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Abstract

In this paper, we discussthe "eld of sampling-based
motion planning. In corntrast to methods that con-
struct boundary represenations of con guration space
obstacles,sampling-basedmethods useonly information
from a collision detector asthey seard the con guration
space. The simplicity of this approad, along with in-
creasedn computation power and the developmert of ef-
“cient collision detection algorithms, hasresulted in the
introduction of a number of powerful motion planning
algorithms, capableof solving challenging problemswith
many degreesof freedom. First, we trace how sampling-
basedmotion planning has developed. We then discuss
a variety of important issuesfor sampling-basedmotion
planning, including uniform and regular sampling, topo-
logical issues,and seard philosophies. Finally, we ad-
dressimportant issuesregarding the role of randomiza-
tion in sampling-basedmotion planning.

1 Intro duction

In recen years, a number of motion planning algo-
rithms have been introduced which have had remark-
able successn solving challenging motion planning prob-
lems, including ones with many degreesof freedom
(DOFs). Examplesinclude the Randomized Path Plan-
ner (RPP), Probabilistic Roadmap planners (PRMs),
Ariadne's Clew, and Rapidly-exploring Random Trees
(RRTs). Eacd of these methods, and many others, can
be seenas belonging to a "eld we call sampling-laseal
motion planning. We believe a fundamental distinction
exists betweensampling-basedmotion plannersand ear-
lier plannersthat built explicit represetations of the ob-
stacle boundary in the con guration space.

While the problem of motion planning has beenrec-
ognizedfor many decadede.g, Nilsson'swork in the late
1960s[56]), it can be argued that the epoch marking
the beginning of modern motion planning was the in-
troduction in 1979 of the idea of the con guration space
by Lozano-P8rez and Wesley[50]. In the con guration
space,the robot is reducedto a point; hence,the motion
planning problem becomesthat of nding a path for a
point from an initial point to a goal point in the con-
“guration space. This cortrasts with previous methods

which planned directly in the workspace,using methods
such as swept volumes to determine whether or not a
path was feasible(i.e., did not collide with an obstacle).
Howevwer, planning in C-spaceposesa problem: unlike
the obstaclesin the workspace, which are well-de ned,
how doesonerepresen invalid con gurations in C-space
(C-space obstacles)? Lozano-P§rez and Wesley gave
methods for constructing represenations of Cyps based
on contact conditions betweenthe robot and the obsta-
cles,and their ideasformed the foundation for many mo-
tion planning algorithms in the decadeto follow.

However, constructing explicit represenations of Cypg
from the geometry of the problem has se\eral disadvan-
tages. The ‘rst complete, generalmotion planning algo-
rithm, by Schwartz and Sharir, usedcylindrical algebraic
decomposition, whoserunning time wasdoubly exponen-
tial in the degreesof freedom [62]. Canny introduced a
roadmap algorithm which improved this to \only" singly
exponertial [17]. Both methods employ general-purpose
techniques from computational real algebraic geometry
[8], which are very ditcult to implemert correctly, es-
pecially due to numerical considerations. Furthermore,
the running times of these algorithms also grow quickly
with the number of primitiv esin the obstacleand robot
represertations, as opposedto the true ditculty of a
particular motion planning task. Most realistic motion
planning modelsrequire thousandsof primitiv es,which is
well beyond what canbe handled by the motion planning
algorithms that work directly with algebraic constraints
on the obstacle region. In some special cases,excient
combinatorial algorithms have beendeweloped, but these
usually apply to low-dimensional C-spacesand/or simpli-
“ed geometries. The PSPACE-hardnessbound [61] pro-
videsfurther discouragemen from attempting to dewelop
and use exact, combinatorial solutions, suc as those in
[17, 62, to solve motion planning problems that have
many degreesof freedomand model primitiv es.

In light of these ditculties, sampling-basedmotion
planning hasemergedover the past fteen yearsasa way
to avoid explicit constructions of Cops. By sampling, it is
hoped that many practical, high-dimensional problems

1The set of all invalid con gurations is often denoted Cyps and
its complement, the set of all free con gurations, as Ciee



with complicated models can be solved exciently. In-
stead of an explicit represenation of Gys, imagine that
one has accessonly to limited information about the
con guration space. For example, given a test con g-
uration, supposeone can exciently determine whether
the con guration liesin G ee Or Cyps. Alternativ ely, one
may have accesgo the distance (typically, Hausdorf dis-
tance) between the robot and the workspace obstacles
for a given con guration. This information is exactly
that which is provided by modern collision detection al-
gorithms. Hence,we de ne sampling-basedmotion plan-
ners as those whoseonly information about Cy,s is ob-
tained by sampling C-spacethrough a collision detector.

Sampling-basedmotion planning is thus fundamen-
tally di®eren from earlier approacesto motion plan-
ning since its model of available information about C-
spaceis substartially restricted. This restriction elimi-
natesmany of the problemsencourtered in methods that
constructed a represertation of Cys. Since there is no
explicit model of Cyps, there is no needto characterize
all possible contact conditions for particular classesof
problems, nor to compute the contacts to solve a given
problem. Also, a sampling-basedmotion planner can
apply to a broad classof motion planning problems be-
causeit treats collision detection as a separatemodule,
which may be tailored to a particular kind of problem.
For thesereasons,sampling-motion planning algorithms
often seemstrikingly simple in comparisonto combina-
torial motion planners, such as Canny's roadmap algo-
rithm. The simplicity and generality of theseplannersis
likely a signi cant factor cortributing toward their suc-
cessand applicability to high-DOF problems.

2 The rise of sampling-based motion
planning

To fully understand the cortinuing ewlution of
sampling-basedmotion planning and its current issuesiit
is helpful to understand how sampling-basedalgorithms
have deweloped and changedover time. In this section,
we will describe how sampling-basedalgorithms began
to emerge,and how they have cortinued to dewelop up
to the presen time.

In the 1980s, constructing a represeration of Cyps,
either completely or in part, was the predominate ap-
proach to motion planning. Examplesinclude the plan-
ner by Brooks and Lozano-Pgrez for a polygon rotat-
ing and translating in the plane [15], work by Donald
for planning for a 3D rigid body [22, 23], and a plan-
ner by Lozano-P§rez for manipulator arms [49]. Ref-
erencesto many combinatorial plannersand a few early
sampling-basedonescan be found in Hwang and Ahuja’s
survey [34]. Glimpses of sampling-basedideas can be
seeneven in Donald's work; he placed a six-dimensional
lattice over the con guration space and attempted to
‘'nd a connected sequenceof lattice points. Lacking
the collision detection abstraction, however, he relied
on equations represetting the Cys boundaries during
the seard process.Greater movemert toward sampling-

based motion planning beganin the late 1980s. Algo-
rithms in this direction typically certered around ad-
vancesin excient calculation of distance between poly-
hedra. Faverjon and Tournassoudintro duced a manipu-
lator planner which computedlocal collision-freemotions
using distance computation and hierarchical CAD mod-
els [25, 24]. The introduction of algorithms sudch as the
Gilb ert-Johnson-Keerthi algorithm [29] made sampling-
basedapproades more common. A good example of an
approad is the manipulator planner of Padenet al. [5§].
They create a 29-tree represenation of the con guration
space,labelling cells as \freespace," \obstacle," or \not
sure or mixed." To classify cells correctly (or at least,
consenatively), they nd the uniform bound on the Ja-
cobian for the given manipulator. Then, basedon this
information and the workspacedistance returned by the
GJK algorithm, they can determine whether or not an
entire cell can be classi ed as freespaceor obstacle. If
neither apply, then the cell is labelled mixed and will be
subdivided, if a prede ned minimum resolution has not
yet beenreaded. After preprocessingthe environment
in such a way, it is simple to "nd a path, if one exists
in the tree, or to determine that greater resolution is
required to resolve small mixed cells.

The use of distance information from a collision de-
tector permits hierarchical grid-based approaches as in
Paden et al., but computing this information is more
expensive than simply returning the boolean result of
an intersection test (the most basic form of collision de-
tection). A less-exgnsiwe grid-based approadh might
discretize the spaceat a suzciently "ne resolution and
use an inexpensiwe collision detection method to deter-
mine whether ead cell belongsto G ee, thus creating a
bitmap of C-space. The resulting data structure canthen
be seardied by classical Al seart techniquesto nd a
path, if oneexists. In fact, this very approac wastaken
by Lengyel et al. [45. Their algorithm usesgraphics
hardware to plan for a polygonal robot translating and
rotating in the plane. They divide the rotational degree
of freedom, |, into a number of slices,and use graphics
hardware to calculate the Mink owski sum of the robot
and obstaclesfor a particular value of . They combine
all resulting slicesand have a bitmap represetation of
the three-dimensional C-space, which they then seard
with a dynamic programming technique.

In general, however, this kind of approad is limited
to lower dimensionssince the number of resultant grid
cells grows exponertially with the number of DOFs of
the problem, and the a ne resolution is required. Hence,
cheding them all for collision becomedmpractical. Nev-
ertheless,when generalsampling-basedmotion planning
algorithms beganto proliferate in the early 90's, se\eral
of these were clearly in°uenced by the grid seard ap-
proach. Wewill considertwo of this type, along with two
other early sampling-basedalgorithms, before describing
seweral more recen, state-of-the-art sampling-basedmo-
tion planners.

One early planner that strongly re°ects classicalgrid
seard techniquesis that of Kondo [41]. Kondo's plan-



ner is basedon the obsenation that even if a ne grid
is placed over the con guration space,it may be pos-
sible to 'nd a solution without visiting large portions
of that grid. Hence,if one delays collision chedking un-
til needed{a\lazy" approach{only (relatively) few col-
lision cheds will needto be performed, thus avoiding
the expensiwe preprocessingstep of naive grid seard.
The planner seardes a grid bidirectionally, assigning
cost f (C) = g(C) + h(C) to eath expanded grid cell,
in which g(C) is the standard cost-to-comeand h(C) is
a heuristic weighted sum-of-squarescost. Kondo's plan-
ner uses multiple heuristics (i.e., di®erent assignmeis
of the heuristic weight constarts), and adaptively selects
betweenthem basedon an estimate of their e®ectiveness.
Hence,the e®ectivenessof the planner strongly depends
on the quality of the heuristic functions, and on the plan-
ner's ability to choosethe appropriate one to apply. If
either of these are poor, then performancewill degrade
greatly. Kondo gives se\eral six-dimensional examples,
with the resolution of the grid being 27 points per axis
yielding 2*? total grid cells. However, for the results re-
ported, typically lessthan 20000 collision chedks were
neededto solve the problem. The in°uence of Kondo's
multiple-heuristic approach can be seenin recent PRM-
related work by Isto [35].

In 1990, Barraquand and Latombe introduced the
planner that cameto be called the Randomized Path
Planner [7]. This planner is important for three pri-
mary reasons: rst, it was the perhapsthe rst well-
known sampling-basedmotion planner; second,it solved
problems with many DOFs, typically many more than
other planners at the time were capable of handling;
and third, it advocated randomization as a meansof ef-
“ciently "nding solutions in the high-dimensional con-
“guration space. Its in°uence in this third respect can
hardly be overestimated, since for the following decade
virtually every signi cant sampling-basedmotion plan-
ning algorithm used randomization. In fact, only re-
certly has the role of randomization in sampling-based
motion planning begunto be studied in depth. We will
discussthis issuein somedepth in subsequen sections.
RPP operatesasfollows: rst, the plannerde nesseeral
potential "elds over a grid imposedon the workspace;
ead potential eld correspndsto a \control point" on
the robot. A "ner-resolution grid is also de ned over
the con guration space,and the potential value of eat
con guration-space grid cell is de ned by the following
non-negative, real-valued function on Ci ;e:

tion mapping a point on the the robot to its position
in the workspace at the given con guration, and G is
an arbitration function. Then, beginning at the initial

state, the planner descendsthe gradient of the C-space
potential “eld, until a local minimum is reached. If the
minimum is the global minimum, the goal state hasbeen
attained; else, the planner executesa seriesof random
walks with the aim of escapingthe local minimum. After

this, the planner again descendghe potential “eld gradi-
ert, cortinuing this processuntil the goal state hasbeen
reached or a user-speci ed amourt of time has elapsed.
This latter condition is necessarybecauseunlike combi-
natorial planners, sampling-basedplanners are typically
unable to recognizethat a problem has no solution; in
such a situation, they will never terminate. The key to
this planner's performance is the construction of good
potential "elds and a good arbitration function, which
can be quite ditcult to construct in practice. If the po-
tential “elds result in many local minima, the planner
can perform poorly.

Another early sampling-basedmotion planner is the
SANDROS planner of Chen and Hwang [18], which was
deweloped for manipulator arms. This planner seardes
in a multi-resolution manner over a non-uniform grid
(i.e., the resolution on the coordinate axes may di®er).
The axesare given di®erert resolutions becausefor ma-
nipulator arms, links near the base have the greatest
impact on end e®ectorposition. Just as Paden et al.,
this algorithm usesthe GJK algorithm [29] for collision
detection. It also usesthe distance information to place
links of the arm at maximal distance from the workspace
obstacles.

Finally, a planner (later termed the ZZ-method) was
introduced by Glavina in 1990 [30] which foreshadavs
PRMs in many respects. The ZZ-method rst attempts
to connectthe initial and goal queriesusing a \straigh t-
and-slide" local planner (a method which doesnot allow
badktracking but is more powerful than the straight-line
local planner). If this fails, which is usually the case,
then a new con guration is chosenas a subgoal (Glav-
ina advocatesusing jittered sampling), and attempts to
connect the subgoal to the initial and goal con gura-
tions using the samelocal planner. If this fails, new
subgoalsare added and attempts are made to connect
them with previously existing subgoals,aswell asthe ini-
tial and goal con gurations. Edgesbetweensubgoalsare
chedked for collisions at a pre-de ned subsampling res-
olution. Glavina alsoidenti es the well-known \narro w
corridor" problem and usesconnectedcomponert anal-
ysis to speedup his planner. Howewver, he usesa primi-
tiv e collision detection method which prevents him from
applying his algorithm to challenging, high-DOF prob-
lems (this was remediedin someextensionsof his work
[4, 5]); also, the straight-and-slide local planner becomes
expensiwe in high dimensions. In principle, however, the
ZZ-method contains many elemeris which have become
commonin more recen algorithms.

Since the introduction of these early algorithms,
sampling-based motion planning has cortinued to de-
velop. Changeshave beenmade to deal with failings of
previous planners, and new exploration paradigms have
been investigated. We discuss four well-known recen
motion planning algorithms: PRMs, Ariadne's Clew, the
expansiwe-spaceplanner by Hsu et al., and RRTSs.

In recent years, the most popular paradigm for
sampling-basedmotion planning hasbeenthe probabilis-
tic roadmap [38]. The original PRM, along with its nu-



merous extensionsand variants (e.g., [1, 11, 46, 60, 63,
69, 70]), have been successfullyapplied to problems in
robotics, computer animation, and computational biol-
ogy [40, 59, 65]. While there is a strong connection to

Glavina's work, there are seweral important di®erences.

Foremost among these is that the PRM is designedfor
multiple-queries rather than a single-query Hence, the
placemer of landmarks is seenasconstructing a reusable
roadmap in the PRM method, not as generating query
subgoalsas in the ZZ-method. Second,the ZZ-method
attempted to connect eadh new landmark (subgoal) to
all previous ones; PRMs attempt to connectto a more
carefully-chosen subset of these, which is typically the
K nearestlandmarks from ead connected componert,

or all subgoals within some speci ed radius. Third,

the PRM usesa more simple local planner, often either
straight-line or rotate-at-s [3], unlike the ZZ-method's
more expensiwe straight-and-slide local planner. Finally,
methods are usedto identify ditcult regionsof C-space
and sample in those regions (the \roadmap enhance-
ment" phase). Along with the useof more sophisticated
collision detection methods, thesefactors make the PRM

more e®ecti\e for challenging motion planning problems.

Ariadne's Clew is a single-queryalgorithm that grows
a tree from the initial con guration toward the goal con-
“guration [52, 53]. At ead step, it seartiesfor a new
\landmark," readable from a current landmark by a
Manhattan path of a certain order, which is maximally
distant from the set of all current landmarks. They use
highly-parellelized genetic algorithms to seard for a so-
lution to this optimization problem. Once a new land-
mark has beenaddedto the tree, the planner attempts
to connect this new landmark to the goal. To improve
performance,when the algorithm encourters an obstacle
in trajectory calculation it \b ounces"o®it. Experimen-
tal results give fast solution times for motion of a 6-DOF
arm in adynamic ervironment. One limitation, however,
is the ditcult heuristic choicesrequired for the genetic
algorithm.

Hsu et al. intro duceda single-querypath planner? for
\expansive" con guration spacesin [33]. The notion of
expansivenesss related to how much of the free spaceis
visible from a single free con guration or connectedset
of free con gurations, and extendsthe idea of 2-goodness
[6]. The expansive-spaceplanner grows a tree from the
initial con guration. Each node x in the tree has an as-
scciated weight, which is de ned to be the number of
nodes inside Ny(x), the ball of radius d certered at x.
At ead iteration, it picks a node to extend; the proba-
bility that a given node x will be selectedis 1=w(x), in
which w is the weight function. Then, K points are sam-
pled from Ny(x) for the selectednode x, and the weight
function value for ead is calculated. Each new point
y is retained with probability 1=w(y), and the planner
attempts to connect ead retained point to the node x.

2Someauthors refer to this and virtually all planning algorithms
that use randomization as PRMs. To avoid confusion, we do not
use this term for single-query planners, such as the planner of Hsu
et al., even though it is called a PRM by its authors.

Hence,we seea similarity betweenthis planner and Ari-

adne'sclew, in that they ead try to \push" the tree to-
ward unexplored areasof free space. The main drawbadk
of the approad is that the required d and K parameters
may vary dramatically acrossproblems,and they are dif-

“cult to estimate for a given problem.

Finally, we describe Rapidly-exploring Random Trees
(RRTSs) [42, 44], which were deweloped for problemswith
di®erertial constraints, suc as kinodynamic planning
and nonholonomic planning. Its introduction has stimu-
lated a °urry of recent applications and extensions(e.g.,
[13, 16, 19, 20, 21, 27, 36, 37, 39, 47, 67, 70)). In its
basic form, the RRT attempts to grow a tree from the
initial con guration to the goal con guration as follows:
take a random sample, and nd its nearestneighbor in
the seard tree. Then, grow toward the sample from
its nearestneighbor. This processis repeated until the
initial and goal con gurations are connected. The best-
performing RRT planner usesa more greedy connection
strategy (at ead iteration, attempt to make a complete
connectionfrom the nearestneighbor to the sample)and
seartes bidirectionally. This planner rapidly explores
the con guration spacebecauseit is Voronoi-biased: at
ead iteration it tends to grow from the node with the
largest Voronoi area. This is becausethe probability
that a node is selectedfor expansionis directly propor-
tional to the volume of its Voronoi cell. In cortrast to
Ariadne's Clew and the expansive-spaceplanner, which
work hard to push the tree toward unexplored regions,
RRTs are pulled into theseregionsby virtue of the sam-
pling and connection strategy. This avoids the need for
complicated parameter tuning, but comesat the expense
of performing nearestneighbor queries.

3 Uniform sampling issues

All of the recert methods from Section 2 rely on
some method for generating samplesover the con gu-
ration space. This section covers ways to sample uni-
formly, which applies many methods, including the ZZ-
method, PRMs and RRTs. Others, such asRPP and the
expansive-spaceplanner, sample uniformly over neigh-
borhoods of certain points. Typically, the samplesare
taken at random from a statistically uniform distribu-
tion; however, this method of sampling is not asuniform
as some deterministic methods. Seweral weaknesseof
random sampling were shown in the context of the PRM
in [14, 28,43]. One problem is that it is not optimal with
respect to rigorous criteria, sud as those introduced in
Section3.1. In this sectionwe discusssomeof thesegen-
eral issues,and defer discussionof non-uniform sampling
(or importance sampling) until Section4.1.

3.1 Sampling criteria

A very brief overview is given here; more details
and referencesappear in [43]. Motivated by applica-
tions in numerical integration and optimization, the most
common criteria are discrepancy and dispersion. Let
X = [0;1]¢ ¥4 RY de'ne a spaceover which to generate
samples. Consider evaluating the uniformity of a set, P,



discrepancy is de ned as

D(P;R) = supj*(R)i jP\ Rj=Nj (1)
rR2R

in which j ¢j of a set denotesits cardinality, * denotes
the Lebesguemeasure,and R is a range space, which
will be taken by default in this paper to be the set of all
axis-alignedrectangular subsetsof X . The dispersion is
de ned as

+HP;% = supmin %x; p); )
x2X P2P

in which %denotesany metric; unlessotherwise stated,
the default metric in this paper will be ! . Dispersion
can also be considered as the \radius" of the largest
empty Yball, among all balls whose certers lie in X.
Both discrepancy and dispersion seemvery relevant in
the PRM context becauserange queries are repeatedly
performed, and these criteria ensurethat either the ap-
propriate number of samples (discrepancy) or at least
one sample (dispersion) will fall within a range.

A low-discrepancy point set or sequenceis one that
yields the best-possibleasymptotic discrepancy which is
O(Ni 1 Iogd N) for in nite sequencesnd
O(Ni tlog¥ 1 N) for Tnite point sets. The simplest
low-discrepancy point sets and sequencesare Hammer-
sley and Halton points, respectively, which were ap-
plied to motion planning in [14]. Other low-discrepancy
techniques exist that produce smaller constarts in the
asymptotic corvergencerate. The best family of meth-
ods are the (t,m,s)-nets and (t,s)-sequenceg54], and the
current bestwithin this family are the Niederreiter-Xing
sequencegb5).

Regarding ! dispersion, the Sukhaev sampling cri-
terion [66] states that for any point set P, HP) .
%bN ic. Thus, to keep dispersion "xed, it is impossi-
ble to avoid exponertially-many samplesin dimension.
A low-dispersion point set or sequenceis one that pro-
ducesthe best possible asymptotic dispersion, which is
O(Ni ¥¥9). For a xed N, if N7 is an integer, k, the
Sukhaev grid yields the best possibledispersion, which
is precisely 3N 9. In this case,the grid is constructed
by partitioning [0; 1]° into N cubesof width 1=k sothat a
tiling of KE KE ¢¢¢E K is obtained, and a sampleis placed
at the certer of each cube. Nongrid, low-dispersionin -
nite sequencexist that have ﬁ asthe constart in the
asymptotic corvergencerate [54].

If a sample sequenceis usedthat has a tight upper
bound on dispersion, resolution completenessguaran-
teescan be made on most sampling-basedplanning algo-
rithms, expressedn terms of corridor width [43]. Using
a random sequencepne typically bounds expected per-
formance or constructs high-probability bounds [6]. It
is possible, however, to provide both kind of bounds, if
desired, by randomizing low-dispersion sequences.

3.2 Lattices and other regular structures

Regular structures often have desirable uniformity
characteristics. For example, the Sukharev grid is opti-
mal for " -dispersion [66], and low-discrepancy lattices
have beena subject of interest in the sampling commu-
nity for sometime [64]. In addition to good uniformity,
regular sampling can have additional benets. For ex-
ample, regular structures have an implicit neighborhood
structure: given a vertex in the structure, one may eas-
ily "'nd its neighbors. Additionally, regular structures
often admit hierarchical or multi-resolution represena-
tions, which can also be used advantageously for plan-
ning purposes(e.g., Paden et al. [58]). Howewer, regu-
lar structures su®erfrom two problems: rst, they are
point sets not point segquen®s and second, they are
axis-aligned. We discussead of thesein turn.

Point setsof a xed size are generally unsuitable for
motion planning purposesbecuaseone cannot determine
a priori how many sampleswill be necessaryto solve the
problem (and hencehow large the point setneedsto be).
Hence, regular structures seemto be at a disadvantage
as opposedto in nite sequencessuch as Halton points
or uniform random samples. Howewer, it is possibleto
construct in nite sequencedasedon regular structures,
which incremertally enhancetheir resolution. Sequences
of this type periodically look like the point sets they
are basedon (at particular resolution levels), and grad-
ually \'Tl in the gaps" between one resolution level and
the next. The foremostrequirement of sequence®f this
type is that it have incremental quality. This means
that after every sample (or, perhaps, ead small set of
samples)the sequenceshould be as uniform as possible.
Secondarily these sequencesshould be easy to gener-
ate and allow easyneighbor- nding, to fully exploit the
advantages of regular structures. Examples of in nite
sequencedasedon regular structures include the exten-
sible grid sequenceof the authors [48] and the extensible
low-discrepancy lattices of Hickernell et al. [31]. The
derandomizedversion of the Lazy PRM (see[11]) also
progressiely increasesthe resolution of the grid usedto
build the roadmap [10]. Rather than adding points one
at a time as in the previous methods, Bohlin adds an
entire hyperplane of samples, chosento 1 the largest
gap presert in the existing grid.

By their nature, regular structures are axis-aligned.
In the case of grids, the structures are aligned with
the coordinate axes;other regular structures have align-
ments on other axes. The e®ectof this on motion plan-
ning algorithms should be understood. To date, only lim-
ited e®ortshave beenundertaken to examine the e®ect
of these axis alignmernts [43]. It may be obsened from
the outset that the e®ectof axis alignmernts is greatest
when Gyps also has axis alignments. While this should
not be the casein general, it often happens when the
workspace ervironment is human-designed. When this
is the case,small changesin workspaceobstacle position
can move an ertire hyperplane of samplesfrom G ee
to Cops, greatly increasing the number of samplesre-



quired to solve the problem and thus its (apparert) dif-

“culty. This is undesirable, since it is intuitiv ely clear
that, in general, changing the workspaceslightly should
not greatly changethe ditcult y of the problem. Seweral

commerts on this front canbe made. First, it hasalready
beennoted that this problem is more practical than the-

oretical, since it probably occurs most often when the

workspaceis human-designed. Second, axis alignments

may help for someproblems, and hurt for others. Thus,

axis alignments may not be bad in an absolute sense
(such as increasing execution time acrossthe board),

but may simply result in higher \v ariance" in execution
times acrossa set of similar problems. Third, it may be
possibleto reduce this variance through limited use of

randomization (e.g., choosing a random start index for

the sample sequencefrom a set of possibilities).

3.3 Topological considerations

In the discussionsofar, little attention hasbeengiven
to the interaction betweentopology and sampling issues.
For example, most QMC literature is dedicatedto sam-
pling in an n-dimensionalcube, which doesnot re°ect the
topology of most con guration spaces. Special concern
must be givenfor samplesnearthe boundary of the cube,
but if all robot motions are obtained from 360° revo-
lute joints, the con guration spaceis a manifold without
boundary (i.e., atorus). A sampling technique that was
optimized for a cube might perform well on a torus, but
better techniques might still exist becausethe bound-
ary e®ectsare di®erert. This becomesvery important
in high dimensions. For example,for a lattice, there will
be very few points per axis. It would be unfortunate to
place points closeto what would be the boundary of the
cube, when in fact the opposite facesare identi ed, and
there is no boundary.

It is alsoimportant to note that sampling issuesare
a®ectedby the particular parameterization usedto rep-
resert the C-space. A homeomorphism can always be
introduced that \enlarges" one part of the space,while
\shrinking" others. Thus, which parameterization would
accurately presene the notion of uniformity? In many
cases,an intrinsic notion of uniformity exists. For any
locally compact topological group, there exists a unique
(up to scale) measure,called the Haar measure, that is
invariant with respect to group actions [26]. For SO(2),
this is achieved by standard Lebesquemeasureon the
interval [0;2%). For SO(3) this is obtained by de ning
a uniform density function over the upper half of the
unit sphere, S® ¥ R*, which corresponds to the set of
unit guaternions in which the rst coordinate is posi-
tive. Thus, for uniform, random sampling, it is best
to generate samplesuniformly on S®. Optimal disper-
sion sampling, however, remains a challenging problem
for SO(3) and other transformation groupsthat arisein
motion planning.

In addition to uniformly sampling the ertire con g-
uration space,operations are frequertly usedwhich re-
quire uniformity over local directions or neighborhoods,
which yields new topologies. For example, Barraquand

and Latombe samplethe n-neighbors of the current grid

cell for the purposesof gradient descen. Glavina chooses
several direction vectorsto usein the straight-and-slide
local planning method. Wilmarth et al. choosek di-

rections in which to try to push a sample toward the

medial axis of free space.In the sameway asin the gen-
eral case,it is possibleto obtain more uniform results
with deterministic techniquesthan with simple random
ones. For example,one may precompute k points placed
with high or optimal uniformity on S9 1, corresponding
to direction vectorsin d-dimensional space.It would re-
quire somework to compute these vectors for di®eren

valuesof d and k, and to do so is non-trivial; howewer,

these only needto be computed a single time, and can
then be stored for later use. To usethe computed sample
sets,oneneedonly apply a rotation to eac oneto elimi-

nate bias, possibly selectedat random or from a uniform

deterministic sequence.

4 Search and exploration issues

Complemertary to uniform samplingis the problem of
how to explorethe con guration space,which determines
the way in which samplesare used. We discussse\eral
issuesrelated to seard in this section.

4.1 Non-uniform sampling

Having discussedsomeof the issuesrelated to uniform
sampling, we have argued that deterministic techniques
may be bene cial compared to the randomized meth-
ods which have thus far dominated sampling-basedmo-
tion planning. Howewer, it is much more challenging to
addresstheseissuesin the context of non-uniform sam-
pling. The primary motivation for non-uniform sampling
is simple: if it is possibleto determine that certain re-
gionsof the con guration spaceare more important than
others, then one would like to be able to sample these
at a higher density, as etciently as possible. The im-
portance of generating samplesaround narrow corridors
was recognizedin [2, 30, 32].

In general, there are two approacesto non-uniform
sampling: importance sampling (a priori non-uniform
sampling) and adaptive sampling. Imp ortance sampling
is basedon the prior belief that solutions will be found
more quickly by concerrating sampling in certain areas
of C-space. Importance sampling has played a signi -
cart role in recert PRM literature; a simple exampleis
the technique of goal-biasedsampling [65], in which sam-
ples are drawn from Gaussiandistributions certered at
the goal con gurations in addition to someuniform sam-
pling. Other examplesof importance sampling used in
PRMs include obstacle-basedampling, in which samples
aretaken from the boundary of Cyps [1], medial-axis sam-
pling, in which samplesare taken from the medial axis of
G ree [69], and Gaussiansampling, in which sampling is
biasedto be near C-spaceobstacles[12]. Given the lim-
ited information about C-spaceto which sampling-based
planners have accessit is not immediately clear how to
sample this way. The way this problem has been dealt
with is to draw samplesuniformly from the con guration



space,and then apply a transformation or rejection rule
to them to achieve the desireddistribution. We de ne a
transformation rule as a rule which takes uniform sam-
plesand transforms them to have the desiredcharacteris-
tics. Medial-axis sampling implements a transformation
rule, and obstacle-basedsampling can be implemerted
in this way as well.

The other category of non-uniform sampling is adap-
tive sampling. In this technique, the distribution from
which new samplesare drawn is modi ed basedon in-
formation gained from previous samples. An example
of adaptive sampling is the Visibilit y PRM [63]. This
algorithm adapts its sampling-basedon the visibilit y re-
gions of the di®erent connectedcomponerts of the com-
puted roadmap. By sampling only in unexplored regions
(in the visibilit y region of no componert) and in regions
where connectionsbetweendi®erert componerts can be
made (in the visibilit y region of more than one compo-
nernt), good exploration canbe achieved without creating
large numbersof nodesin the roadmap (asin most PRM
methods). However, since no explicit information about
the visibilit y regionsis available to the planner, it takes
samplesuniformly from the con guration spaceand ap-
plies a rejection rule to them. A sampleis acceptedif it
satis” es one of the criteria given above, and rejected if it
doesnot.

As we have seen,both importance and adaptive sam-
pling techniquesoften implicitly depend on uniform sam-
pling, due to the lack of C-spaceinformation inherent
in the sampling-basedapproad. Hence, utilizing high-
quality uniform sampling techniques (including deter-
ministic ones)is not only important in a general sense,
but also impacts algorithms whose performance hinges
on non-uniform sampling.

4.2 Single-query vs. multiple-query

An important distinction between single-query and
multiple-query planning was made in [38]. For earlier
sampling based methods, suc as the ZZ-method, Ari-
adne'sclew, or RPP, seardting for the solution to a query
was the main focus. The PRM was introduced as a pre-
computed structure that could be usedto quickly answer
many queriesfor the sameset of obstacles. The combi-
natorial methods, such as Canny's roadmap or cylindri-
cal algebraic decomposition, also follow this philosophy
becausethe searding part is straightforward, once sub-
stantial e®ort has beeninvestedin building a roadmap
that captures the connectivity of G ,e. Many recert
sampling-basedplanning works, including the RRT and
the expansiwe C-spaceplanner, have returned to the sin-
gle query model, particularly for the most challenging
problems. A single-query version of the PRM was even
introducedin [11]. E®orts have also beenmade to build
multiple-query data structures using single-query primi-
tives[9].

There are tradeo®sbetweeninvesting substartial time
in precomputation vs. immediately attempting to solve
a query. The investmen is worthwhile only if the partic-
ular application yields numerousplanning queriesfor the

sameernvironment. One important middle ground that
desenesmore researt attention is how to incremertally
build a data structure that becomesfaster as more and
more queriesare given. Initially , a single query approach
could be used, and then somepart of the searh struc-
ture is saved for future use. As more queriesare given,
the structure could be updated. After numerousqueries,
it would be ideal if the structure has properties like the
Visibilit y PRM: very few nodes, but most future queries
can be answered very quickly.

4.3

One interesting concept that has involved through-
out sampling-basedplanning is the model of information
that is available to a planner. Initially , planners worked
directly with C-spaceconstraints. As collision detections
algorithms becamemore powerful, planners were given
lessaccessto information regarding the constraints. A
collision detector essetially serve asa \black box" that
reports collision or possibly yields distance information.
This has greatly helped the dewvelopmen of sampling-
basedplanners that can be applied to a broad class of
problems. Howewer, in many instances,it may be pos-
sible to improve performance by carefully investigating
the constraints that arise for particular problems once
again. It may be possibleto optimize performance of
some of the sampling-basedplanners in particular con-
texts by carefully consideringwhat information is avail-
able directly from the C-spaceconstraints. This would
make an interesting direction explorein future researd.

Information model

4.4 Simplicit y and use of heuristics

One welcome trend in sampling-basedplanning has
been a reduction of heuristic parameters that require
tuning. In spite of the succesf RRP and other earlier
planners, many of their ideaswere abandonedin recert
researtr becauseof this ditcult y. The original PRM,
and some of its variants, suc as the Visibility PRM,
have becomevery popular becausepredictable perfor-
mance is obtained with little parameter tuning. The
main problematic parameter with the PRM is the con-
nection radius (aside from heuristics involved in node
enhancemet). The RRT has achieved successn recen
years becausethere are no parametersthat require tun-
ing for standard path planning (there are metric issues
when di®ereriial constraints exist), except the collision
detection frequency which is required of all sampling-
based algorithms. As more methods are deweloped, it
is hoped that the dependencyof solutions on particular
parameter settings will be minimized.

5 The value of randomization?

To one degree or another, randomization has been
ubiquitous in the "eld of sampling-basedmotion plan-
ning sinceBarraguand and Latombe's work on the RPP.
They cite successfulapplications of randomization to
NP-hard problems as motivation for their use of ran-
domization as a tool for motion planning, and in turn



their planner is highly randomized. Other planners are
randomized only through their use of a random sample
sequence(e.g., PRMs, RRTs). Since randomized plan-
ners have exhibited great successn solving challenging
motion planning problems, it is tempting to attribute

this succesgo the \p ower of randomization." Howewer,
little work hasbeendoneto carefully articulate the ben-
e ts of various usesof randomization in sampling-based
motion planning algorithms. We believe that these is-
suesdesene careful study, and doing sowill greatly con-
tribute to depth of understanding of sampling-basedmo-
tion planning in general.

An inescapablefeature of randomized algorithms is
their lack of repeatability: no two runs will executeiden-
tically. In motion planning, this has both positive and
negative implications. It is positive in that sometimes
the randomized algorithm will be \lucky" and solve a
problem very quickly. Hence, if it takesa long time to
solve a particular problem, there is hope that it will do
better next time; for a deterministic algorithm, this is not
the case. If a deterministic algorithm performs poorly
once,it will always perform poorly for that problem. On
the other hand, the lack of repeatability causedby ran-
domization can easily obscure how well the algorithm
performs and can cause°aws to be overlooked. In our
experience, °aws in deterministic algorithms often can
be discovered quickly becausea single execution may be
enoughto reveal them. Hence,working with determin-
istic algorithms can result in greater carefulnessin both
algorithm designand implementation. Also, greater un-
derstanding of high-level algorithmic operation is possi-
ble sincethere is no random noisein its performanceand
operation.

A disadvantage of deterministic sampling and the de-
sign of deterministic algorithms is that more caution
must be exercisedto ensure correct behavior. For ex-
ample, the fact that deterministic samplesare correlated
requiresthat extra attention be paid to how these sam-
ples are used. Strange results can occur when patterns
in the deterministic sequenceinteract with the behav-
ior of the algorithm?3. As a simple example, consider a
bidirectional RRT which alternates betweengrowing the
two seard trees, using Halton points as the input sam-
ple sequence.In their typical construction, every even-
indexed Halton point hasits rst coordinate < 1=2, and
every odd-indexedone, 1=2; hence,oneseard tree will
always remain in one half of the space,and the second
tree in the other half. This is clearly undesirable. This
can be xed with little ditcult y; either ead tree can
useits own samplesequenceor one can usea baseother
than 2 for the rst coordinate. Related to this is the
obsenation that one never needsmore than onerandom
sample source to supply random numbers to an algo-
rithm. Since ead sampleis uncorrelated, di®erer por-
tions of the algorithm can all draw random samplesfrom
the sameplace. In the caseof deterministic samples,dif-

3Note that the same dixcult y sometimes occurs with pseudo-
random numbers, which are used instead of truly random numbers.

ferent parts of the algorithm need to instantiate their
own deterministic sample generators,to avoid interfer-
encewith one another and to ensurethat the sampling
for each onetruly is uniform.

The bestapproac may be to userandomizedversions
uniform point sequencediscussedin Section 3. These
sequencescombine some of the bene'ts of both deter-
ministic and random sampling, and allow both deter-
ministic and randomized performance guarantees. Sev-
eral di®erent randomized Halton sequencesre possible:
one may choose a random shift vector to add to eadh
point, one may userandom digit-scrambling techniques
[51], or the easily-generated\random-start" Halton se-
guence by Wang and Hickernell [68]. These sequences
all have the uniformity properties of the deterministic
Halton sequenceput are randomized aswell. Similarly,
(t; m; s)-nets and (t; s)-sequencegan alsobe randomized
[57]. Sewral typesof random digit scrambling methods
are e®ective; someare fairly inexpensiwe, and others are
more costly to compute.

It has beenseenthat there are bene'ts to be gained
from examining deterministic alternatives to the ran-
domized approadesso prevalert in sampling-basedmo-
tion planning. We believe that the achievemens of
sampling-basedmotion planning algorithms over earlier
combinatorial onesare primarily dueto the fact that the
are sampling-tasal, not due to the fact that they are
usually randomized (which we regard as partly inciden-
tal). In fact, the emphasison and use of randomization
may have resulted in less understanding of key issues
in motion planning and seart. Hence, we believe that
new advancesin motion planning will occur asa result of
careful study of theseissues,not through creative usesof
randomization. Howewer, there are geruine advantages
to some forms of randomization, and these should be
embraced. It is possibleto designgood seard method-
ologieswith limited and appropriate randomization.

6 Conclusion

In conclusion, we have overviewed the “eld of
sampling-based motion planning. We have de ned
sampling-basedmotion planning and given an overview
of its history. We have also discussedkey sampling is-
suesfor thesemotion planners, and mentioned areasfor
future researtr. We believe that the key to the suc-
cessof contemporary motion planning algorithms is not
through randomization or clever heuristics. Rather, it is
the fact that thesealgorithms are sampling-based,conse-
quertly avoiding the complexities of building Cyys repre-
sertations, which many earlier plannerswere facedwith.
This enabled general-purpose planning algorithm to be
deweloped, while relegating the problem-speci ¢ ditcul-
ties of analyzing Cyps to collision detection algorithms.
In future researd, it might be bene cial to investigate
ways to improve recert sampling-basedplanning algo-
rithms in particular contexts by once again considering
the interaction betweenthe obstacleconstraints and the
planning algorithm.



Ac knowledgemen t

We thank Pekka Isto for bringing Glavina's work to
our attention. We are grateful for the funding provided
in part by NSF awards 9875304,0118146,and 0208891.

References

[1] N. M. Amato, O. B. Bayazit, L. K. Dale, C. Jones, and
D. Vallejo. OBPRM: An obstacle-based PRM for 3D
workspaces. In Proceedings of the Workshop on Algo-
rithmic Foundations of Rohotics, pages155{168, 1998.

[2] N. M. Amato and Y. Wu. A randomized roadmap
method for path and manipulation planning. In IEEE
Int. Conf. Robot. & Autom., pages113{120, 1996.

[3] N.M. Amato, O.B. Bayazit, L.K. Dale, C. Jones, and
D. Vallejo. Choosing good distance metrics and lo-
cal planners for probabilistic roadmap methods. IEEE
Trans. Rolot. & Autom., 16(4):442{447, Aug 2000.

[4] B. Baginski. The Z® method for fast path planning in
dynamic environments. In Proceedings of IASTED Con-
ference on Applications of Control and Rototics, pages
47{52, 1996.

B. Baginski. Motion Planning for Manipulators with
Many Degreesof Freedom - The BB-Method. PhD thesis,
Tedhnische Universitat MAnchen, 1998.

J. Barraquand, L. Kavraki, J.-C. Latombe, T.-Y. Li,
R. Motwani, and P. Raghavan. A random sampling
scheme for robot path planning. In G. Giralt and
G. Hirzinger, editors, Proc. of the 7th International Sym-
posium on Rolotics Resarch, pages249{264. Springer,
New York, NY, 1996.

[7] J. Barraquand and J.-C. Latombe. A Monte-Carlo algo-
rithm for path planning with many degreesof freedom.
In IEEE Int. Conf. Robot. & Autom., pages1712{1717,
1990.

[8] S.Basu, R. Pollack, and M.-F. Roy. Algorithms in Real
Algebraic Geometry. Springer-Verlag, Berlin, 2003.

[9] K. E. Bekris, B. Y. Chen, A. M. Ladd, E. Plakue, and
L. E. Kavraki. Multiple query probabilistic roadmap
planners using single query primitiv es. In IEEE/RSJ
Int. Conf. on Intel ligent Robots & Systems 2003.

[10] R. Bohlin. Path planning in practice; lazy evaluation
on a multi-resolution grid. In IEEE/RSJ Int. Conf. on
Intel ligent Rolots & Systems 2001.

[11] R. Bohlin and L. Kavraki. Path planning using Lazy
PRM. In IEEE Int. Conf. Robot. & Autom., 2000.

[12] V. Boor, N. H. Overmars, and A. F. van der Stap-
pen. The gaussian sampling strategy for probabilistic
roadmap planners. In IEEE Int. Conf. Rolot. & Au-
tom., pages1018{1023, 1999.

[13] M. S.Branicky and M. M. Curtiss. Nonlinear and hybrid
control via RRTs. In Proc. Intl. Symp. on Mathematical
Theory of Networks and Systems 2002.

[14] M. S. Branicky, S. M. LaValle, K. Olson, and L. Yang.
Quasi-randomized path planning. In Proc. IEEE Intl
Conf. on Rolotics and Automation, pages 1481{1487,
2001.

[15] R. A. Brooks and T. Lozano-P8rez. A subdivision algo-
rithm in con guration spacefor ndpath with rotation.
IEEE Trans. Syst.,, Man, Cybern., SMC-15(2):224{233,
1985.

[16] J. Bruce and M. Veloso. Real-time randomized path
planning for robot navigation. In IEEE/RSJ Int. Conf.
on Intel ligent Robots & Systems 2002.

5

—_

6

—_

[17] J. F. Canny. The Complexity of Robot Motion Planning.
MIT Press, Cambridge, MA, 1988.

[18] P.C. Chen and Y.K. Hwang. Sandros: A motion plan-
ner with performance proportional to task ditcult y.
In Proc. of IEEE Int. Conf. Robotics and Automation,
pages2346{2353, Nice, France, 1992.

[19] P. Cheng and S. M. LaValle. Resolution complete
rapidly-exploring random trees. In Proc. IEEE Int
Conf. on Rolotics and Automation, pages267{272, 2002.

[20] P. Choudhury and K. Lynch. Trajectory planning for
second-orderunderactuated mechanical systemsin pres-
ence of obstacles. In Proceedings of the Workshop on
Algorithmic Foundations of Rohotics, 2002.

[21] M. J. de Smith. Distance and Path: The Development,
Interpr etation and Application of Distance Measurement
in Mapping and Modelling. PhD thesis, University Col-
lege, University of London, London, 2003.

[22] B. R. Donald. Motion planning with six degreesof free-
dom. Tednical Report AI-TR-791, Arti cial Intelligence
Lab., Massadwusetts Institute of Technology, 1984.

[23] B. R. Donald. A seard algorithm for motion planning
with six degreesof freedom. Artif. Intell., 31:295{353,
1987.

[24] B. Faverjon. Hierarchical object modelsfor e+cient anti-
collision algorithms. In IEEE Int. Conf. Rolot. & Au-
tom., pages333{340, 1989.

[25] B. Faverjon and P. Tournassoud. A local based method
for path planning of manipulators with a high number of
degreesof freedom. In IEEE Int. Conf. Rolot. & Autom.,
pages1152{1159, 1987.

[26] G. B. Folland. Real Analysis: Modern Techniques and
Their Applications. Wiley, New York, 1984.

[27] E. Frazzoli, M. A. Dahleh, and E. Feron. Real-time
motion planning for agile autonomous vehicles. AIAA
Journal of Guidance and Control, 25(1):116{129, 2002.

[28] R. Geraerts and M. H. Overmars. A comparativ e study
of probabilistic roadmap planners. In Proc. Workshop
on the Algorithmic Foundations of Rolotics, Decenber
2002.

[29] E. G. Gilbert, D. W. Johnson, and S. S. Keerth. A fast
procedure for computing the distance between complex
objects in three-dimensional space.|EEE J. of Robot. &
Autom., RA-4(2):193{203, Apr 1988.

[30] B. Glavina. Solving ndpath by combination of goal-
directed and randomized seardh. In IEEE Int. Conf.
Rolot. & Autom., pages1718{1723, May 1990.

[31] F. J. Hickernell, H. S. Hong, P. L'Ecuyer, and
C. Lemieux. Extensible lattice sequencesfor quasi-
Monte Carlo quadrature. SIAM Journal on Scienti ¢
Computing, 22:1117{1138,2000.

[32] D. Hsu, L. E. Kavraki, J.-C. Latombe, R. Motwani, and
S. Sorkin. On 'nding narrow passageswith probabilistic
roadmap planners. In et al. P. Agarwal, editor, Robotics:
The Algorithmic Perspective, pages 141{154. A.K. Pe-
ters, Wellesley MA, 1998.

[33] D. Hsu, J.-C. Latombe, and R. Motwani. Path plan-
ning in expansive con guration spaces.Int. J. Comput.
Geom. & Appl., 4:495{512, 1999.

[34] Y. K. Hwang and N. Ahuja. A potential "eld approach to
path planning. IEEE Trans. Rokot. & Autom., 8(1):23{
32, February 1992.



[35] P. Isto. Constructing probabilistic roadmapswith power-
ful local planning and path optimization. In IEEE/RSJ

Int. Conf. on Intel ligent Rolots & Systems pages2323{
2328, 2002.

S. Kagami, J. Ku®ner, K. Nishiwaki, and K. Okada M.
Inaba. Humanoid arm motion planning using stereo vi-
sion and RRT seard. In IEEE/RSJ Int. Conf. on Intel-
ligent Rolots & Systems 2003.

M. Kallmann, A. Aubel, T. Abaci, and D. Thalmann.
Planning collision-free reaching motions for interativ e
object manipulation and grasping. Eurographics, 22(3),
2003.

L. E. Kavraki, P. Svestka, J.-C. Latombe, and M. H.
Overmars. Probabilistic roadmaps for path planning
in high-dimensional con guration spaces. IEEE Trans.
Rolot. & Autom., 12(4):566{580, June 1996.

[39] J. Kim and J. P. Ostrowski. Motion planning of aerial
robot using rapidly-exploring random trees with dy-
namic constraints. In IEEE Int. Conf. Robot. & Autom.,
2003.

Y. Koga, K. Kondo, J. Ku®ner, and J.-C. Latombe.
Planning motions with intentions. Computer Graphics
(SIGGRAPH'94) , pages395{408, 1994.

[41] K. Kondo. Motion planning with six degreesof freedom
by multistrategic bidirectional heuristic free-spaceenu-
meration. |IEEE Trans. Rolot. & Autom., 7(3):267{277,
1991.

S. M. LaValle. Rapidly-exploring random trees: A new
tool for path planning. TR 98-11, Computer Science
Dept., lowa State Univ ersity, Oct. 1998.

S. M. LaValle, M. S.Branicky, and S. R. Lindemann. On
the relationship betweenclassicalgrid seard and proba-
bilistic roadmaps. International Journal of Rolotics Re-
sarch (to appear), 24, 2004.

[36]

[37]

[38]

[40]

[42]

[43]

[44] S. M. LaValle and J. J. Ku®ner. Rapidly-exploring ran-
dom trees: Progress and prospects. In B. R. Donald,
K. M. Lynch, and D. Rus, editors, Algorithmic and Com-
putational Robotics: New Dir ections, pages293{308. A

K Peters, Wellesley, MA, 2001.

J. Lengyel, M. Reichert, B. R. Donald, and D. P. Green-
berg. Real-time robot motion planning using rasteriz-
ing computer graphics hardware. Computer Graphics,
24(4):327{335, August 1990.

P. Leven and S. Hutchinson. Real-time motion planning
in changing environments. In Proc. International Sym-
posium on Rohotics Research, 2000.

[45]

[46]

[47] T.-Y. Li and Y.-C. Shie. An incremental learning ap-
proach to motion planning with roadmap managemert.
In IEEE Int. Conf. Robot. & Autom., 2002.

S. R. Lindemann and S. M. LaValle. Incremental low-
discrepancy lattice methods for motion planning. In
Proc. IEEE International Conference on Robotics and
Automation, pages2920{2927, 2003.

T. Lozano-P$§rez. A simple motion-planning algorithm
for general robot manipulators. IEEE J. of Rolot. &
Autom., RA-3(3):224{238, Jun 1987.

T. Lozano-P§rez and M. A. Wesley An algorithm for
planning collision-free paths among polyhedral obsta-
cles. Communications of the ACM, 22(10):560{570,
1979.

J. Matousek. Geometric Discrepancy. Springer-Verlag,
Berlin, 1999.

[48]

[49]

[50]

[51]

10

[52] E. Mazer, J. M. Ahuactzin, and P. Bessgre. The Ari-
adne's clew algorithm. J. Articial Intell. Res. 9:295{
316, November 1998.

[53] E. Mazer, G. Talbi, J. M. Ahuactzin, and P. Besspre.
The Ariadne's clew algorithm. In Proc. Int. Conf. of
Sceiety of Adaptive Behavior, Honolulu, 1992.

[54] H. Niederreiter. Random Number Generation and Quasi-
Monte-Carlo Methods. Society for Industrial and Ap-
plied Mathematics, Philadelphia, USA, 1992.

[55] H. Niederreiter and C. P. Xing. Nets, (t,s)-sequences,
and algebraic geometry. In P. Hellekalek and G. Larcher,
editors, Random and Quasi-Random Point Sets, Lecture
Notes in Statistics, Vol. 138, pages267{302. Springer-
Verlag, Berlin, 1998.

[56] N. J. Nilsson. Shakey the robot. Technical Report TR
223, SRI International, 1984.

[57] A. B. Owen. Monte Carlo variance of scrambled
equidistribution quadrature. SIAM J. Numer. Anal.,
34(5):1884{1910, 1997.

[58] B. Paden, A. Mees,and M. Fisher. Path planning using a
Jacobian-basedfreespacegeneration algorithm. In IEEE
Int. Conf. Robot. & Autom., pages1732{1737, 1989.

J. Pettr§, J.-P. Laumond, and T. Sim§on. A 2-stages
locomotion planner for digital actors. In Eurograph-
ics/SIGGRAPH Symposium on Computer Animation,
pages258{264, 2003.

C. Pisula, K. Ho®, M. Lin, and D. Manoch. Random-
ized path planning for a rigid body based on hardware
accelerated Voronoi sampling. In Proc. Workshop on
Algorithmic Foundation of Robotics, 2000.

J. H. Reif. Complexity of the mover's problem and gen-
eralizations. In Proc. of IEEE Symp. on Foundat. of
Comp. Sci., pages421{427, 1979.

J. T. Schwartz and M. Sharir. On the piano movers'
problem: I1. General technigies for computing topolog-
ical properties of algebraic manifolds. Communications
on Pure and Applied Mathematics, 36:345{398, 1983.

T. Simeon, J.-P. Laumond., and C. Nissoux. Visibilit y
based probabilistic roadmaps for motion planning. Ad-
vanced Rohotics Journal, 14(6), 2000.

[64] I. H. Sloanand S. Joe. Lattice Methods for Multiple Inte-
gration. Oxford SciencePublications, Englewood Cli®s,
NJ, 1990.

[65] G. Songand N. M. Amato. Using motion planning to
study protein folding pathways. Journal of Computa-
tional Biology, 9(2):149{168, 2002.

[66] A. G. Sukharev. Optimal strategies of the searct for an
extremum. U.S.S.R. Computational Mathematics and
Mathematical Physics, 11(4), 1971. Translated from
?g?fian, Zh. Vychisl. Mat. i Mat. Fiz., 11, 4, 910-924,

[67] C. Urmson and R. Simmons. Approaches for heuristi-
cally biasing RRT growth. In IEEE/RSJ Int. Conf. on
Intel ligent Rolots & Systems 2003.

[68] X. Wang and F. J. Hickernell. Randomized Halton se-
guences. Math. Comp. Modelling, 32:887{899, 2000.

[69] S. A. Wilmarth, N. M. Amato, and P. F. Stiller.
MAPRM: A probabilistic roadmap planner with sam-
pling on the medial axis of the free space. In IEEE Int.
Conf. Robot. & Autom., pages1024{1031, 1999.

[70] J. Yakey, S. M. LaValle, and L. E. Kavraki. Random-
ized path planning for linkages with closed kinematic

chains. IEEE Transactions on Robotics and Automa-
tion, 17(6):951{958, Decenber 2001.

(59]

(60]

(61]

[62]

(63]



