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Abstract

We present, implement, and analyze a spectrum of closely-related planners, designal to gain insight
into the relationship between classical grid search and probabilistic roadmaps (PRMs). Building on the
quasi-Monte Carlo sampling liter ature, we have developd deterministic variants of the PRM that use
low-discrepancy and low-dispersion samples, including lattices. Classical grid search is extendal using
subsampling for collision detection and also the dispersion-optimal Sukharev grid, which can be con-
sidered as a kind of lattice-tased roadmap to complete the spectrum. Our experimental results show
that the deterministic variants of the PRM o®er performance advantagesin comparison to the original,
multiple-query PRM and the single-query, Lazy PRM. Surprisingly, evensome forms of grid search yield
performance that is comparable to the original PRM. Our theoretical analysis showsthat all of our de-
terministic PRM variants are resolution complete and achieve the best possible asymptotic convergene
rate, which is shown to be superior to that obtained by random sampling. Thus, in surprising contrast
to recent trends, there is both experimental and theoretical evidence that the randomization usel in the
original PRM is not advantageus.

1 Intro duction

The purpose of this paper is to provide insight into fundamental questionsthat arise in the dewvelopmen
of sampling-basedmotion planning algorithms. What factors lead to good computational performancein
practice? Is randomization really important for breaking the curse of dimensionality? In recen times it has
beenwidely believed that randomization is a necessarycomponert for obtaining algorithms that solve high-
degree-of-freedonproblems. In practice, implemenrtations have usedpseudo-randomnumber generatorsasa
kind of \black box" that producesdeterministic sequenceshat mimic the behavior of an elusive, true random
source. Given that sucth sequencesare deterministic, seweral more questionscometo mind. Is is possible
to open the black box, and design sequenceghat are better tailored to motion planning? Is it possible
to presene someof the desirable properties of pseudo-randomsequencesvhile adding new properties that
are even more bene cial in motion planning? By recognizingthat nearly all machine implementations of
random numbers produce deterministic sequencesis it possibleto designsequenceshat yield deterministic
guaranteeswhile performing at least as well as pseudo-randomsequencesn practice?

Sud questionshave led usto develop a spectrum of sampling-basedplanners. At oneend of the spectrum
sits classical grid seart, which is commonly accepted as naive becausethe number of required samples
grows exponertially in dimension, assumingthe number of points per axis is held "xed. At the other end

°S.M. LaValle (corresponding author) is with the Dept. of Computer Science, Univ ersity of lllinois, Urbana, IL 61801 USA.
E-mail: lavalle@cs.uiuc.edu, Phone: +1-217-265-6313

YM.S. Branicky is with the Dept. of Electrical Engineering and Computer Science, Case Western Reserve Univ ersity, Cleve-
land, OH 44106 USA. E-mail: mb@cwru.edu

2S.R. Lindemann is with the Dept. of Computer Science, University of lllinois, Urbana, IL 61801 USA. E-mail: slin-
dema@uiuc.edu



of the spectrum sits the original probabilistic roadmap (PRM), which was \primarily developed for robots
with many dofs" [29]. The presen paper builds on our previous work [9], in which well-known deterministic
sampling techniqueswere showvn to o®eradvantagesasreplacemerts to pseudo-randomsamplingin the PRM

context. We have chosenthe original PRM becauseit easeshe comparison: the samplesfrom the pseudo-
random number generator appear directly as verticesin the roadmap (except thosein collision). Along the
spectrum, we develop a sequenceof plannersthat are minor variants of grids and PRMs, and utilize sampling
techniques that have appearedin the quasi-Morte Carlo literature (see Section 3 for an overview). Using
the spectrum, we provide a clear understanding of the relationship between various planners, ultimately

relating grids to PRMs. Our theoretical analysisand experimental results lead to the remarkable conclusion
that deterministic sampling methods, including someforms of grid seard, are superior to the original and
Lazy PRMs. One excellert ideain the original PRM is to allow two di®erert sampling \resolutions": oneis
for sampling the con guration space,and the other is for careful collision chedking (called the local planner
phase). In the original PRM, this meansthat a local planner is usedto connect vertices; in a grid, this
means that few points-per-axis are needed, as long as high-resolution collision chedking is performed to
connect neighbors.

It might appear that grid seard is doomed to failure becauseif we x k points-per-axis, N = k¢ points
are neededin d dimensions. Using pseudo-randomsampling, the basis of the original PRM, it appearsthat
N is chosenindependenly of dimension. By de ning a consistent quality measurefor comparisons,it can
be seen,however, that all sampling methods are doomed to the samekind of failure. Section 3 de nes the
notion of dispersion, which can informally can be consideredasthe radius of the largest empty ball that can
be placedin the spaceafter the sampleshave beenchosen. Keeping the points-per-axis xed in a grid holds
the dispersion xed; one must do the samefor pseudo-randomsampling. It was shown in 1971by Sukharev
[5Q] that any sampling schemewill require an exponertial number of points in dimensionto maintain a xed
dispersion. Furthermore, due to results from multiv ariate order statistics [41], random samplesyield worse
dispersion than grids. Think about how a collection of n points chosenat random in [0; 1] must leave a
sizablegap in somelocation; if the largest gap (in one dimension, empty balls becomeintervals that contain
no points) haslength 1=(n + 1) (the smallest possible), we would declarethat the sequences \to o uniform"
to be random!

Thus, random samplesrequire someirregularity that is worsethan pure uniformity, in the senseobtained
by a grid. A collection of pseudo-randomsamplesshould have too many points in some places, and not
enoughin others (look aheadto Figure 2). If the samplesare spreadout too evenly, then statistical tests
for randomnesswould fail. Is this required irregularity really important for generating good samplesin
motion planning? It should be the casethat notions such as regularity and uniformity are preferred over
the required irregularity of samplesdrawn from a uniform, random distribution. In another context, suc
as statistical simulation, the irregularity becomesimportant, but in motion planning it appearsto be an
unnecessaryburden that complicates the determination of connectivity information. For example, it is
especially unfortunate that the choice of pseudo-randomsamplesprevents the excient exploitation of regular
neighborhood structure that existsin many deterministic sampling schemes,sud as grids and lattices. It is
also unfortunate that random sampling leadsto large regionsthat are not covered by samples.

There are important quali cations to the assertionsmade in this paper:

2 Imp ortance sampling is imp ortan t. Many recert probabilistic roadmap methods [1, 2, 8, 24, 35,



44, 47, 56] have demonstrated improved performanceby concerrating samplesin a nonuniform way,
such as along C-spaceboundaries[2, 8], or the medial axis [24, 44, 56]. Our work can be viewed as
complemenary to importance sampling becausethere is no reasonwhy deterministic samplescannot
be used in the sameway as random samples. Importance sampling in motion planning has been
achieved by either rejection or transformation of the original samples. For methods basedon rejection,
we can immediately provide an alternativ e sourceof initial samples. An example of rejection appears
in the Visibilit y PRM [47], in which samplesare retained only if they can becomeguards or connectors.
In this case,improvemerts in the Visibilit y PRM have already been obsened by replacing random
sampling with deterministic Halton points (which are coveredin Section 3) [48]. Methods that involve
transformations are signi cantly more complicated, especially becausethe transformations are basedon
heuristic parameters. Examplesinclude the planner in [8], which transforms samplesby constructing a
Gaussiandistribution, and [2], in which samplesare perturb ed onto the boundariesof the con guration

space. In principle it is possibleto transform uniform, deterministic sample sets into others that

concerirate samplesappropriately. We hope that this paper inspires ways to improve importance
sampling, but this is beyond the current scope sincesuc techniqueswould be speci ¢ to ead planner.

A sampler does not have to be a \blac k box". Although modest performance gains can be
obtained by replacing the pseudo-randomnumber generator with a deterministic \black box" that
produces better samples, this should not be the only goal in future work. By carefully integrating
the design of a sampler into a motion planner, we believe better approades can be deweloped. For
example, the original PRM requiresneighbor searding to locate nearby samples;if the pseudo-random
sampleris replacedby a regular lattice, the lattice could be usednaively by performing the samekind
of neighbor searding; howewver, a much faster algorithm may be obtained by exploiting the regularity
of neighborhood structure.

We do not intro duce the fastest planners. Our intent is to gain insight into planning issues,as
opposedto delivering the best planner. Therefore, we do not claim that the planners introduced in
this paper are the fastest available, and do not perform comparisonswith state-of-the-art planners.

Randomization is sometimes useful. Howewer, its value dependsgreatly on the paradigm within

which it is used. For example,in decisiontheory, randomized (or mixed) strategieso®erno advantages
in gamesagainst nature; however, in somezero-sumgamesan improved value can be obtained in com-
parisonto a deterministic (or pure) strategy. In the context of Canny's algorithm to compute roadmaps
of semi-algebraicsets, the use of randomization reducestime complexity from (n* logn)d°“)¢2 to
(N log? n)d®&*) 2, in which n is the number of polynomials, d is their maximum degree,and k is the
number of variables [10]. This improvemert is small but not insigni cant. Every paradigm of ran-
domization warrants careful investigation. Other motion planning algorithms may be more challenging
to derandomize. For example, randomization appearsto reduce modeling requiremerts and improve
robustnessin manipulation planning [15]. As another example, with Rapidly-exploring Random Trees
(RRTs) [33] the primary idea is Voronoi bias, which is obtained through random sampling without

computation of Voronoi regions. There are many ways in which one could construct derandomized
versions,but it is not yet conclusive that there are clear advantagesto deterministic sampling in this
cortext.



2 Grids and PRMs

This sectionintroducesa few in°uential plannersthat will be discussedin detail in this paper, rather than
providing a complete survey of techniques.

The path planning problem. Let Cdenotethe con guration space(or C-space) of a d-DOF robot in a
2D or 3D world that cortains static obstacles[37]. For corvenience,assumethat the con guration spaceis
parameterized so that C= [0; 1] ¥ RY, and someboundary points are identied to respect topology. Let
G ree denote the set of all collision-free con gurations. A path planning query is a pair of con gurations,
hGnit , Ogoal i The path planning problemisto nd acortinuouspath, ¢ : [0;1]! G ee such that ¢(0) = Gnit
and ¢(1) = dggoar. It is assumedto be computationally prohibitiv e to construct an explicit represeration
of G ree; however, a collision detection algorithm is available, which can quickly indicate whether a given
con guration liesin G ;e (distance information could also be computed).

Classical grid-based search. Grid-basedseard is consideredby many to be the most straightforward form
of path planning. Once con guration spacerepreserations were introduced [37], it becameclear that ead
componert of Cis quantized, and a d-dimensional bitmap represenation can be precomputed by iterating
a collision detector over all quantized con guration values. An example of this approac appearsin [34],
in which a bitmap is constructed by rasterizing the Mink owski sums of robot-obstacle pairs, at discretized
rotation values. We refer to such methods as \classical" becauseoncethe bitmap is constructed, classical
Al seard techniquesmay be applied to nd a solution. A neighborhood structure must be de ned, such as
the set of 2d neighbors for ead interior elemen of the bitmap (\up”, \down", \left", \right" in the caseof
d = 2). A given query is quartized, and the bitmap can then be treated as a graph which is seartied using
algorithms such asdynamic programming, A®, best- rst, or bidirectional seart, to connectojir t0 Gyoal. In
fact, the bitmap could also be searded using recen path planning methods that are basedon incremental
seard, sud as randomized potential “elds [4], multiple heuristics [30], Ariadne's clew [40, 39], RRTs [33],
or the planner in [26, 45]. In someof theseworks [30, 4], a lazy bitmap is actually used; collision chedking
is only performed as neededduring the seard. It is well-known that only resolution completenesscan be
obtained, and that for a xed resolution, the number of samples(bitmap size) increasesexponertially in d.
The original PRM for multiple queries. The Probabilistic Roadmap (PRM) wasintroducedin [29] as
a way to overcomethe well-known curse of dimensionality that existsin grid seardy; it is similar to earlier
work by Glavina [19]. The primary philosophy behind the PRM wasto perform substartial preprocessing
so that multiple queries for the same ervironment could be handled exciently. This is analogousto the
bitmap precomputation in classicalgrid basedseard. First, a roadmap encaded as an undirected graph,
G, is constructed in a preprocessingphase In a query phase G is usedto solve a particular path planning
questionfor a given gnir and gyoal . Each vertexin G represerts an elemen of G e, and eac edgerepreserts
a collision-free path betweentwo con gurations.

The algorithm outlined in Figure 1 constructs a PRM with N vertices. In Line 3, a random con guration
in G ;e is found by repeatedly picking a random con guration until oneis determined by a collision detection
algorithm to bein G e (in practice, of course, pseudo-randomcon gurations are generated). The NBHD
function in Line 4 is a range query in which all vertices within a speci ed distance of q are returned,
sorted by distance from g. In Line 5, it is sometimespreferable to add an extra condition, sud as (not
G.samecomponert(q;v)) or G.vertex_degree() < K, for some xed K (e.g., K = 15). There have been



BUILD _PRM
1 G.init();
2 fori=1to N
3 g A RAND _FREE _CONF(q);
4 G.add_vertex(q);
5 for each v 2 NBHD(q,G)
6 if CONNECT(q;Vv) then
7 G.add_edgef; v);

Figure 1: The preprocessingphase: build a PRM.

con’icting recommendationsin the researti community regarding which method is superior; therefore, for
our comparisonswe have implemented one variant that usesa xed radius, and another that usesk nearest
neighbors. Both methods also use connected componert analysis and the union- nd algorithm to avoid
unnecessaryconnections. See Section 6 for results. The CONNECT function in Line 6 usesa fast local
planner to attempt a connection between g and v. Usually, a \straight line" path in G e is evaluated
betweenq and v by incrementally stepping along using a collision detection algorithm. A heuristic, node-
enhancemeh phase,described in [29)], is not consideredhere.

Oncethe PRM hasbeenconstructed, the query phaseattempts to solve planning problems. Essetially,

gnit and gyeal are treated as new nodesin the PRM, and connectionsare attempted. Then, standard graph
seart is performed to connect gt t0 Ogoar- If the method fails, then either more vertices are neededin
the PRM, or there is no solution. This is analogousto the problem of insuzcient resolution in classicalgrid
seard.
The Lazy PRM for single queries. A recernt PRM variant called the Lazy PRM hasbeenproposedfor
the problem of answering single planning queries exciently, as opposedto building an extensive roadmap
prior to considerationof a planning query [6]. The resulting planner is sometimesvery excient in comparison
to the original PRM. This represerts a shift from the multiple query philosophy of the original PRM [29] to
the single query philosophy which was usedin someearlier planners[4, 17, 40Q].

The key idea in the Lazy PRM is to build the roadmap initially without the use of a collision detector.
The di®erencewith respect to the algorithm in Figure 1 is that the condition in Line 6 is dropped, and
Line 7 is executedevery time. This allows the PRM to be constructed quickly; howewver, more burden is
placed on searding in the query phase. Once an initial-goal query is given, the planner performs A" searh
on the roadmap to nd a solution. If any of the solution edgesare in collision, they are remaved from the
roadmap, and the A” seard is repeated. Eventually, all edgesmay have to be cheded for collision, but
often the problem is solved well beforethis happens. Alternativ ely, it might be preferableto run the searh
only onceon the initial graph, while validating edgesduring the seard (instead of waiting for a solution and
then validating it) [9]. If no solution is found, then more nodesmay needto be addedto the roadmap. The
advantage of the Lazy PRM is that the collision cheding is only performed as needed. Thus, all edgesdo
not have to be collision chedked asin the caseof the original PRM. In classicalgrid seard, this philosophy
implies that the bitmap is not precomputed; collision cheding is performed only asneededduring the seard.



3 A Spectrum of Sampling Techniques

A “rst step toward constructing a spectrum of planners from the original PRM to classicalgrid seard is to
characterize a spectrum of sampling techniquesto cover C, from pseudo-randomsequencego grids. A brief
introduction to sampling is given here, basedprimarily on the quasi-Monte Carlo literature [38, 41, 51]. The
generalphilosophy is to view sampling as a deterministic optimization problem in which points are selected
to optimize a criterion that is relevant to a particular problem.

3.1 Sampling Criteria

Motiv ated by applications in numerical integration and optimization, the most common criteria are dis-
crepancy and dispersion. Each of these measuresthe amount of uniformity in a collection of points. This
is di®erent from statistical tests that might be applied to points generatedby a pseudo-randomnumber
generator. The criteria are designedto match the problem to which the points are applied, as opposedto
simulation of \randomness."

“nite setof N points in X. Let R be a collection of subsetsof X that is called a range space. With respect
to a particular point set, P, and range space,R, the discrepancy [55] is de ned as

D(P;R) = sup TR | 1 (R)” @

rR2R N

in which j ¢j applied to a nite set denotesits cardinality, and * is Lebesguemeasure. Each term in the
supremum considershow well P can be usedto estimate the volume of R. For example,if 1 (R) is 1=5, then
we would hope that about 1=5 of the points in P fall into R. The discrepancy measuresthe largest volume
estimation error that can be obtained over all setsin R.

In most cases,R is chosenas the set of all axis-aligned rectangular subsets. In this case,the range
spacewill be denoted as R, . This is motivated primarily by applications to numerical integration. In
this case,the Koksma-Hlawka inequality expresseghe cornvergencerate in terms of a constart for bounded
variation (in the senseof Hardy-Krause) of the integrand, and the bounded variation is expressedin terms
of rectangular partitions [41].

For applications to optimization, the notion of dispersion was developed:

HP;%) = sup min %£X; p); @
x2X p2P

in which Y2denotesany metric. Casesin which %is the Euclidean metric or *; will bereferredto asEuclidean
dispersion and ** dispersion, respectively. Dispersioncan be consideredasthe radius of the largest ball that
doesnot cortain an elemen of P. This represerts a natural choice for many optimization problemsbecause
the error can be related directly to a Lipschitz constart for the function. For example,in one dimension,
the maximum error is proportional to the longestinterval that doesnot cortain a sample point.

Sincea large empty ball cortains substartial measure,there is a closerelationship betweendiscrepancy
which is measure-basedand dispersion, which is metric-based. For example, for any P,

i(P;‘l ) D(P;Raar)l:d;



which meanslow-discrepancy implies low-dispersion. Note that the cornverseis not true. An axis-aligned
grid yields high discrepancybecauseof alignments with the boundaries of setsin R 45, but the dispersion
is very low.

3.2 Finite Point Sets and In nite Sequences

There are two important sampling families: 1) nite point sets,and 2) in nite sequences.We will usethe

term point setto refer to the rst form, and sequene to refer to the second. For a point set, the number,

N, is speci ed in advance,and a set of N points is chosenthat optimizes discrepancyor dispersion. As for

any set, there is no notion of ordering in a point set; however, for a sequencethe ordering of points becomes
crucial.

Eacdh of the two forms of sampling is suited for a di®erent kind of algorithm. A grid is the most common
example of a point set. Samplesdrawn using a pseudo-randomnumber generator are a typical example of
a sequence.If the appropriate N is known in advance, then a point set should be used. If the algorithm
cannot determine N in advance, but is able to incremertally add more and more points, then a sequencds
usually more appropriate. The availabilit y of a sequenceérom pseudo-randomnumber generatorsrepresens
a major part of the past appeal of using randomization in motion planning; however, many other sequences
are available.

Analysis of discrepancy or dispersion in the quasi-Monte Carlo literature is usually asymptotic [41].
The vast majority of sample construction algorithms are so simple and etcient that complexity analysis
of the algorithm itself is not performed. The de nition of asymptotic analysis for a sample sequenceis
straightforward; however, a point set must be converted into a sequenceto perform the analysis. In this
case,asymptotic analysisis actually performed over a sequenceof point sets. Let Py denote a point setin
the sequence.For asymptotic analysis of point sets, Py .1 doesnot have to contain any of the points from
Pn - For sequencesstrict containment must always occur; ead iteration adds a single point to the previous
ones. Therefore, point sets often appear better than sequencesn theory, but they might poseditculties
in practice becausethey may require the speci cation of N. A low-discrepancy sequenceor point set is
onethat yields the best-possibleasymptotic discrepancy which is O(N i 1 Iogd N) for in"nite sequencesnd
O(Ni 1Iogdi IN) for Tite point sets, under the common range spaceR 55, . Note that the secondbound
is better, for reasonsmertioned in the previous paragraph. A low-disgersion sequenceor point setis one
that obtains the lowest-possibleasymptotic dispersion. For any “P metric, both sequencesnd point setscan
achieve O(N i 179). The remainder of this section provides an overview of low-discrepancyand low-dispersion
sampling.

In the boundsabove, N, is the variable consideredin the asymptotic analysis(i.e., the limit is takenwith
respectto N). Therefore, the dimension, d, is treated asa constart. Thus, if there is a multiplicativ e factor
which is a function of d, say b(d), then it is not shavn in an expressionsuch as O(N i ¥9). Howewer, it is
important to understand that for many well-known caseshp(d), and ultimately the dispersionor discrepancy
may increasedramatically with respectto dimension. Therefore, a substartial amount of recert researt has
beenconducted to improve sample quality as the dimension increases. Theseissueswill becomeimportant
in our theoretical analysis, presertied in Section5.



3.3 Low-Discrepancy Sampling

Due to the fundamenrtal importance of numerical integration, and the intricate link betweendiscrepancyand
integration error, most of the quasi-Monte Carlo literature hasled to low-discrepancy sequencesand point
sets. Although motion planning is quite di®erert from integration, it is worth evaluating these carefully-
constructed and well-analyzed samples. Their potential usein motion planning is no lessreasonablethan
using pseudo-randomsequenceswhich were also designedwith a di®eren intention in mind.

Low-discrepancy sampling methods can be divided into three categories: 1) Halton/Hammersley sam-
pling, 2) (t,s)-sequencesand (t,m,s)-nets, and 3) lattices. The “rst category represerts one of the earliest
methods, basedon the original ideasof van der Corput [52], who de ned a low-discrepancysequencef points
in [0; 1]. Consider a binary represettation of points in [0; 1]. A one-dimensional\grid" can be made with
resolution 8, then samplesare taken at: 0:000, 0:001, 0:010, 0:011, 0:100, etc. The problem with using suc
points in this order is that they scanfrom left to right, as opposedto moving around in a manner similar
to that of pseudo-randomsequences.The van der Corput sequencesimply takesthe binary courting above
and reversesthe order of the bits. During the original scan,the least signi cant bit alternatesin every step,
but this only yields a small changein value. By reversing bit order, the changeis maximized, causingthe
coverageto be nearly uniform at every point in the sequence After bit reversal,the sequencas: 0:000, 0:100,
0:010,0:110,0:001,0:101,0:011,0:111. An in nite sequencds constructed by using reversed-bit represerta-
tions of higher binary numbers. The next eight samplesare obtained by reversing binary represenations of
8 through 15.

The Halton sequene is a d dimensional generalizationthat usesvan der Corput sequence®f d di®eren

d primes, p1 = 2, p> = 3, ...). To construct the i" sample, considerthe digits of the basep represenation
for i in the reverseorder (that is, write i = ag + pa; + p?a; + p®as + :::, whereeah a 2 f0;1;:::;pg) and
de ne the following elemen of [0; 1]:

. ap az ap az
rp(i) = —+ =+ — + — + ¢¢¢C:
P p P2 p P
The i samplein the Halton sequences
(PAOROBREHIAO)E i=012::::

The Hammersley point setis an adaptation of the Halton sequencg2l]. Using only dj 1 distinct primes,

the i" samplein a Hammersley point setwith N elemers is
M i 1

The construction of Halton/Hammersley samplesis simple and excient, which has led to widespread ap-
plication. However, the constart in their asymptotic analysis increasessuperexponertially with dimension
[41].

Improved constarts are obtained for sequencesand nite points by using (t,s)-sequences,and (t,m,s)-
nets, respectively [41]. The key idea is to enforcezero discrepancyover a particular subsetof R 4o known
as canonical rectangles, and all remaining rangesin R, will contribute small amounts to discrepancy
The most famous and widely-used (t,s)-sequencesare Sobol' and Faure (see[41]). The Niederreiter-Xing
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Figure 2: A sampling spectrum. The degreeof uniformity in a sample set may be characterized informally
asthe amournt of variation in the sizeand shape of Voronoi regions. Is the irregularity produced by pseudo-
random sampling really advantageousin motion planning?

(t,8)-sequencehas the best-known asymptotic constart, (a=d)9, amongall low-discrepancysequencesin the
expression,a is a small constart [42].

The third categoryis lattices which can be consideredas a generalization of grids that allows nonorthog-
onal axes[38, 49, 54]. As an example, consider Figure 2(e), which shows 196 lattice points generated by
the following technique. Let ® be a positive irrational number. For a xed N (lattices are closed sample
sets), generatethe i™ point accordingto (hi,—;fi®g), in which f¢g denotesthe fractional part of the real value
(modulo-one arithmetic). In Figure 2(e), ® = 5

2+1 , the Golden Ratio. This procedure can be generalized
to d dimensionsby picking dj 1 distinct irrational numbers. A technigue for choosing the ® parameters
by using the roots of irreducible polynomials is discussedin [38]. The i samplein the lattice is

—;fi®10;:::;fi®g, 19 ; i=01::;Nj L

Recen analysis shows that somelattice sets achieve asymptotic discrepancythat is very closeto that
of the best-known non-lattice sample sets[22, 51]. Thus, restricting the points to lie on a lattice seemsto
entail little or no lossin performance,but with the addedbene t of a regular neighborhood structure that is
useful for path planning. Historically, lattices have required the speci cation of N in advance, making them

9




examplesof low-discrepancy point sets; however, there has been increasing interest in extensible lattices,
which represett in nite sequenceg23].

3.4 Low-Disp ersion Sampling

Although dispersion has beengiven lessconsiderationin the literature than discrepancy it is more suitable
for motion planning. Dispersion has beendewveloped to bound optimization error; however, in a sampling-
basedmotion planning algorithm, it can be usedto ensurethat any corridor of a certain width will contain
suzcient samples. This will be shown in Section 5, which provides a connection between dispersion and
motion planning that is similar to that betweendiscrepancyand integration.

It turns out that many low-discrepancy sequencesare also low-dispersion (asymptotically optimal) se-
guences.This is true of Halton and Hammersley points, which helps explain why their Voronoi regions are
more regular than those of pseudo-randomsamplesin Figure 2. However, the constart in the asymptotic
analysisis usually high, which is the price one must pay for worrying about alignments with elemerts of R.
Sincedispersionis not concernedwith sud alignments, one can do much better.

While grids are a terrible choice for minimizing discrepancy over R 4o, it turns out that some grids
represen the bestthat can be donefor dispersion. Consider Figure 2 onceagain. The Euclidean dispersions
for the sample setsare: (a) 0.1166, (b) 0.1327,(c) 0.0912,(d) 0.0714, (e) 0.0664,and (f) 0.0505. As the
amourt of regularity in the samplesincreasesthe dispersion decreases.

Determining the optimal sequenceor point set(givend and N) in terms of Euclidean dispersionis closely
related to the notoriously challenging problem of sphere packing [12]. Fortunately, the situation is much
simpler for ** dispersion. Even though this metric might seemlessnatural than the Euclidean metric, a
sequencahat hasoptimal asymptotic *! dispersionwill alsohave optimal asymptotic Euclidean dispersion.
Thus, there is at least someinsensitivity to the metric. Note, however, that the implied constart in the
asymptotic analysis will vary with the use of a di®erert metric. For the caseof a Euclidean metric, it is
extremely challenging to 'nd a collection of samplesthat optimizes the implied constart [12]; however, for
the ! metric, the problem is much more manageable,as shovn by Sukharev.

The Sukhaev sampling criterion [50] is a lower bound which statesthat for any point setP,

1
HP), PVETS 3)
Thus, to keep dispersion xed, the number of samplesrequired grows exponertially in dimension. For a
grid, this meansholding the points per axis xed; howewer, this bounds appliesto any sequence!lt turns
out that for a xed N, if N@ is an integer, k, then the Sukhaev grid yields the best possible dispersion,
which is precisely N =9, This was showvn for N = 196and d = 2 in Figure 2(f). The grid is constructed
by partitioning [0;1]¢ into N cubesof width 1=k sothat atiling of k£ k £ ¢¢¢£ k is obtained, and a sample
is placed at the center of ead cube.
The Sukharev grid represerts a point set. Nongrid, low-dispersionin nite sequence®xist that have ﬁ
asthe constart in the asymptotic convergencerate [41]. Also, extensible versionsof these grids have been
developed, which yield an in"nite sequencd36].
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Figure 3: A spectrum of planners, from classical grid seart to the original PRM. As supported by the
experimerts in Section 6 and the analysisin Section 5, the worst plannersin the spectrum are on the ends.
Classicalgrid seard su®ersfrom too many points per axis, and the PRM su®ersfrom a poor distribution of
samplesand irregular neighborhood structure.

4 A Spectrum of Planners

This section builds on the material from Sections2 and 3 to obtain a spectrum of plannersthat range from
classicalgrid seart to PRMs. Figure 3 provides a summary of the "v e generalfamilies of plannersthat will
be described in this section.

4.1 Multiple-Query  vs. Single-Query

Before constructing a spectrum of planners, it is important to “rst recognizethat multiple-query and single-
guery versionsof ead can be constructed. In the PRM context, a single-query Lazy PRM was constructed
by building a roadmap that initially ignoresobstacles,and then performs collision chedking only during the
searh assaiated with a single query (refer back to Section 2).

Let CGS refer to classial grid search, as described in Section 2. Does there exist a choice between
multiple queriesand single queriesfor classicalgrid seardq? One can de nitely construct grid-basedanalogs
to the PRM and Lazy PRM. First, considerthe con gurations represerted in the grid as a collection of
samplesover C. The standard grid neighborhood structure (in two dimensions, 4-neighbors, 8-neighoors,
etc.) immediately determineswhich edgeswill be attempted in this \roadmap". For multiple-query CGS,
one simply precomputesa bitmap over C that represerts the collision regions. The standard neighborhood
structure is then usedto immediately infer which edgesareto be usedin seart. During the seart phase,no
collision detection needsto be performed, just asin the multiple-query PRM. For single-queryCGS, the grid
resolution is simply declared (and the grid is perhaps allocated in memory); howewer, collision cheking is
performed only during the seard for a particular query (either the multi-iteration searding approad in [6],
or the single-iteration approad in [9] can be used). Note that there is no initial construction of a roadmap
asin the Lazy PRM becausethe grid samplesalready have a prede ned neighborhood structure. This is a
big advantage of grids and lattices over pseudo-randomsamplesand other irregular samples,such as Halton
points.

In any of the methods described below, note that multiple-query or lazy, single-query versionsmay be
constructed.

4.2 Impro ving the Original PRM

Here, two variants of the PRM are considered,a quasi-random roadmap QRM, and a lattice roadmap LRM,
by directly applying the low-discrepancy sampling techniques described in Section 3. The QRM and LRM
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were introduced in [9]. Moving from right to left in Figure 3, the rst step derandomizesthe PRM by
using a deterministic low-discrepancy sequenceor point set, such as Halton, Hammersley or Niederreiter-
Xing. This results in the QRM, which provides asymptotically-optimal discrepancy which removes the
large uncovered regionsshown in Figures 2(a) and 2(b). Experiments in Section 6 will show that this yields
modest performanceimprovemerts over the original PRM, and Proposition 6 in Section5 showsthat random
sampling requires O((log N)%) times as many samplesto reac the samequality level as Halton points, in
terms of dispersion. Recall from Section 3 that eventhough many of the low-discrepancysamples(including
Halton and Hammersley) yield asymptotically-optimal dispersion, the implied constarts may grow quickly
with dimension. This problem can eventually be tackled by using samplesspeci cally designedto optimize
dispersion, as opposedto \abusing" sequenceghat were designedto optimize discrepancy and hoping to
adchieve low dispersion. Note, howewer, in some applications, vertical alignments may be problematic, in
which caseit might make senseto focus on both discrepancyand dispersion.

The QRM simply treats sampling as a black box, and applies a superior deterministic substitute in the
place of a pseudo-randomnumber generator. Modest performancegains can be obtained; however, because
the neighborhood structure is irregular, costly neighbor searding must still be performed. In numerical in-
tegration, for which most low-discrepancysequencesvere designed,this is usually not an important concern;
howewver, in motion planning, building connectivity information is critical. This motivatesthe developmert of
an LRM, which in many ways appearsmost appealingwithin the spectrum. Sincea lattice is a nonorthogonal
grid, the regular neighborhood structure can be exploited to reduce or remove the costs of nding nearest
neighbors. This is particularly advantageous,as stated previously, for single-query approades.

By using lattices, it is possibleto obtain near-optimal discrepancyand optimal dispersion. Somesamples
might yield better discrepancyat the expenseof higher constarts with respect to dimension for dispersion.
By using grids, discrepancy becomespoor, but very low constarts can be obtained for dispersion. One
drawbadk of lattices and grids might appear to be that the number of points, N, must be specied in
advance. While this is true for most lattices, this is not necessary For the lattices in [49], the number
of points can be iterativ ely doubled, while still maintaining good discrepancy[9]. There is also work on
extensible low-discrepancy lattices, in which points may be added one-by-one, which results in a in nite
sequencehat may sere as a direct substitute for pseudo-randomnumber generatorsin PRM-lik e planners
[53]. Note, howewer, that this substitute maintains nice lattice structure.

4.3 Impro ving Classical Grid Search

The primary problem with classicalgrid seard is that too many points per axis (e.g., 100) are typically
required. The original PRM appears better becauseit makes clever use of a local planner. This allows
collision-cheding to be performed with high precision, while verticesin the PRM coarselysamplethe space.
In classical grid seard, collision detection and con guration space sampling were lumped together. It
therefore makes senseto adapt the local planner idea from the PRM to grid seard. Due to the regular
structure of grids, it is easyto view this as subsampling. Assume that the sampling rate for collision
cheding is much higher than the grid resolution. If we considera motion from one grid point, g, to an
adjacert grid point, o°, then collision chedking must be performed along a sequenceof points obtained by
linear interpolation (respecting topology) betweenq and ¢°. This is just like the local planner in a PRM. The
grid can now be interpreted asa kind of trellis of paths. A similar idea was applied long ago for grid searh
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in [13]. The advantage of this approacd is that we might be able to solve a query using a low resolution for
the grid, yet still be able to ched for collisions at the required level of resolution. Good performance can
be obtained if there are no narrow corridors in the con guration space. If gnir and/or gyea do not lie on
the grid points, then attempts can be madeto connectthem (again by interpolation) to a set of nearby grid
points. We will refer to this extensionas subsampld grid search, SGS

One nal point of concernis: where should the grid be placed? It seemsreasonableto align the grid axes
with the coordinate axes,but the translation remainsto be chosen. Typically, the \origin" of a grid is at the
coordinate origin (i.e, a sampleappearsat (0;0;:::;0)). Let k denotethe number of points per axis, and let
d denote the dimension. Supposek = 3 and d = 2. A classicalgrid would place one point in the certer and
the rest along the boundary (assuming no topological identi cations). The maximum ! distance possible
from a point x 2 [0;1]® to a grid point is 1=4 (in a unit cube). Now, considerthe Sukharev grid, which
provides optimal dispersion. In this case,the maximum distanceis only 1=6. Using only two points per axis
(k = 2), the Sukharev grid yields a maximum distance of 1=4, which is equivalert to that of a classicalgrid
for which k = 3. These di®erenceamight appear small; howewer, for high-dimensional problems for which
only low-resolution sampling is possible,the di®erenceis dramatic. For example, supposed = 10. In this
case,a Sukharev grid with 21° = 1024 points provides the same quality coverage (in terms of dispersion)
as a classicalgrid with 3'° = 59049 points. Of course, as k becomeslarge, the improvemert diminishes;
however, for large d, it is impractical to make k large. Thus, the di®erenceremains signi cant. Note also
that the improvemernt diminishesin other topological spaces.In fact, on a toroidal manifold, the two grids
are equivalent. That said, the Sukharev grid is never worse than the classicalgrid, and it is usually much
better. Careful grid placemen, as opposedto naive grids, is a theme also evidert in kinodynamic planning
[14].

All forms of grid seard ignore discrepancy but perform very well with respect to dispersion. Note that
SGS can be consideredas a special kind of LRM in which the lattice is axis-aligned. This completesthe
spectrum of planners, which will be carefully analyzed and comparedin Sections5 and 6. One somewhat
surprising result is that the Sukharev grid, using only a few points per axis, can solve the samekinds of
problems as the original PRM! This con rms a prediction basedon the Sukharev sampling criterion, (3),
which is that an exponertial number of samplesin dimension are neededif dispersionis held xed. If this
is the best one can do, then it is expected that subsampledgrid seard performs at least as well as the
original PRM. Note that just asin the caseof lattices, one doesnot have to specify N in advancefor grids.
Incremental grid sampling, for which points can be added one-lby-one while maintaining good sampling
properties are introduced in [36].

5 Theoretical Considerations

The next stepis to characterize the theoretical performanceof the planning algorithms along the spectrum.
Let DRM (for deterministic roadmapg referto all of the deterministic plannerspreseried in Section4 (QRM,
LRM, CGS, and SGS), under the condition that they use asymptotically dispersion-optimal samples. Note
that deterministic sampling enablesall DRM planners to be resolution complete in the sensethat if it is
possibleto solve the query at a given sampling resolution, they will solveit. The resolution can be increased
arbitrarily to ensurethat any problem can be solved, if a solution exists. This is in cortrast to the original
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Figure 4: Our analysisfollows the spirit of that usedin quasi-Morte Carlo literature.

PRM and other randomized variants, which are only probabilistically complete [32] (the probability tends
to onethat a solution will be found asthe number of samplesgrows to in nit y).

Figure 4 illustrates our motivation in the following analysis by making an analogy to analysis results
from the integration and optimization literature. In quasi-Morte Carlo literature, the analysisof a sampling
method is basedon relating a dixcult y measurefor the problem at hand to the quality of the sampling
technique in terms of this measure. Low-discrepancysampleswere developed to perform better than random
samplesfor numerical integration. As mentioned in Section 3.1, this relationship is given by the celebrated
Koksma-Hlawka inequality, which expresseshe corvergencerate in terms of D(P; R a4y ) discrepancy and
a constart that captures the bounded variation (in the senseof Hardy-Krause) in the integrand; see[41]
for more information. Low-dispersion sampleswere developed to perform better than random samplesin
numerical optimization [50]. This is establishedby an inequality due to Niederreiter [41], which expresseshe
cornvergencerate in terms of dispersion and a Lipschitz constart for the function to be optimized. Inspired
by theseresults, we have obtained a bound that expresseshe corvergencerate in terms of dispersion and
the width of the narrowest corridor in G ee. The corridor thicknessappearsto be a natural measureof
dizcult y, and hasbeenconsideredpreviously in [3, 7, 25]. If there is no information regarding alignmerts of
the obstaclesin C, it seemsthat dispersionis the most natural quality measureto usefor motion planning.
(In someparticular contexts, howewer, it might be appropriate to considervarious forms of discrepancy)

We de ne a cylindrical tube, and the \width" of G ,ee is expressedn terms of the largest possiblecross
section of the tube, over all possiblequeries. Measuring this parameter may be as dizcult asthe planning
problem; however, the expressionof planner performancein terms of parametersthat are dizcult to measure
is commonin randomized planning analysis[3, 6, 25, 26, 31]. If a solution doesnot exist, our deterministic
planners are able to declarethat either the solution path must travel through a narrow passagethat hasa
width smaller than a speci ed value, or there is no solution. Sudch a result might be useful in applications
becauseoncethe corridor is known to be narrower than a reasonableprecision level, the solution might be
impractical anyway.

We assumethat for any PRM-lik e method, the radius parameter usedto selectneighbors in the NBHD
function from Line 5 of Figure 1 is always suzciently large. In theory, the radius can be made large enough
sothat an attempt is made to connect every vertex to every other vertex. In practice, this often becomes
inexcient; therefore, a smaller value is typically used.

Let ° = hgnit ; Qgoar i denotea query. The set, j( G ree), Of all queriesin which Gnit 2 G ree, Ogoal 2 G ree,
and Gnit & Ogoal, for a given G e is called the query space of G ree. Let j s(Gree) U i( Gree) denote the
set of all queriesfor which a solution exists.

Recallthat C= [0; 1]¢ % RY, with boundary points possiblyidenti ed to respecttopology. Let 2 represen
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the subset of the power set of C corresponding to all open subsetsthat can be constructed with algebraic
constraints, as formulated in [32].

Let atube, B, represen an uncountable collection of balls of equal radius whosecerters are generatedby
a cortinuous path, ¢ : [0;1]! G ee. For eadh s 2 [0; 1] there exists an open ball B 2 B that is certered at
¢(s) and hasradius r, which is xed for all B 2 B; let B(s) denotethe ball certered at ¢(s). We call 2r the
width, w(B), of the tube.

Let V (g) denotethe setof all points visible from a point q2 G e (i.€., for ead °2 V(q), .q+ (Li ,)q°2
G ree for all | 2 [0; 1], assumingthat topology is respectedin the interpolation). An alternative de nition
may be preferablehere. The setV(q) could be all con gurations from which a gradient descem on a C metric
corvergesto g. This would be preferable, for example, near cuspsin the G ;. boundary.

Supposethat aquery ° 2 j s(G ree) is given. Among all possibletubes,let B(°) denotethe tube with the
largest width sudh that B(0) %2V (Gnir ) and B(1) %2V (0goal). In other words, the ertire rst ball is visible
from gni , and the ertire last ball is visible from gyoa . Denote this largest-width tube asthe B(°), and call
its width the width, w(°), of the query. For any query ®° 2 ij( Giree) Ni s(G ree), We say that its width is zero
becauseno tub e exists.

De ne the width of G ;ee as

W(GC ree) = . TCE )W(o): 4)

Let 3( x) for x 2 (0;1 ) denote the set of all Gee 2 @ such that W(Giree) , X. Intuitiv ely, this can be
consideredas the set of problems for which the width of the narrowest corridor is at least x.

Supposethat the roadmap, G, is constructed for a particular G ;ee. Then, the algorithm is said to be
completefor G ;e if all queriesin j( G ree) are answered correctly in the query phase. A solution path must
be reported if one exists; otherwise, failure is reported.

Our rst two results establishthe resolution completenessand complexity of all DRM planners. Therein,
we only assumethat sampling is accomplishedusing a set P of low-dispersion points, for which +(P;%} <
b(d)N i =9 in which b(d) is a constart that may depend on the dimensiond. For Halton/Hammersley points,
b is a function of the largest prime usedin the construction. For many low-dispersion sequencesincluding
a multiresolution Sukharevgrid, b(d) © 1, which is a small constart that is independert of dimension. If N
is restricted to valuessud that N =9 is an integer, then b(d) ~ 1=2. A low-dispersion sequencefor which
b(d) ﬁ and no restriction is placedon N is givenin [41] (surprisingly, it is not uniform).

Propositions 1 through 3 below hold for any metric, provided that both tube width and dispersion are
measured using the same metric, %2 Propositions 4 through 6 hold for norms (which are all related by
constarts in subsetsof RY) under the sameprovision.

Prop osition 1 After N iterations, all DRM planners are completefor all G e 2 2(4 b(d)N i ¥¥9), in which
N is the numker of points, d is the dimension of C, and b(d) is a factor that dependson the sampling methad.

Pro of: Supposerst that C= [0; 1]¢ (ignoring any identi cations). Assumethat G ee 2 2(2 B(d)N i 179),
To shav completenessyve establishthat for any solvable query, a solution path will befound; let ® 2 j (G ree)
be such a query. BecauseG ;ee 2 3(2 b(d)N i 179), there exists a tube, B, of width at least 2b(d)N i 179, such
that B(0) %2V (gnit ) and B (1) %2V (Ggoal )-

Let P denote the set of sample points, which is also the set of vertices in the roadmap, G. Each ball
B 2 B must contain at least oneq 2 P. This follows from the fact that N sampleswere generated, and
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the asymptotic dispersion bound is #(P;¥) < b(d)N i =9, If any ball of radius b(d)N i =9 is empty, then the
dispersion would violate this upper bound.

First, consider connecting gjnir and ggoar to the roadmap. Since B(0) %2 V(gnit ), all con gurations
found by linear interpolation between gy, and any point in B(0) are collision free. Therefore, it Wwill
be connectedto a con guration in P (either one contained in B(0), or at least one in the sameconnected
componert of G asa con guration of P that liesin B(0)). Using a similar argumert for B (1), ggoar Will also
be connectedto a roadmap vertex.

It "nally remainsto shaw that there existsa path in G betweenthe two con gurations in P to which gjnt
and ggoa are connected. Consider the balls of B as parameterized using B (s) for s 2 [0; 1]. We construct a
sequencef, :::, G; 1 of k con gurations asfollows. Let g beany elemert of P\ B(0). Let s; 2 [0; 1] denote
the last point at which the ball B (s) contains ¢, by starting with B (0) and increasings cortinuously. Let ¢
be any elemen of P\ B(s;) nfgg. Note that the B(s;) must cortain at leasttwo points in P becauseq lies
on its boundary. Inductively, let g be any elemert of P\ B(s;) nfq; 19, wheres; is the ‘rst point at which
B (s) doesnot cortain q; 1. Note that the induction is nite, and let gy; 1 denotethe "nal con guration in
the sequence.

We argue that there must exist a path in G between eat pair, g, G+, of con gurations for i 2

P. Furthermore, all points betweeng and g .1 Vvia linear interpolation must be collision free. The algorithm
in Figure 1 would either have produced an edgebetweenthem, or failed to becauseboth were already part of
the sameconnectedcomponert of G. Either way, there exists a path in G betweeng; and g+1 . By applying
this for ead con guration in the sequencethere exists a path in G betweengy and ¢; 1. Furthermore, g
is connectedto gyt , and g; 1 is connectedto gyoa. Therefore, the query is correctly answered by returning
a solution path.

We now turn to the casein which C= [0;1]%n », in which » denotesboundary identi cations neededto
appropriately re°ect the topology of transformation groupsthat arisein motion planning: S*, P3, etc. For
the dispersion measuremets in [0; 1]¢, balls near the boundary have to be cortained ertirely inside the unit
cube. Onceidenti cations are considered,someballs are allowed to over’ow as long as their certer liesin
[0;1]9. Since(P;¥) < b(d)Ni 79 for [0;1]%, these over°owing empty balls cannot have radius larger than
2b(d)N i 179, Thus, the dispersionin the part of the proof for [0;1]% is simply scaledby two for the caseof
[0;1]%N » by assumingG ee 2 24 b(d)N i 179) in the rst step, which establishesthe proposition. |

Proposition 1 can be reworked to bound the width of the query:
Prop osition 2 After N iterations, all DRM planners, for a query °, either report a solution path or correctly
declare that one of the following is true: there is no solution path, or w(°) < 4b(d)N i 179,

Pro of: This follows directly from Proposition 1. Since DRM planners are complete for 2(4 b(d)N i 179),
if no solution is found after N iterations, then w(G ree) < 40(d)N i 178 and w(°) < 4b(d)N i 179, |

The next proposition indicates that if the dispersionis at least +, then a DRM or PRM planner might
miss solutions in corridors of width +
Prop osition 3 For any sample set, P, that has dispersion at least £, no roadmap constructed using the
algorithm in Figure 1 can be completefor @ n?3( 4).

Pro of: We argue that completenessis lost by producing a G ree and query ° 2 j (G ree) that will be
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Figure 5. A narrow corridor in G e, Usedin the proof of Proposition 3.

answered incorrectly. If the dispersion is #, then there exists a ball, B % [0;1]° with radius + sud that
P\ B = ;. Considerthe corridor shawvn in Figure 5. Assumethat no tube greater than width + can be
placed in the corridor. If G ee is chosensothat B is located as shawn in the shadedarea, then there will
be no path in G that traversesthe corridor. For any point on one side of the corridor outside of B, the
straight-line path to any point on the other side of the corridor outside of B will intersect CnC; ;¢e. Thus,
a solution path will not be found. |

From this the next proposition follows, which establishesthat any PRM approac will require an expo-
nertial number of samples. It is assumedthat the sampling scheme generatessamplesindependertly of the
obstacleregion.

Prop osition 4 Under any sampling scheme(including pseudo-andom), a roadmap requires a number of
samplesexponential in dimension, d, to be complete for 2( %).

Pro of: This follows immediately from Proposition 3 and the Sukharev sampling criterion, (3). ]

We now consider asymptotic bounds for DRM planners. The next proposition indicates that DRM
planners do the best possible,asymptotically.

Prop osition 5 The numkber of samplesrequired by DRM plannersto be completefor &( +) is asymptotically
optimal.

Pro of: By Proposition 3, to be complete for 2( %), the dispersion must be lessthan +. Thus, the goal
of a DRM algorithm should be to reduce + using as few samplesas possible. The low-dispersion sequences
achieve the best possibleasymptotic dispersion. Therefore, the number of samplesusedin DRM plannersis
asymptotically optimal. ]

The following proposition gives someindication that random sampling does not yield the best possible
asymptotic corvergencein the PRM:; in fact, it is signi cantly worsethan using deterministic sampling.
Prop osition 6 For a xed dimension, d, the PRM with random sampling requires O((log N)%) times as
many samples(with probability one) as DRM planners to achievethe same’! dispersion.

Pro of: It wasshavn by Deheuwels[41] that “* dispersionfor random samplesis O((log N)%Ni %) with
probability one. The asymptotic dispersionin a DRM achievesO(N %). The factor di®erencebetweenthe
two is O((log N ) ). ]

Relating the PRM to grid search. We now discussthe implications of the previous propositions.
Consider Propositions and 1 and 2. Using *! dispersion and selecting N sud that N1¢ is an integer,
the Sukharev grid yields b(d) ~ 1=2, which is the best possible performance that can be obtained. An
exponertial number of samplesin d is required, but accordingto Proposition 4, this is unavoidable. (Note
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that the PRM cannot even provide these deterministic guararntees.) The PRM at least has asymptotic
analysis that establishesprobabilistic completenessand corvergence[3, 29]. Howewver, Propositions 5 and
6 indicate that the asymptotic rate of corvergenceobtained by the best deterministic sequencegincluding
the Sukharev grid) is asymptotically optimal, and the use of random samplesis worseby a signi cant factor
(with probability one). Proposition 6 quarti es the problems with random sampling. To satisfy statistical
tests for uniformity, a pseudo-randomnumber generator must clump too many points in someplaces,and
not enoughin others. If the distribution of points is \to o uniform,"” then it will fail statistical tests. The
deterministic samplers,on the other hand, carefully dispersethe points without this wasteful concern.

One expectation that arisesfrom the theoretical analysisis that a Sukharev grid with dN ie points per
axis should perform at least as well as any collection of N samples(over a broad collection of problems).
Thus, there is nothing inherently bad about grid sampling.

We expect that if the original PRM could solve a classof problemsusing N pseudo-randomsamples,the
performanceshould be at least as good if a Sukharev grid with dN Te points per axis is usedinstead, since
the dispersion must be at least as small. This expectation motivates our experimerts in which problems of
the level of ditcult y consideredin the original PRM are solved by Sukharevgrids that only usea few points
per axis. This will be demonstrated in Section 6, along with other experiments that shov advantages of
low-discrepancysequencesuc as Halton points.

6 Experiments

Thus far, we have argued that there is a spectrum of planners between classical grid searh and PRMs,
which includes subsampledgrid seard, lattice roadmaps,and quasi-randomroadmaps. Also, our theoretical
results strongly suggestthat low-dispersion sampling will asymptotically outperform random sampling for
roadmap algorithms. Howe\er, it is also useful to seehow signi cant these bene ts are for typical motion
planning problems. In addition to this general concern, there are seweral questionswhich are of particular
experimental interest. Theseinclude: How do deterministic samplesperform as dimension increases?Does
using a large connection radius with random samplesallow them to perform as well as more uniformly-
distributed deterministic ones? Does axis-alignmert work in favor of or against deterministic samples? In
this section, we presernt v e sets of examples, designedto answer these questions and illustrate di®erer
aspects of deterministic versusrandom sampling.

We implemented the algorithms using the Motion Strategy Library (msl.cs.uiuc.edu/msl/) in GNU C++
running Linux on 2.0 Ghz PCs. The PQP collision detection padkage from the Univ. of North Carolina
was used. For any problems that involve 3D rotations, sampling was performed over the Euler angles(as
opposedto using the Haar measure). Figure 6 depicts our v e examples. First, we examinethe problem of
a point robot moving through a d-dimensional bent corridor (we show results for the casesd = 2; 3; 6; 10).
This gives us an opportunity to seethe performance of deterministic and random sampling techniques in
low and moderate dimensions. Also, for someexperiments we choosea random rotation to apply the sample
set; this eliminates any axis alignments (the baseexampleis axis-aligned). Second,we have the problem of
extricating a rigid body (a re truck, to be precise) from a cage. This is an example of a typical motion
planning problem, and we use it to examine the e®ectof the connection radius on planner performance.
Third, we take a similar problem: placing a feather in a cup. Fourth, we have the problem of moving an
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Bent Corridor Truck Cup

Elbow Arm

Figure 6: The rst frame shows a 2D rendering of the bert corridor seriesof experimerts. The truck, cup,
and elbow are 6-DOF rigid-b ody problems, and the nal frame shows an articulated robot in the plane.

L-shaped robot through a hole in a wall. By varying the position of the wall and the location of the hole,
we obtain a notion of \exp ected performance” for deterministic samplesanalogousto that which naturally
arisesfor random ones. Finally, we examine the caseof an articulated robot in the plane. This is another
example of a moderate-dimensionalproblem, and its con guration spacehas a di®erert topology than the
previous examples.

The bent corridor experiments preseried here can be consideredas a cortin uation of those in [9]'. We
examined random samples,Hammersley and Halton points, and Sukharev grids. For Sukharev grids, we
give results for \'rst solution" and \guaranteed solution." The former indicates the minimum resolution
Sukharev grid capable of solving the problem. The latter refersto the minimum resolution suc that it
and all higher-resolution grids solve the problem. (For example, in the 3-dimensional corridor with a large
radius, the rst solution uses5 points per axis, and the guaranteed solution uses11 points per axis.) Since
Hammersley points constitute a point setrather than a sequencethere are\'rst* and \guaranteed" values
for them as well; howeer, the di®erencesare typically much lesssigni cant than with the Sukharev grid,
and sowe omit them. Figure 7 givesour results.

We seethat Hammersleyand Halton points outperform random sampling virtually acrossthe board, and

1Regrettably , the original "gure of bent corridor experiments contains a typographical error: the width values given are
actually 1/2 of the actual width used.
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| Dim | Width | Rad | Rand | Ham | Hal | Sukf | Sukg |
2 0.04 0.1 1058 335 962 121 625
0.5 522 87 322 25 441
3 0.10 0.2 1592 630 943 729 1331
0.6 913 232 943 125 1331
6 0.20 0.3 | 37069 | 37000 | 16958 | 15625 | 15625
0.6 | 12613 | 6200 3064 729 15625
10 0.40 0.6 | 10541 | 5000 | 7300 | 59040 | 59049
0.7 5415 | 4000 | 7300 | 59049 | 59049

Figure 7: Comparisonsof the number of samplesrequired to solve bert corridor problems, with small and
large radii. Results for random sampling are averagedover 100 trials.

Sukharev grids often do aswell. Except for the 10-dimensionalcase,the rst Sukharev solution has fewer
samplesthan the number required by random sampling; often, however, the guaranteed solution hasasmany
or more. This illustrates a fundamertal disadvantage of sampling using point sets: it is often not possible
to know how many points are required to solve the problem. If one choosesan \unluc ky" value of N, then
one may fail to solve the problem even though many sampleshave beentaken. There are seweral ways one
can construct an in nite sequencerom nite point sets,suc asiterativ e deepening or somemultiresolution

approach [36]. These experimerts strongly suggestthat e®ective grid sampling requires an incremertal

approacd. As expected, random sampling seemsto gain versusdeterministic sampling when the radius is
increased. However, this doesnot seemto be signi cant. It may be that Hammersleyand Halton points also
benet from a larger radius, more sothan Sukharev grids (becausefor grids, neighborhoods are very clearly
de ned by the points' regular spacing).

Also, we give results for the caseswith rotated samples,for the problems of 2, 3, and 6 dimensions. As
seenin Figure 8, the di®erencesre minor. This indicatesthat the deterministic sequencesre not bene tting
unduly from axis alignmerts.

Figure 9 givesthe results for the problem of moving a truck outside of a cageand for placing a feather
into a cup. No speci ¢ commerts needto be made; as in the previous example, Hammersley and Halton
points perform the best. Sukharevgrids are impaired by the fact that there are limited choicesfor resolution
(4, 5, and 6 points per axis yield 4096, 15625, and 46656 samples,respectively). Once again, incremertal
grid-based approades should o®setthis disadvantage or perhaps eliminate it ertirely. For these examples,
we tried two di®erert connection approaces: rst, we useda xed radius (as in the other experiments);
second,we tried connectingto a node's K nearestneighbors. Note that one must be careful when taking K
nearestneighbors on a grid, since many neighbors can be equidistant. This issuecan be resolwed by either
randomized techniques (choosing K at random from the set of equidistart), or deterministic techniques,
which could guarartee greater uniformity though at greater cost.

For random samples, it is natural to consider expected performance, rather than performance for a
particular trial. This is essetial, becausethe performance of random sampling can vary signi cantly from
trial to trial. Howewer, the performance of deterministic sequencesioes not change from run to run; is it
possibleto have a notion for deterministic sequencesimilar to expected performancefor random samples?
For problemsof numerical integration, theorists considerthe expectederror of deterministic samplesequences
over a set of problems (the set is equipped with a probability measure). There does not seemto be any
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[[Dim [ Width

| Rad | Rand | Ham |

Hal | Sukf | Sukg |

2 0.04 0.5 511 217 | 266 25 316
485 214 92 164 216
475 117 | 179 41 332
536 236 | 362 132 296
485 226 | 123 56 253
3 0.10 0.6 678 760 | 294 265 563
679 268 | 1744 | 569 569
687 383 | 257 216 216
667 254 | 822 269 541
751 830 | 858 440 440
6 0.20 0.6 | 6487 | 2239 | 3321 | 8855 | 8855
7472 | 4512 | 3960 | 10765 | 10765
6960 | 2293 | 6786 | 477 9285
7546 | 8744 | 4504 | 9119 | 9119
6402 | 8637 | 3425 | 9149 | 9149

Figure 8: Comparisonsof the number of samplesrequired to solve bent corridor problems. A rotation matrix

was constructed by generating random Euler angles, and the rotation was applied to the sample set; ve
. 1. . . .

tests are shavn. Note that for the Sukharevgrid, N @ is not necessarilyan integer becausesamplesthat lie

outside of [0; 1]¢ after rotation are discarded.

| Prob [ Conn [ Rad/K | Rand | Ham | Hal | Sukf [ Sukg |

Truck Rad 0.4 8352 | 6600 | 7925 | 46656 | 46656
0.6 3009 | 1300 | 1100 | 15625 | 15625
K-Near 20 8293 | 1300 | 6224 | 46656 | 46656
100 2507 | 1300 | 2105 | 15625 | 15625
Cup Rad 0.4 4751 | 1400 | 4500 | 15625 | 15625
0.6 1920 | 100 | 2500 | 729 729
K-Near 20 3672 | 100 | 2500 | 729 729
100 1449 | 100 | 1500 | 729 729

Figure 9: Comparisons of the number of samplesrequired to solve two 6-DOF problems, with small and
large radii. Results for random sampling are averagedover 100 trials.
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| Hole [ Rand | Ham | Hal | Sukf | Sukg |

0.2 136 72 123 729 729
0.1 | 2989 | 2444 | 2419 | 10949 | 10949

Figure 10: Comparisonsof the averagenumber of samplesrequired to solve the problem from Figure 6(d).
The wall was placedat x = 0:2;0:3; 0:4; 0:5 and the y and z coordinates of the certer of the hole varied from
0.3to 0.5 (in incremerts of 0.1), leading to 36 total experimens. Results are shavn for two di®erern hole
sizes(the height and length of the robot was 0.3, and the width was 0.03). The connectionradius usedwas
0.6.

| Rad | Rand | Ham | Hal | Sukf | Sukg |

0.5 476 200 | 223 | 256 256
0.9 442 200 | 223 | 256 256

Figure 11: Comparisonsof the number of samplesrequired to solve the articulated robot problem.

meaningful analoguefor motion planning problems (i.e., how would one de ne a probability measureover
all motion planning problems?) Howewer, our fourth example attempts to capture the spirit of \exp ected
performance" by taking a set of similar problems and examining performanceover the ertire set. The basic
problem we consideris that of moving an L-shaped robot through a hole in a wall. The wall is aligned with
the yz-plane; howeer, its position varies along x-axis. Also, the position of the hole variesin the yz-plane.

In Figure 11, we give the results of experiments with an articulated robot (8 links with a "xed base,
yielding 8 DOF). The arm was extracted from one opening and inserted into another.

All of the experimerts so far have consideredmultiple-query versions of the planners. In [9], a single-
query Lazy LRM wasevaluated by using the extensiblelattices presered in [49]. For the caseof single-query
planning, the lattice structure could be exploited to avoid virtually all of the precomputations that were
required to setup the initial PRM. For the sake of completenesswe reproduce results from [9] regarding the
performanceof lattice point setsin lazy plannersfor the Elbow, Cup, and Truck problems. The rst column
givesthe problem name. The next three columns (N _min, N_max, and N_avg) give the minimum, maximum,
and average numbers of nodes neededin the Lazy PRM, averagedover 25 trials. The column labeled
Lattice shaws the number of nodesfor the Lazy LRM. The next three columns (T _min, T _max, T .avg) give
the minimum, maximum, and average computation times in seconds,including both precomputation and
searding. The PreCmp column indicates how much of the averagecomputation time was dewted to setting
up the initial roadmap (before collision cheding is performed). The "nal column givesthe total amount
of time in the Lazy LRM. Thesetimes are much smaller becausethere is essetially no precomputation
time due to the fact that the neighborhood structure is immediately inferred from the lattice. Thus, for
single-query problems, the advantages of deterministic sampling becomeeven greater.

In conclusion, our experimental results showv that in addition to being asymptotically optimal, low-
dispersion sampling methods perform well for ordinary motion planning problems. Halton and Hammersley
points outperformed random sampling for nearly all of our experiments, and Sukharev grids were often
competitiv e. In caseswhere grids were not competitiv e, it is likely that somekind of incremertal grid-based
sequencewould be. Sinceour experiments represen a fairly broad range of problems, we believe that our
results will hold for a large classof motion planning problems.
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| Prob. | N.min | N.-max | N.avg | Lattice | T_min [ T_-max | T_avg | PreCmp | Lattice |

Elbow | 1250 | 15250 | 4667 3963 7.0 718 287 212 10.1
Cup 2000 | 12000 | 4800 2152 2.33 253 36.9 15.9 1.23
Truck 5000 | 95000 | 35207 | 5138 11.2 5480 935 800 18.5

Figure 12: Comparisonsof the number of nodesand time required to solve seweral 6-DOF problems using
the Lazy PRM and the Lazy LRM (lattice-based roadmap). Results for the randomized version are over 25
trials.

7 Discussion

We have provided a spectrum of plannersthat rangesfrom classicalgrid seart to the probabilistic roadmap.
Surprisingly, the original PRM doesnot appear to be advantageousover deterministic approades,including
grid seard, accordingto both our experiments and our theoretical analysis. Sincethe \probabilistic" theme
of PRMs does not seemadvantageous,it is perhapsbetter to refer to these, grid seard, RRTs, and other
related planners as instances of sampling-lasel motion planning. This distinguishes them from exact or
combinatorial motion planning algorithms (e.g., [11, 43, 46€]). Within sampling-basedmotion planning,
one can imagine subclassesbasedon whether an approad is multiple-query or single-query For multiple-
guery planning, both probabilistic and deterministic roadmapscould fall under a category of sampling-tasel
roadmaps

Based on our work, we believe one of the main factors for the successof the original PRM was the
excellert use of subsampling, which for grid sampling, enableschallenging problems to be solved with only
a few points per axis. In the original PRM, this idea also cortributed greatly to the performance. Although
there appears at rst to be no exponertial dependency on dimension becauseN is chosendirectly, the
exponertial dependencyrevealsitself onceagain if we try to hold dispersion xed. The notion of xing the
dispersionis generalenoughto mean keepingthe resolution the samefor a grid, while also applying to any
sampling scheme. Using (3), the Sukharev sampling criterion, N @ can be consideredas the best possible
\p oints per axis" for any sampling scheme, whether or not it is a grid, and also whether it is random or
deterministic.
Very high dimensions. We note that our experiments focused mostly on six dimensions, with some
examplesin [9] up to ten dimensions. This includes many problems of interest in robotics, but examples
exist in robotics and computational biology in which there are dozensor hundreds of dimensions. Obviously,
even a Sukharev grid with two points per axis would be impossibleto manage for some problems, while
pseudo-randomsampleswould appear to have no trouble. One straightforward way to use deterministic
sampling would be to use a non-lattice sequencein the place of pseudo-randomsamples. In very high
dimensional problems we expect, however, that the performance di®erenceshetween using pseudo-random
sampling and deterministic sampling would be negligible for most problems. This is due primarily to the fact
that spacesof this dimension will be sewerely undersampled, regardlessof the sampling scheme used (i.e.,
the \p oints per axis" for any sampling schemewould be approximately one). For example,in d dimensions,
there are 29 quadrants, one of whoseinterior must be empty if lessthan 2¢ samplesare used.
Search issues. Graph searting is one of the oldest and most fundamental issuesin motion planning.
Although most PRM-based plannersuse A” seard, it is important to revisit someof the basic seard issues
in this context. Giventhe closeconnectiondrawn betweenclassicalgrid seard and the PRM in this paper, it
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should be clearthat classicalseard issueswhich apply to grids should alsoapply to PRMs, QRMs, Sukharev
grids, etc. that have a large number of samples. If a PRM has thousands of nodesin a high-dimensional
space,then the common local minima problems ass&iated with seard most likely exist. Many single-query
motion planning algorithms were deweloped preciselyto handle this problem. Potential “eld approacheshave
improved seart by using heuristics to perform a greedy seard [4, 17, 27]. For the randomized potential
“eld planner in [4], the seard is even performed over an implicit grid, and randomization was usedto try to
escape local minima. Thus, it can be consideredasa lazy, single-queryCGS, with A” seart replacedby the
potential "eld method. The planner in [13] can also be consideredas a lazy CGS planner. Of coursemany
other planning approades can be considered. Incremertal searting methods, such as Ariadne's clew [40Q],
bidirectional RRTs [33], or the plannersin [26, 45], can be consideredas alternativesto A" seart in any
roadmap approad. As the implicit grid resolution in a lazy CGS planner becomeshigher, it is clear that
the sampling itself is not asimportant. The key is how to seard in a bounded metric space.
Multiresolution  approac hes. Our work helpsshedsomelight on the relationship betweenthe PRM and
multiresolution seard (e.g.,[16, 28, 32]). One disadvantage of the Sukharevgrid is that for ead increment of
the points per axis, the total number of points increasesdramatically for higher-dimensionalproblems. This
was why in someexperimens, the Sukharev grid performed poorly. The PRM relies on a pseudo-random
in nite sequencewhich yields a reasonablecoverageof the con guration space,eventhough only the rst N
points in the sequenceare used. Also, one can easily add more PRM vertices by taking the next points in
the sequence.Iln general,it is desirableto have a deterministic sequencethat behavesin a similar manner,
but also provides optimal dispersion and/or discrepancy The Halton sequenceachievesthis, which makes
it an attractiv e replacemert to the random samplesin the PRM. It is possible,howeer, to usean in nite
sequencethat maintains lattice structure while incremertally yielding low dispersion and/or discrepancy
Low-discrepancy extensible lattices that are in nite sequences$ave beenintroducedrecertly in [23]. In [5],
a trellis is iterativ ely maintained (similar to SGS), and a hyperplane of samplesis added in ead iteration
beforeseard is performed again. In [36], extensible grid-basedsequencesave beenintroduced. In this case,
the sequencecould sene as a replacemen to the pseudo-randomnumber generator, or it could be usedasa
basisfor a multiresolution planner. Conceptually, there is not much di®erencebetweenadding more points
to a PRM or adding more points to an extensible lattice. Thus, the two are closely related.

Selection of qualit y measures. If nothing is known about the spaceand a lazy, single-query approac
is used, then dispersion seemsto be a natural measureof sample quality. If it is known that alignment
problems exist, then it is better to usediscrepancywith a range spacethat is aligned. In our experimerts,
we have found that if the boundary of G (¢ is axis-aligned and a grid-based sampling is used, the average
computation time over many examplesappears about the same,but the variance is higher. In somecases,
the alignmert helps, and in others it hurts. For multiple-query problems, it might seemthat measures
such as whether sampleslie within mutual visibilit y regionswould be more appropriate. This could ensure
that far-away samplescould connectto ead other when building the roadmap. However, it is not clear
how this could be achieved sinceit is assumedthat the obstacleregion is only implicitly represered, and
thus only revealed by the sampling processitself. Thus, it seemsdizcult, if not impossible,to develop a
general-purposesampling theory that is basedon visibilit y. Note that rejection schemes,sud asthat used
in the Visibilit y PRM [47], can be easily combined with the sample sequenceslescribed this paper (this has
already beensuccessfullydone[48]). It would be interesting to determine whether lattice structure could be
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similarly exploited.

Bringing back randomization. A recen trend in quasi-Monte Carlo literature is to considerrandomized
versionsof Halton sequenceslattices, and (t,s)-sequences.There exist simple techniquesthat presene the
low-discrepancy/low-dispersion properties of deterministic sequencesvhile at the sametime ead sampleis
uniform randomly distributed. > An elegart exampleof this work appearsin [53)], in which a randomizedHal-
ton sequencas obtained by cleverly constructing the “rst elemer at random, and computing the appropriate
cortinuations of classicalvan der Corput sequencegor eat coordinate. Somerandomization was added to
Halton points and was obsened to o®ersomeimprovemerts in [18]. Randomized low-dispersion sequences
can be usedin motion planning to obtain both probabilistic analysisand the deterministic guaranteesfrom
Section 5!
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