cient.
Detectingdiscontinuitiesin depth information and their
topologicalchanges,a datastructureis built that encodes
thesamepathsasthebitangentgraph1[19]. Thesediscon-
tinuities are called gaps, and the structureis referredto
here as a Gap Navigation Graph (GNG). Thesecritical
eventsconsistof appearances,disappearances,splits and
mergesof gaps.The critical eventsareusedto described
the changesof cleared regions,whereevadersareknown
not to be,andcontaminatedregions,whereanevadermay
behidden.Theminimalisticsensingandrobotcapabilities
approachis inspired after the bug algorithm framework
[4], [12], [23].

By adding information state labels to the GNG, this

1In the caseof polygons,the bitangentgraph has the edgesof the
visibility graphthatarebitangentat two pointsof thepolygon'sboundary,
andthat aretotally containedinsidethe polygon.Enoughinformationis
encodedin the bitangentgraphto computeshortestpaths.The bitangent
graphis alsoknown as the reducedvisibility graph[14].



paper presentsan online strategy that �nds all of the
evaders,if theenvironmentis searchablewith onepursuer
following paths in the bitangent graph. If the pursuer
cannotsolve the problem, then it usesportablesensors
called sentriesto help it guard placeswhile it searches.
By using this approach,we show that a pursuer with
k + 1 sentriescan clear any environment that could be
clearedby k pursuersusing the algorithm in [7], which
requiredacompletemapandperfectsensing.Furthermore,
the resultingsolutionsarevery ef�cient, which makesthe
methodpracticalfor applications.

I I . PROBLEM DEFINITION

One robot, called the pursuer, is requiredto visually
locateoneor moreevaders. If thepursuercannotcomplete
the taskalone,it canplaceguards,or sentries, asneeded.
To reducethe numberof sentriesthat mustbe carriedby
the pursuer, the sentriesmay be reused.The sentryis an
immobile observer, which the pursuercan place at any
location, or retrieve by “touching”. The pursuerand the
evadersmove in a simply-connected,opensubset,R, of
R2. The boundaryof R is a simple, closed,piecewise-
smoothcurve (with a �nite numberof non-smoothpoints).

Let ei (t) 2 R denotethe position of the i th evader
at time t ¸ 0. It is assumedthat ei : [0; 1 ) ! R is a
continuousfunction,andthe evaderscanmove arbitrarily
fast. Let p(t) 2 R denote the position of the pursuer
at time t ¸ 0. The pursuer also moves continuously.
Similarly, let sj (t) 2 R denotethe position of the j th

sentry.
For any x 2 R, let V (x) ½ R denotethe set of all

y 2 R suchthat the line segmentthat joins x andy does
not intersecttheboundaryof R. Let V (x) be thevisibility
region of x. If at any time t, either ei (t) 2 V (p(t))
or ei (t) 2 V (sj (t)) for somej , then the i th evader is
detected.Any subsetof R that might contain an evader
is referredto as a contaminatedregion. Any region that
is guaranteednot to containan evaderis calleda cleared
region. If a clearedregion becomescontaminatedagain, it
is referredto as recontaminated. For convenience,when
an evaderis detected,it is assumedto be eliminated.

In addition to the sensor that detects evaders, the
pursuerhasa sensorthattracksthediscontinuitiesin depth
information.Eachof thesediscontinuitiesis referredto as
a gap, and the sensoris called a gap sensor(Figure 1).
Eachgap correspondsto a connectedsubsetof the envi-
ronmentthat is not visible by the pursuer. The length of
eachgap, its distance,and its exact angularposition are
assumedunknown, but it is assumedthat the gap sensor
is ableto track andrecordthe disappearance,appearance,
merging, andsplitting of gaps.Thesechangesin the gaps
are called the gap critical events. Information such as
exact geometricmeasurements(i.e., distancesandangles)

Fig. 1. How theenvironmentappearsto thepursuer, which is theblack
dot in the environmenton the left. On the right, the gap sensorshows
the location of the discontinuitiesin the depth information. No metric
information(i.e., distancesandangles)is reportedby the gap sensor.

is not recorded;only the gap orderingas they appearin
thegapsensoris maintained.Thus,no compassis needed.

Using this model, the pursuer is placed into some
unknown region R. Thetaskis to designa motionstrategy
thatdetects(or eliminates)all of theevaders,while trying
to minimize the total numberof neededsentries.This will
be accomplishedby building on a GapNavigation Graph,
which is discussednext.

I I I . GAP NAVIGATION GRAPHS (GNGS)

In this sectionwe give a brief descriptionof GNGs,
which wereintroducedin [26], [25] asa meansto navigate
in unknown planarenvironments.The motionsproduced
areoptimal in simply-connectedenvironments;otherwise,
they are locally-optimal. The approachwas successfully
demonstratedon a mobile robot platform.

In the simply-connectedcase, the GNG is a tree,
hereafterreferred to as Tg. Usually the environment is
unknown andthe GNG is constructedonline.The root of
Tg moves along with the pursuer. Eachchild of the root
representsa gap that is currentlyvisible, andthe gapsare
maintainedin circularorder. In Tg, we usethe termsgaps
and nodesinterchangeablybecauseeachnodeencodesa
gap.

As the pursuer moves, critical events are triggered.
Thereare appearancesor disappearancesof gaps,which
occur when the pursuercrossesin�ections, and splitting
or merging of gaps,which occurwhenthepursuercrosses
bitangents[15]. As eventsoccurs,Tg is updatedasfollows:
if a gap disappears,the correspondingnode is removed
from Tg. If a gap appears,it is addedas a child of the
root of Tg in a locationthatpreservesthecircularordering
of gaps.Any nodethat is addedin this way is designated



Fig. 2. Encodingof critical eventsinto a Gap Navigation Graph.The
blackdisk denotestheroot of Tg andthecurrentpositionof thepursuer.
As the pursuerchasesthe gap on the left, a gap appearance,anda gap
merge is triggered.The structureof Tg is updatedaccordingly.

asa primitive node, which indicatesthat a portion of the
environment that was oncevisible is now occluded.If a
gap splits, then the correspondingchild of the root will
be replacedwith two children.If two gapsmerge, the two
correspondingchildrenof the root becomethechildrenof
a new node,d, and d becomesa child of the root (see
Figure2). Merging canonly occurbetweena pair of gaps
that areadjacentin the circular orderingproducedby the
gap sensor. We alsomake a generalpositionassumption,
which is that no two critical eventscanoccurat the same
time. For example,in onetime instant,threegapscannot
merge into one.

As shown in [26], a sequenceof nodesfrom the root
of Tg to a leaf de�ne a sequenceof gaps,that if chased,
follows a path in the bitangent graph. Chasing a gap
meansthe pursuermoves toward the gap, until the gap
either splits or disappears.In a real robotic setting a
robustnavigationsystemfollowing discontinuitiesmaybe
implemented,as the onepresentedin [18],

We next consideraugmentingGNGsto handlepursuit-
evasion.Sincea gap “hides” someregion of the environ-
ment from the pursuer, it is possibleto label eachgap as
cleared, contaminatedor recontaminated. A gap is saidto
beclearedif it is notpossiblethatanevadercouldbein the
region hiddenby the gap; otherwise,the gap is saidto be
contaminated.A recontaminatedgapis a gaponcelabeled
ascleared,but that becamecontaminatedonceagain.

Initially, all of the gaps in Tg are labeledas contam-
inated.If a gap appears,it is labeledas cleared,sinceif
an evader is behind the gap, the pursuerwould already
have detectedit. A clearedgap is recontaminatedif it
mergeswith a contaminatedor a recontaminatedgap. If
Tg hasat leastone nodethat is not cleared,it is labeled
as contaminated;otherwise,it is said that Tg is cleared.
Solving the pursuit-evasionproblemis equivalentto clear
eachnodeof Tg.

IV. PRELIMINARIES

As presentedin SectionII, the pursueris requiredto
clearan unknown environmentusing the gap sensor. The

main idea is to grow and preserve a connectedsequence
of clearedgaps.Considera sequenceof clearedadjacent
gapsC = (®1; :::; ®n ), in which ®i appearsbefore®j for
any i < j in the gap sensor.

Lemma 1: After one critical gap event, recontamina-
tion can only occur on an end of the sequence(thereby
reducingthe lengthof C).

Proof: Mergeshappenonly betweenadjacentgaps.
Since(®1; :::; ®n ) arecleared,if a merge happenswithin
this sequenceno recontaminationwill occur. However, ®1

and ®n may merge with a gap outsideof this sequence,
which allows recontaminations.

This meansthat recontaminationcannotoccur in the
interior of C unlessall of thegapsthatwerein C become
recontaminated.UsingLemma1, onecandeviseastrategy
suchthat gapsare addedto a single sequenceof cleared
adjacentgaps until all of the detectedgaps are cleared.
Intuitively, if more than one sequenceof clearedgaps
needsto bemaintainedfor solvingthetask,thenmorethan
two �ashlights would be neededin general,which would
contradict[20]. We make a parallel betweenmaintaining
a single sequenceof clearedadjacentgaps and the left
invariant propertypresentedin [11]. If at somepoint the
clearedsequencebecomesempty, a new onecanbestarted
from a differentsequenceof gaps.Maintainingthecleared
sequenceis equivalent to maintaining the left invariant
propertyexplicitly.

The structure of merges gives a constraint on the
possiblelabeling of the Tg leaves. Let a branch of Tg

be de�ned as the subtreeformed by a root's child and
its descendants.The labeling of every branch has the
following structure:

Lemma 2: If a branchhasa clearednode,thenall of
thenodesof thatbrancharecleared.Otherwise,thebranch
may only consist of contaminatedand recontaminated
nodes.

Proof: Recontaminationpropagates through the
merges.If a clearednodemergeswith a recontaminated
nodethenit andall of its descendantsbecomerecontami-
nated.It follows thata clearednodemayexist in a branch
only if all of themergesin thatbrancharebetweencleared
nodes.

The strategy describedin SectionV is basedon Lem-
mas1 and2.

V. PURSUIT STRATEGY

As the pursuermoves in R, gap critical events are
triggered and updatedin Tg. The pursuer tries to �nd
a sequenceof movementsthat producethe gap critical
events suf�cient to clear Tg. Under the pursuermodel,
the movements are restricted to the chasing of gaps.
No previous knowledge of Tg or of the environment is
assumed,andTg itself shouldbe constructedonline.



SectionIV introducedthe idea of the maintenanceof
a sequence,C, of clearedgaps.We require that C only
containschildrenof theroot of Tg. At thebeginningof the
exploration C is empty, sinceTg is unknown, and all of
their nodesare contaminated.When the �rst child of the
root appearsas cleared,it is included in C. Subsequent
clearedchildrenareaddedto C only if they areadjacent
(in the gap sensorordering) to some elementin C. A
nodethat becomesrecontaminatedis removed from C. If
anelementof C merges,splitsor disappears,C is updated
accordingly (two elementsare replacedwith one, one
elementis replacedwith two, or an elementis removed,
respectively).

A scheduleis de�ned asa sequenceof gapsthat must
bechasedfrom beginning to end,in theorderthey appear
in the sequence.A schedulecan be associatedwith a
recontaminatedor contaminatednodein Tg to guarantee
that the region it encodesis cleared.The strategy reduces
to the generationof the necessaryschedulesto clear Tg.
By Lemma 1, not all possibleschedulesare useful for
the pursuitstrategy, sinceclearedgapscanonly be added
to C if they are adjacentto some elementalready in
C. To describean admissibleschedule,we introducethe
contributor set of a node.For a primitive recontaminated
gap ® 2 Tg, the contributor set · (®) is de�ned asthe set
of all leaves v 2 Tg that are in the samebranchas ®. A
schedulefor ® is calledlocal if thepursuerchases�rst ®,
andtheneachelementof thecontributorset,suchthateach
gap chasedis adjacentto the previous one, recursively.
Note that a local schedulecaneasilybe obtainedfrom Tg

(seeFigure 3). The local schedulestructurefollows the
order in which essentialcuts are explored with s-triples,
in [20]. In s-triples, the middle elementis explored �rst
and then the neighbors.The differenceis that a gap may
not encodean essentialcut, in which casethe order is
de�ned recursively.

As the pursuermoves, several recontaminationsmay
occur, andfor eachof thema local scheduleis computed.
Theseschedulesarekept in theschedulelist, SL . Whena
new scheduleis computed,it is insertedat thefront of SL .
An interestingconsequenceof Lemma 1 is that the last
recontaminationwill bealwaysadjacentto C. This means
that schedulesshould be read from the front of the list
sincethis will guaranteethatgapsclearedwill beadjacent
to C. Intuitively, by following theseschedules,thepursuer
is 'exploring' if it is possibleto keeptwo adjacentgaps
clear at the sametime. If a recontaminationoccurs,this
forcesthe pursuerto clear the recontaminationsandtheir
respective contributor sets.

Before adding a local scheduleto SL, it may be
modi�ed as follows. Supposethat a schedulefor ® is
alreadyin SL, andaschedulefor ¯ is computed.Let sc(®)

Fig. 3. Readinglocal schedulesfrom Tg . The black disk represents
the root of Tg , and the squaredenotesthe recontaminationfor which
the local schedulewill beobtained.By following adjacencies,leavesare
addedto theschedule®rst following thedottedline, andthenthedashed
line, asshown.

andsc(¯ ) denotethe schedulesfor ® and¯ respectively.
If sc(®) \ sc(¯ ) 6= ; , thenscv (¯ ) Ã sc(¯ ) ¡ sc(®). This
modi�ed scheduleis calleda valid schedulefor ¯ . There
are two reasonswhy the valid schedulesareneeded.The
�rst oneis thata valid schedulepreventsthepursuerfrom
chasingclearedgaps unnecessarily, since it will have to
follow twice the gaps repeatedin the local schedules.
The secondreason,andthe most important,is that if this
reducedvalid schedulealreadycausesa recontamination,
thisnew recontaminationshouldbeclearedbeforeclearing
contributorsof recontaminationsdeeperin SL; otherwise,
it is not guaranteedthat clearedgapswill be adjacentto
C.

The completestrategy for a single pursueris shown
in pseudocodein Figure 4. When the searchbegins, Tg

is initialized with the �rst reading of the gap sensor,
and eachnode addedis labeledas contaminated.Since
SL is empty, but there are contaminatednodes in Tg,
the pursuerwill try to clear them by chasingadjacent
gaps. When recontaminationsoccur, the schedulesare
computedasdescribed,andinsertedin SL. At this point,
the pursuerbegins to follow schedulesin SL, until all
of the nodesin Tg are cleared.This strategy is listed as
the PURSUITSINGLE procedure,in Figure 4. At every
moment,the function listed asGAP TRACKING (alsoin
Figure4), detectsgap critical events,andupdatesSL and
C, asnew recontaminationsoccur.

If a singlepursueris not ableto �nd all of the evaders
in an environment by itself, it may use one or more
sentries. Merges betweennodesguardedby a sentry do
not causerecontaminations.The pursuermay place and
pick up sentriesas needed.To detect that one sentry
is needed,the �rst time a local scheduleis computed
for a given gap, this local scheduleis kept in a hash



1 PURSUITSINGLE
2 Tg Ã INITIALIZE TREE
3 SL Ã ; , C Ã ;
4 while Tg.label is contaminated
5 if SL 6= ;
6 curr ent sc Ã pop SL
7 CHASE(curr ent sc)
8 else
9 EXPLORE(Tg)

1 GAP TRACKING
2 if gap critical event
3 UPDATE(Tg), UPDATE(C)
4 if ® 2 Tg is recontaminated
5 schedule(®) Ã COMPUTESCH(®, SL)
6 INSERT(schedule(®), SL)

1 COMPUTESCH(®, SL)
2 · (®) Ã CONTRIBUTORS(Tg, ®)
3 local sc(®) Ã f ®; · (®)g
4 schedule(®) Ã VALID SCH(localsc(®), SL)
5 return schedule(®)

Fig. 4. Pursuit strategy for a single robot. The pursuer follows
schedulesto clear contaminatedand recontaminatednodes in Tg . A
scheduleis generatedevery time a recontaminationoccurs.The pursuer
navigation is determinedby the PURSUITSINGLE procedure.The
GAP TRACKING functionrunsall of thetime,detectingthegapcritical
events.

table that is indexed by the branchescon�guration (not
the contaminationlabeling) of Tg. Elementsin the hash
table are never updatedonce stored.When a new local
scheduleis computed,it is comparedwith the onekept in
the hashtable for the currentcon�guration of Tg. If the
schedulesarethesame,weclaimthatnoprogresshasbeen
made,andanothersentryis needed.Sincethe strategy is
deterministic,thepursuerwill try thesamegapsequences
to grow the clearedsequencethat did not work before.
This is equivalent to �nding a cycle in the cleaningorder
asin [20], but without a map.We show in SectionVI that
in reachingthis conclusion,all possiblechasingsequences
of adjacentgapswere tried.

To place sentries,two straightforward heuristics are
used.Onesubdividesthe environmentsuchthat the num-
ber of bitangents(and thus of merges) in eachcontami-
natedregion is minimal. The other tries to maximizethe
numberof contaminatedregions separatedby the sentry.
The pursuerpresentedherecan useboth by going to the
minimum depthor maximumwidth Tg, respectively. The
pursuercan do that if it keepsthe previous statesof Tg,
togetherwith the recordof critical events to reachthose
con�gurations.Whena region is cleared,thepursuerpicks

up all but the �rst sentryplaced,to clearthe next branch.
As it is shown in SectionVI , if a sentryis placedwhere
the depthof contaminatedbranchesin Tg is minimal, the
numberof sentriesusedis asymptoticallyoptimal (it is
O(log m), wherem is the numberof bitangentsin the
environment).

If the environmentis searchablewith onepursuer, but
not by chasinggaps, an additional strategy allows the
use of only two sentries.A sentry can be placedat the
momentwherethe conditionfor a new sentryis met.The
pursuerthen tries to clear eachof the regions separated
by the sentry. As we will prove in SectionVI, if more
thantwo of theseregionsarenot searchableby the single
pursuerchasinggaps,theenvironmentis not searchableby
one pursuerfollowing arbitrary paths.If only one region
is not searchable,a secondsentry is placed inside this
region wherethe condition for a new sentry is met. The
pursuerthenclearsthe branchof Tg, centeredat the �rst
sentry, that encodesthe path betweenthe two sentries.
At this point, the �rst sentry can be reusedto clear the
regions separatedby the secondsentry, and this strategy
is repeated,alternatingthepicking andplacingof sentries.
If the branchjoining the two sentriescannotbe cleared,
or if there are two regions not searchableby the single
pursuer, the�rst sentryis still pickedup andplacedwhere
the conditionfor a new sentryis reachedinsideof oneof
the regionsseparatedby the secondsentry.

This is repeateduntil any branchof Tg centeredat a
sentryis cleared,in which casealternatingthe picking up
of sentrieswill clear the environment,or more than two
regions will be found to be not searchable.When more
than two regions cannotbe clearedby one pursuer, the
two sentriesplacedare picked up, and a new sentry is
placedaccordingto oneof theheuristicsdescribedbefore.
The pursuerthen tries to clear eachregion separatedby
this new sentry, assumingit canbe clearedwith only two
additionalsentries.This is repeatedrecursively.

VI . ANALYSIS

We cancomparetheperformanceof theonlinestrategy
presentedherewith a strategy that hasaccessto a mapof
the environment. As proposedin the next theorem,the
strategy presentedherehasthe samesearchingpower as
one that has a completeknowledge of the environment,
for pursuersonly capableof following gaps. For space
constraints,we only give an overview of the proof.

Theorem 3: If the environmentcanbe clearedby one
pursuerthat hasa map and choosesto move only along
bitangentsand the boundaryof R, then the environment
canbeclearedby onepursuerthatbuilds andusestheGap
Navigation Graph,insteadof an exact map.

Proof Overview: First considera strategy that has
accessto a map of environment,for a pursuerwith only



a gap sensor. The visibility cell decomposition[8] canbe
computedfor the environmentrepresentation.For eachof
the visibility cells, the visibility treecanbe computed.A
visibility tree is a shortestpath tree with the root placed
in a given visibility cell. The visibility tree and the Gap
Navigation Graph,encodethe samepath information[2],
[26].

A graphG = (V; E) canbe constructedsuchthateach
vertex in V representsa visibility tree,and (u; v) 2 E if
and only if by following a gap (a edgeof the bitangent
graph),the treerepresentedby u 2 V canbe transformed
into the tree representedby v 2 V . For each node, a
contaminationstate is kept, which gives the clearedor
contaminatedstatusfor eachof the children of the root
of the respective visibility tree. If following the edge
(u; v) 2 E , one child is addedfrom the tree in u to
the tree in v, this child is labeled as cleared.This is
equivalent to an appearanceevent in the GNG. Merges,
splits and disappearancesof children from one tree to
anotherareclearedor recontaminatedastheir counterparts
in the GNG. At the beginning, all of the nodesof all of
the treesare labeledascontaminated.

Basedon G(V; E), a searchcan be performed,sim-
ilar to the one presentedin [7], by maintaining the
cleared/contaminatedlabels, and updating the contami-
nation statesas edgesin the graph are transversed.The
searchendswhen a contaminationstatuswith all of the
children labeledasclearedis reached.This algorithmre-
turnsthe gapschasingsequenceto clearthe environment,
if such sequenceexist. We now show that the pursuit
strategy presentedin this paper is an online version of
the searchjust described.

For simplicity, assume that the valid schedules
in the list SL are composed only by one gap.
If SL = f (®1); (®2); :::; (®n )g, the pursuer�rst tries to
clear ®n (being the last recontamination),and then pro-
ceedsto clear ®n ¡ 1. At this point, if ®n getsrecontam-
inated,it will be cleareda secondtime, sinceit is again
the last recontamination.The gaps ®n ¡ 1 and ®n would
thenhave beenexplored in all possiblemanners.If ®n ¡ 1

and ®n do not get recontaminated,they now belong to
C, and the next gap to clear will be ®n ¡ 2. Now we can
repeatthe argument,but with C and®n ¡ 2 (insteadof ®j

and ®j ¡ 1). The former elementsof C are clearedagain
recursively, becauseof the contributors structure.This is
donewith theupdatedC andsubsequentrecontaminations,
generatingthesequenceswith all possiblecombinationsof
adjacentgaps.

It is shown in [26] that there exists a path between
the current position of the robot and any region of the
spaceencodedby a nodein thetree.At worst,thestrategy
presentedin this paperwill try all possiblegap sequence
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Fig. 5. Not every environmentsearchablewith onerobot is searchable
with one pursuerfollowing sequencesof gaps.A robot following the
dashedpathcan®nd all of the evaders(left) . The thick pathsgenerated
by chasinggapscauseunavoidablerecontaminations(right).

combinations.If a solutionexistsfor onepursuer, it cannot
lie outside of the set of all possible combinationsof
adjacentgap sequences.If a solution doesnot exist, the
condition for a new sentryis then ful�lled.

An environment may not be searchableby one robot
chasing gaps, although it may be searchableby one
robotfollowing arbitrarypaths(pathsunreachablewith the
GNG).An exampleof suchanenvironmentis presentedin
Figure5. It is thereforeworth investigating thenumberof
extra robots/sentriesrequiredto searchsuchenvironments.

Theorem 4: If the environment is searchableby one
robot,but not necessarilyby following pathsgeneratedby
chasingsequencesof gaps,thena pursuerthatchasesgaps
cansolve the problemusingat most two sentries.

Proof: We use the idea of separability, de�ned
in [24]. Let R representthe environment, as de�ned in
Section II. For points x; y and z 2 R, point x and y
are said to be separable by x if every path betweeny
and z contains at least one point in V 2(x), in which
V 2(x) is the 2-visibility of x. The 2-visibility is de�ned
asV 2(x) = [ y2 V (x ) V(y). Pointsx; y andz aresaidto be
mutually non-separable if no two points out of threeare
separableby the third. If R is searchableby onepursuer,
thenno threepointsin R aremutually non-separable[24].

Assumea sentryis placedthe �rst time the condition
for a new sentryis detected,asin SectionV. If onebranch
of Tg, with the root at the sentry, is not searchableby a
singlepursuer, it hasat leasttwo merges(if it hasonly one,
it is easilysearchableby thepursuerandthesentryalready
placed).The 2-visibility of a point encodedin the second
level of mergesdoesnot includetheregion encodedby the
root of Tg (it can“see” behindthesecondlevel of merges,
but not the �rst). Sincethereare pathsfrom one branch
to anotherthat arenot separable,thenR is not searchable
by a single pursuer. If R is searchableby one pursuer
not chasinggaps,at most two branchesof Tg centeredat



a sentrywill not be searchableby the pursuerfollowing
gaps. In this case,the two branchescan be clearedas
presentedin V, by reusingtwo sentries.

Since determiningthe optimal numberof pursuersis
NP-hard[7], we can only give a bound in the number
of sentriesneededin the general case.This bound is
presentedin the following theorem.

Theorem 5: The numberof sentriesneededby a pur-
suer following gaps is O(log m), in which m is the
numberof bitangentsin the environment.This bound is
asymptoticallyoptimal.

Proof: Eachmerge in a branchof Tg encodesone
of m bitangentsof theenvironment.If thesentryis placed
whereTg hasminimum depth,the numberof merges in
each branch is at most m=2, otherwise,there is some
con�guration of Tg with lessdepth.Using this argument
recursively in eachof the regionsseparatedby a sentry, it
follows that the numberof sentriesneededis O(log m).
As shown in [7] for polygonalenvironments,this bound
is asymptoticallyoptimal,andthis canbe easilyextended
for regular simple,closed,piecewise-smoothcurves.

In the special case of polygonal environments, the
numberof bitangentsis m = £( n2), in which n is the
numberof vertices.Thus, the numberof sentriesneeded
for a polygonalenvironmentis O(log n).

We now comparethe pursuit strategy presentedhere
with other strategies using the same heuristics in the
placingof sentries.Two suchheuristicswerementionedin
SectionV. Onesubdivides the environmentsuchthat the
numberof bitangentsis minimized in eachcontaminated
region, while the other tries to maximize the numberof
regionsseparatedby thesentry. If a strategy with pursuers
moving on arbitrary pathsusing one of theseheuristics
needsk pursuers,thenthe pursuitstrategy presentedhere
will needat most k + 1 sentriesand one pursuer. The
pursuercan placek ¡ 1 sentriesfollowing the heuristic,
andclear the regionssearchableby chasingsequencesof
gaps.This givesa total of k “observers”. The pursuercan
then translatethe two remainingsentriesfrom one place
to another, when a particularregion is not searchableby
following gaps.

VI I . SIMULATIONS

We implementedin C++ the strategy proposedfor a
single pursuer, using a standarddesktopPC. We are in
progressof extendingthe computersimulationto include
sentries.A map is neededfor the simulation, but it is
explored by using a simulatedgap sensor. Figure 6.(a)
shows the sequenceof movementsthe pursuerfollowed.
The initial positionof thepursueris shown with theblack
disk. Note that the �gure only shows the order of how
the regions of the environmentwere visited, but not the
actual paths. In Figure 6, the root of the tree denotes

the position of the robot, and the tree representsthe
currentstateof Tg. Contaminatednodesaredenotedwith a
black circle, andrecontaminatednodesaremarked with a
white circle.Brown (darkgrey) areasdenotecontaminated
regions, while green (light grey) regions show cleared
areas.A recontaminationis shown from Figure 6.(c) to
Figure 6.(d), and this is re�ected in a merge in the tree.
The light grey nodesin the treeon Figure6.(d) show the
scheduleto clear this recontamination.We are currently
extendingthe simulationto includesentries.

VI I I . CONCLUSIONS AND FUTURE WORK

This paperpresenteda strategy for pursuit-evasionfor
a robot with minimal sensingcapabilities,and without
a map of the environment. By associatingthe cleared,
contaminated,recontaminatedlabels to discontinuitiesin
depthinformation(gaps),thepursuercancomputea series
of schedulesto detectevadersin the environment.If the
environmentcanbesearchwith onerobot following paths
in the bitangentgraph, thesescheduleswill assurethe
detectionof all of the evaders,using a single pursuer;
otherwise,only an extra sentry(guard)is required.While
understandingthat determining the optimal number of
pursuersand sentriesis a NP-hardproblem, we enable
a pursuerwith k + 1 sentriesto clear any environment
thatcouldbeclearedby k pursuersusingthealgorithmin
[7], which requireda completemapandperfectsensing.

An interestingdirectionfor futureresearchis theexten-
sion of the strategy for multiply-connectedenvironments,
by using the GNG for this case[25]. Also, it will be
interestingto determinewhatnecessarycapabilitiesshould
be addedto the robot to eliminate the extra sentry for
environmentsthat aresearchablewith onerobot.
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