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Abstract— We introduce a new algorithm for constructing
smooth vector fields for global robot navigation. Given a d-
dimensional cell complex with each cell a convex polygon,
our algorithm defines a number of local vector fields: one for
each cell, and one for each face connecting two cells together.
We smoothly blend these component vector fields together
using bump functions; the precomputation of the component
vector field and all queries can be done in linear time. The
integral curves of the resulting globally-defined vector field are
guaranteed to arrive at a neighborhood of the goal state in
finite time. Except for a set of measure zero, the vector field
is smooth. The resulting vector field can be used directly to
control kinematic systems or can be used to develop dynamic
control policies. We prove convergence for the integral curves of
the vector fields produced by our algorithm and give examples
illustrating the practical advantages of our technique.

I. INTRODUCTION

Finding smoothvector elds for global robot navigation
is a long-standingproblemin mobile robotics. Traditional
feedbackcontrol methodsfail dueto non-cowex constraints
inducedby obstaclesn the ervironment.In the motion plan-
ning community however, most approachesomputeopen-
loop planswhile relegating importantfeedbackconcernsto
secondarystatus.Some have tried to make feedbackmore
centralthroughthe constructionof potential elds that have
no local minima otherthanthe goal state.If sucha potential
eld can be found, the gradientof the eld can be used
as the velocity commandfor the robot. We adopta more
direct approachlinsteadof beginning with a potential eld
and taking the gradient, we directly constructa smooth
vector eld to useasthe velocity commandWe do this by
smoothlycombininglocally-de nedvector elds usingbump
functions.Theresultis a globally-de nedsmoothvector eld
the integral curves of which corverge to a goal state.> An
illustration of a vector eld producedby our algorithm is
givenin Figurel1. Our vector elds canbe useddirectly for
kinematicsystemspr they canbe usedto develop dynamic
control policies. For example,a control policy

u=K(V(p)—p) +Vp)

1To be precise,the vector ®eld is smoothexcept for a set of measure
zero; however, all integral curves obtainedby starting at an initial state
and following the vector ®eld are smooth. This quali®cationis assumed
throughoutthe paper
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Fig. 1. A smoothvector ®eld generatedusing our algorithmin a two-
dimensionalervironment.

canbe used[18]. Undercertainconditions,it canbe shavn
that the systemwill cornverge to the integral curvesof V (p)
[4], [18].

An importantadwantageof our algorithmis thatit requires
little preprocessingp computeour vector eld andthevalue
of the vector eld at ary point canfound extremely quickly
during operation.In particular the vector eld canbe com-
putedin O(n) time in the compleity of the environment.
During operation,the value of the vector eld at ary point
canbefoundin O(n) time, in which n is the compleity of
the cell in which it is located.

In the following section,we will review related work,
focusing on the different ways this problem has been ad-
dressedvithin theroboticscommunity We will thendescribe
our algorithmin detail and give proofs of the convergence
of the integral curves of our vector eld to the goal state.
Finally, we examineseveral practicalissueswith the goal of
illustrating how to useour techniqueto develop good paths
for mobile roboticsapplications.

Il. RELATED WORK

The problem of nding a global motion plan in com-
plex environmentsis dif cult. Motion planningproblemsin
robotics typically involve non-cowex constraintsresulting

2The compleity is de®nedto be the total number of k-cells in the
comple, summingk from 0 to d



from obstaclesin the ervironment. This presentsa sig-
ni cant problem for traditional feedbackcontrol methods.
One solution might be to use state-spacesampling along
with dynamic programmingto achieze not only feedback,
but approximately-optimaltrajectories[1], [13], [21]. This
may be feasible for low-dimensionalspaces,but both the
time- and space-compbaty is exponentialin the dimension
of the state space,assumingthat the sampling resolution
remains x ed. The dif culty of feedbackcontrol for these
problemsmotivates the developmentof open-loopmotion
planning algorithms,which can at least nd feasible paths
through obstacle-clutteredervironments. Such algorithms
have beenextensvely studied[10], [12]. Many motion plan-
ning algorithmshave beendevelopedfor kinematicsystems;
several, such as RRTs [14] and PDSFEXPLORE [8] are
speci cally designedor systemswith dynamics.Kinematic
motion planning algorithms nd paths which need post-
processing(e.g., time-scaling[2], [20], steering[9], [16],

or other transformationg11], [19]) to be transformedinto

trajectoriesfor dynamical systems.In contrast,RRTs and
similar planners nd such trajectoriesdirectly. In either
case,an open-looptrajectoryfor the systemis found. This

trajectorycanthen be tracked using feedback.

This approachhas several disadwantageshowever. First,
pathsgeneratedy motion planningalgorithmsoften appear
to be of poor quality, having unnecessaryurnsandbendsin
them. This may resultin thembeingdif cult to follow for a
dynamicalsystem.Second,this approachdoesnot produce
a global feedbackplan, but only a local feedbackplanin a
neighborhoodof the nominal trajectory It would be better
to solve the feedbackproblemoncefor the entire space.

Another approach,made plausible through tremendous
adwancesin computationapower, is to usemotion planning
algorithmsthemseles as the feedbackmechanismln such
a model, ary time the systemdeviated from the prescribed
trajectory the trajectorywould be re-plannedprobablyfrom
scratch)basedon the new stateof the system.This approach
is extremely problematicas well. First, it hasa very high
computationalcost, and may not be suitablefor real-time
applications.Second,this approachis not even guaranteed
to bring the systemto the goal state,althoughin practice
might expectit to.

Theseapproacheswhich add feedbackalmostas an af-
terthoughtto open-looptrajectories,have signi cant prob-
lems,aswe have seen.Consequentlytherehave beensome
attemptswithin the roboticscommunityto incorporatefeed-
backmoredirectly. For example,the sampling-basedeigh-
borhoodgraph(SNG) coversthe free spacewith balls, each
of which is equippedwith a local navigation function which
is guaranteedo corvey the robot into a ball nearerto the
goal state.Otherapproaches$o feedbackmotion planningin
the presencef obstaclesare often basedon potential elds.
Khatib [6] developeda methodwhich utilized a potential
eld over the operationalspaceto guide a manipulatoror
mobile robot to the goal. His approachsuffers from local
minima, however, as do mary potential eld methods.A
highly-in uential potential eld methodis thatof Rimonand

Koditschek[17], who shav how to develop navigationfunc-
tions (potentialfunctionswith a uniqgueminimum at the goal
and meetingcertainother criteria) using potentialfunctions
in a generalizedsphereworld. Waydo and Murray give a
streamfunction methodfor navigation in two-dimensional
ervironments[22].

Recentwork by Conneret al. [4] bearssimilarity to the
presentwork. They consideran cell-complex environmentin
d-dimensionaEuclideanspace They thenimposea potential
eld overeachindividual cell, takingasthe eld thepullback
of a potentialfunction on a disk, which hasa closed-form
solution.They requirethatthegradientof thepotential elds
be perpendicularto the cell boundaries,so that adjoining
potential elds can be easily piecedtogether Putting the
individual “componentcontrol policies” togetherguarantees
thatthe global control policy bringsthe robotto the goal.In
additionto specifyinga controlpolicy for kinematicsystems,
they develop control policies for systemswith dynamical
constraints.Conners work (and ours) can be seenin the
contet of the sequentialcompositionof funnels approach
[15], in which a collectionof controllersis developed,each
of which corvergesto a goal setwhich is either the actual
goalstateor in the domainof anothercontroller Following a
sequencef thesecontrollerswill causethe systemto arrive
atthe goal state.This ideawasfurther developedin [3], [18]

I1l. OUR ALGORITHM

Consider a point robot whose ervironment is a d-
dimensional cell comple; each cell is a (bounded) d-
dimensionalcorvex polytope.Typically, the complex might
resultfrom the corvex decompositiorof a generalpolygonal
ervironment. Let the goal state be x,, and let the cell
containingx, be C,. Then, using the connectiity of the
corvex cells, constructa graph and use a graph search
algorithm (suchasDijkstra's algorithm)to determinea path
from eachcell to C,. Hence,for eachcell otherthan C,,
we have a “successor’that representghe next cell on the
pathto the goal cell. We call every cell with a successoan
intermediatecell, in distinctionwith the goal cell, which has
no successorSeeFigure 2 for an illustration. Within each
cell, we will de ne a vector eld thatwill take every point
in that cell to the facebetweenit andits successofdenote
this face the exit face of the cell). In the caseof the goal
cell, the vector eld will take every point to the goal point.

At this point, two primaryissuesmustbe addressedrirst,
how canthevector elds for theindividual cells be designed
so that the global vector eld is smoothon the boundaries
betweencells? Throughoutthis paper the term smoothis
usedto denoteC°-continuous.Second,how can the cell
vector elds be designedso that they guaranteethat ary
trajectorybeginning in the cell will not exit that cell except
at the exit face?Conneret al. addresgheseissuesthrough
the carefulconstructiorof their potential elds. We dealwith
theseissuesthroughthe useof facevector elds. Eachface
(speci cally, each(d — 1)-dimensionaboundaryhyperplane)
of eachcell is assignedhvector eld, andwe requirethatour
eventualglobal vector eld agreewith the facevector elds



Fig. 2.  Pathsfound using the graph representatiorof the cells in the
ervironment.

Fig. 3. Vector®elds assignedo facesof cellsin the ervironment.

on the faces.The facevector elds are constructedn such
away asto guarantedhat the above issuesare satisfctorily
addressedformal proofsare givenin SectionlV.

Figure 3 shaws face vector elds for an example. Note
thatalthoughthe vector elds areshavn to be perpendicular
to the faces(similar to Conneret al.), this is not required.

Through the use of face vector elds, the problem of
constructinga global smooth vector eld is reducedto
constructinga smooth vector eld within each individual
cell. In the caseof the goal cell, the integral curves should
all corverge to the goal point; for all othercells, the integral
cunes shouldall go to the exit faceof the cell (and hence
continueto the successorell). In order to constructthis
vector eld, we needto smoothly transition betweenface
vector elds (since the overall vector eld is requiredto
matchthe facevector elds at the boundaryof the cell). We
achieve this using the interior generalizedvoronoi diagram
(GVD) of the cell. Using the GVD, the region of in uence
of eachface(andhenceeachfacevector eld) is de ned to
be the setof pointsinside the polygonwhich are closestto
that particularface.
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A bump function. If we let A(¢) = (1/t)e~1/t, thenb(t) =
t)).

Fig. 4.
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Within eachcell, the facevector eld is blendedwith an
attractor vector eld, which is de ned over the entire cell.
The resultingvector eld is equalto the facevector eld on
the boundaryof the cell, and equalto the attractorvector
eld onthe GVD. However, we still needa way to smoothly
blendthe facevector eld andthe attractorvector eld. We
accomplishthis through the use of bump functions which
are de ned asfollows:

De nition 3.1: Let X be a smoothmanifold, and let K
be a closedsetand U an openset,K ¢ U C X. Then
a bump function over U is a smooth,real-valued function

: X — [0;1] suchthat:

1) hassupportcontainedin U.

2) (x)=1foreveryx € K.

For our purposeswe will use a bump function on the
real line which transitionssmoothlyfrom 1 to 0 on the unit
interval. An illustration of sucha bump functionis givenin
Figure 4.

The parametewe usefor our bumpfunctionis essentially
the product of all fractional distancesto the facesof the
GVD. Formally, for ary point p we have

v d(p;fi) ]
iop A(pifa) +d(pife)”

in which {f;}7 arethe facesof the GVD andd(p;f;) is the
distancefrom p to facef ;. This function is smooth(except
at the verticesof the cell), and hasthe desiredproperty of
being identically equalto one on the exit faceand zeroon
all otherboundaries.

Since the bump function smoothly blendsthe face and
attractorvector elds togetherwe obtainavector eld which
is smoothover the entire cell. With small modi cations, the
above approactcanbe usedin the goal cell aswell; piecing
the cells togethey we obtaina vector eld which is smooth
over the entire free space.At eachpoint, the global vector
eld V(p) is dened asV (p) = norm(b(p)V¢(p) + (1 —
b(p))V.(p)), in which V¢ is the face vector eld for that

tp) =1- (1)



point, V, the attractorvector eld, bthe bump function,and
norm is the normalizationfunction,sothatV is a unit vector
eld. Formal proofsandconditionson the faceandattractor
vector elds aregivenin the following section.

IV. THEORETICAL ANALYSIS

In this section,we formally shav that the integral curves
of the vector elds our algorithm producesare guaranteed
to terminateat the goal state.In so doing, we give sufcient
conditionsto be satis ed by the face and attractor vector
elds. In the following section,we give examplesof how
to automaticallyconstructvector elds which satisfy these
conditionsand offer good practical performance The most
dif cult resultto show is that for every intermediatecell,
every integral curve goesto the exit faceof the cell. We will
begin by shaving thatthis is the case;after this is complete,
we will briey shav thatthevector eld in the goalcell will
bring every integral curve to the goal state.

We beggin by formally de ning attractorvector elds for
intermediatecells. Recallthatthe GVD consistof subsetof
hyperplanesvhich areequidistanfrom two facesof the cell.
Essentially we requirethat for ary suchsubsetthe vector
eld canonly crossit in a single direction. This enablesis
to constructa directedgraph correspondingo the possible
transitions betweenVoronoi regions of the cell. We then
requirethat the pathsthroughthis graphall terminatein the
node correspondingo the Voronoi region of the exit face.
Formally, we have the following:

De nition 4.1: Let C be a corvex cell with exit facef ,,
andconsidertheinterior GVD of C. An attractorvector eld
V, is a smoothunit vector eld on C which satis es the
following:

1) V, is alwaysdirectedtoward somepointin f .

2) Let h be a hyperplaneof the GVD with normaln. If
V, - n = 0 arywhereon the intersectionof the GVD
with h, thenV, -n = 0 everywhereon thatintersection.

3) The resultingdirectedtransitiongraphis agyclic and
every path throughthe graph terminatesat the node
correspondingdo the exit edge.

While this de nition permits mary different types of
attractorvector elds, we usea particularformulation. Con-
sidera corvex cell C with exit facef ., having normaln,,
and considerall neighboringfacesof f .. If the neighboring
facesintersectat a singlepointp, thenlet V, bea unit vector
eld which always points toward p or away from p (the
appropriatechoicewill have positive dot productwith n, in
C). If thefacesdo not intersectat a point (i.e., two or more
facesareparallel),thenlet V, be a constantvector eld, the
projectionof n, onto one of the parallelfaces.

Observatiod4.2: V, is an attractor vector eld.

Note that an attractorvector eld is also attainedif V, is
assignedio always point to somepoint p on the exit face
(the centroid, for example). We will make use of this fact
later. The de nition for anfacevector eld is simple:

De nition 4.3: Let C be a corvex cell with exit facef .
A facevector eld correspondingo a facef (with inward

normaln) is asmoothunit vector eld V; suchthatfor every
pef,Vy-n<0if f =f,, orVy-n> 0 otherwise.

Now, given an additional condition on the face vector
elds, we areableto shav that the integral curvesall reach
the exit face.It is olbvious that they do so without leaving
the cell, becausehe face vector elds all point inward at
the boundary(exceptat the exit face,wherethe vector eld
points outward). As before, considera convex cell C with
exit facef,. Considera non-«it face f, and denotethe
hyperplaneof points equidistantto f andf, by bs. Denote
the unit normalvectorof this hyperplaneto ben,; andlet it
be orientedso thatn,; - n, > 0. Finally, considera point p
in the Voronoi region correspondingo f , andlet V¢(p) be
the value of the facevector eld at that point.

Theoem4.4: If f =f,, thenletV,(p)-n, > 0, otherwise
let V¢(p) - nyy > 0. Thenall integral curvesof V read the
exit face

Proof: First, we know that at ary point p not in the
Voronoi region of the exit face, the attractor vector eld
satis esV,(p) - n,y > 0. the total vector eld atp, V(p), is
alinear sumof V, andVy, this impliesthatV (p) - ny; > 0.
In other words, on ary integral curve the distanceto the
hyperplaneby is always decreasingAs a result, two things
can happen:eitherthe hyperplaneis reachedor someother
hyperplanein the GVD is reachedlf the hyperplaneitself
is ever reachedthenthe integral curve hasreachedvoronoi
region of the exit faceandwill clearly continueto the exit
face.

Assumethat anotherhyperplanein the GVD is reached.
On the GVD, the vector eld is equalto the attractor eld,
and the hyperplaneis crossedin one direction only. If the
attractor eld is such that the integral curve staysin the
Voronoi region correspondingo f , thenthe sameargument
holds: the distanceto by continuesto decreaseRecall that
we usedthe attractorvector eld to build a directed,acyclic
graphwith all pathsterminatingat the exit cell. Hence,if
the integral curve continuesto anotherVoronoi cell, this
correspondso following anedgein the graphfrom onenode
to another Eventually we mustreacha nodein which the
only outgoingedgeis to the nodecorrespondingo the exit
region. Sincethe integral curve cannotcrossary hyperplane
but by, and the distanceto by is always guaranteedto
decreaseye obtain the result that by must eventually be
reachedAt this point, we have reachedthe Voronoi region
of the exit face and the integral curve will continueto the
exit face. [ |

We have shavn that for every intermediatecell, every
integral curve of the generatedvector eld will reachthe
exit face of that cell, and hencecontinueto the next cell.
Consequentlywe have shavn that all integral curves will
reachthe goal cell. However, it remainsto be shavn thatall
integral curvesin the goal cell will reachthe goal point.

For intermediatecells, we divided eachcell into regions
of in uence for eachedgevector eld usingthe GVD. In the
goalcell, we divide the cell someavhatdifferently Theregion
of in uence for eachfaceis de ned to the corvex hull of
the verticesof that facetogetherwith the goal point. Doing



this for every faceclearly resultsin a subdvision of the cell.
As before,we blend the facevector eld with the attractor
vector eld over eachregion. We again usethe product of
fractional distancesasthe parameteiin the bump function.

We alsosimplify our requirementson the attractorvector
eld. We now requireonly thatV,(p) - (x, —p) > 0 for ary
point p. Practically we use an attractorvector eld which
is always orientedtoward X, to satisfy this condition. For a
corvex cell C containinga goal point x4, considera point p
in the region of in uence of somefacef . Let V;(p) bethe
value of the facevector eld at that point.

Theoem4.5: All integral curvesin C read thegoal point
if for all such p andf, Vy(p) - (x, — p) > 0.

Proof: For ary point p, the distanceto the goal point
is alwaysdecreasindor ary V resultingfrom a linear com-
bination of V,, and V¢, sincethe distanceis decreasingor
V, and non-increasingor V;. Consequentlyevery integral
curve mustterminateat X ;. u

Giventhe previous theoremsthe following theoremholds
true:

Theoem4.6: The integral curvesof the vector eld V,
de ned over the entire free space all terminateat the goal
statex.

Proof: From Theorem4.4, ary integral curvesin an
intermediatecell proceedsto the exit edge as de ned by
the shortest-pattthroughthe graphcorrespondindo the cell
compl. All integral curves consequentlyproceedto the
goalcell. Then, Theorem4.5 impliesthatthe integral curves
terminateat the goal state. ]

Thus far, we have claimed that the global vector eld
resultingfrom the blending of individual face and attractor
vector elds is smooth,exceptingonly a setof measurezero.
We now elaborateon this quali cation. First, it is obvious
that if the cell comple is not simply connectedthen the
resultingvector eld cannotbe globally smooth.Therewill
be somefacesfor which the integral curvesmove in opposite
directions on the oppositesides of the face. An example
of an ervironmentwhich is not simply connectedcan be
seenin Figure 5. Second,it is clearly not smooth at the
goal point becausall integral curvesof the unit vector eld
arrive there.Practically it is simpleto apply a deceleration
policy as the robot approachegshe goal state, which still
allows you to arrive at a neighborhoodof the goal state
in nite time. Finally, the vector eld is not guaranteed
to be smoothon the (d — 2)-dimensionalintersectionsof
neighboringcells. This is the casebecausehe face vector
elds must have different values. If theseare cut out of
the free space(which can be done without consequence),
smoothnesss presered. Note that in the two-dimensional
case this correspondso eliminatingary Steinerpointsused
in the corvex decompositiorof the free space While this is
the case,simplecomputationshav thatthe vector eld and
all its derivatives match on the (d — 1)-dimensionalfaces
connectingadjacentcells, so our claim of smoothnesn
themis correct.

Finally, we claimedin the introductionthat our methodis
extremelyfastto compute.Therearethreeprimary computa-

Fig. 5. An environmentwhich is multiply connectedwith two different
goal statesshavn.

tion costs.First, thereis the costto computethe component
vector elds given an ervironmentanda goal state.Second,
thereis the problemof “initializing” the vector eld givena
new initial state.Finally, thereis the problemof computing
the new vector eld values when following an existing
trajectory All of thesecan be done quickly. First, consider
the precomputatiorphaseIf breadth- rstsearchis doneon
the graphcorrespondingo the cell comple, the successor
of eachcell canbe found in O(n) time, in which n is the
compleity of thecell complex®. Thefacevector elds canbe
assignedn lineartime if perpendiculafacevector elds are
used.The attractorvector elds likewise requireonly linear
time, sincethey canbe assignedo point to the centroidsof
the exit faces.

Secondgconsidertheinitialization. A point locationquery
must be answeredo determinein which cell the point lies.
This can clearly be answeredin linear time, and may be
answeredn logarithmictime if somepreprocessing done.
In two dimensionsthe optimal preprocessingpoundis O(n)
time, but practical algorithmstypically require O(nlogn).
Also, only linear spaceis requiredin two dimensions.A
goodalgorithmfor this purposes Kirkpatrick's triangulation
re nement method [7]. In higher dimensions,the results
are not as good: logarithmic query time (more precisely
O(dlogn), in which d is the dimension)can be attained,
but only at the cost of exponentialspace:O(nzd) [5].

After theinitialization is complete no morepointlocation

3Note that both the cells and the facesconnectingcells are includedin
n, justifying the O(n) bound.



gueries must be answeredin the course of computing a
trajectory Considertwo successie query points: they must
eitherlie in the samecell, or the secondonelies in the cell
which is the successoto the rst one. This is guaranteed
as long as we assumethat the vector eld is queriedat a
high enoughrate. This is a very weak assumptionsinceif
this doesnot hold, having a smoothvector eld is without
bene t. The most reasonableassumptionis that the vector
eld is queried nearly continuously which will result in
the condition holding true. Oncethe cell of a query point
is known, it requireslinear time (in the compleity of the
cell alongwith one neighboringcell). to computethe vector
eld value. Finding the closestedge requiresonly linear
time in the complity of the currentcell. If the radius of
the ball in the Voronoi cell must be computed,this could
require examining all the facesin the currentcell and in
one neighboringcell. Hence,the vector eld value can be
computedin linear time.

V. PRACTICAL CONSIDERATIONS

In the previous section,we statedfairly generalconditions
on the faceand attractorvector elds underwhich corver
genceis guaranteedThe purposeof doing this is to permit
a great deal of design e xibility, renderingour algorithm
highly practical.In this sectionwe will outline our approach
for designingfacevector elds. We alsogive severalconcrete
examplesto illustrate the impact of the choice of corvex
subdvision, face,and attractorvector elds on the quality
of the resultingpaths.

Consideranfacevector eld for somefaceotherthanthe
exit faceof a cell. As we have seensuchavector eld must
be directedinward at the faceitself and must always point
toward to hyperplanebisectingthe face and the exit face.
Moreover, in the casewhenthe faceis alsothe exit faceof
anothercell, this placesadditional restrictionson the eld,
sincein that cell the vector eld mustalways point toward
the exit face. While theserequirementsare satis ed by a
variety of different vector elds, we prefer constantvector
elds for thesale of simplicity. In generaltherestill remains
agreatdealof designfreedomunderthe constanwector eld
restriction.

First, considerthe casewhere we have a constantface
vector eld with only the restrictionthat it mustbe inward-
pointing at the faceitself. If we have this much freedom,
wheremight we want the vector eld to point? Four possi-
bilities are obvious. First, we might want the vector eld to
point toward the exit faceas much as possible,to promote
short paths.Second we might want it to point as far away
from the exit faceas possible,to avoid the sharpturnsthat
the rst approachmightinduce.Third, it might be preferable
to make eachfacevector eld perpendiculato its face;this
is the simplestapproachFinally, we might wish to compute
the centroid of the cell or of the exit face and direct the
vector eld toward it (say from the centroid of the face).
In different situations,eachof theseapproachegould offer
adwantageswe have notinvestigatedthis in depthat present.

So, we have madegeneralcommentsaboutwhat a con-
stant face vector eld might look like, in the absenceof
constraints.It is trivial to apply constraintsto the desired
vector eld, sinceeachis asimplehyperplaneconstraint(i.e.,
eachconstraintrequiresthat the vector eld have positive
dot product with the normal of some hyperplane).As in
the previous section,let f be a face under consideration,
and denotethe “bisector” hyperplanebetweenf andf . by
by. Denotethe unit normal vector of this hyperplaneto be
nyr. Recallthat n,; satis es the following inequality with
the outward-pointingnormal of the exit face:n,s - n, > 0.
Then,we requirethat the facevector eld have positive dot
productwith ny;. If the desiredvector eld doesnot satisfy
this, simply project the vector eld onto by, also adding
an arbitrarily-small fraction of n;; to attain a positve dot
product.

If the facevector eld is also the exit face vector eld
of a previous cell, we have more constraintgo apply Their
applicationhowever, is identicalto thatjust describedNow,
consideranexit facevector eld, andtake ary adjoiningface
f . Thenwe again have a bisectinghyperplaneandits normal.
The exit facevector eld mustsatisfya positive dot product
constraintwith eachbisectornormaln,s. In doing so, the
vector eld is guaranteedo crossthe exit faceasrequired.
Finally, it is worth noting that a perpendicularector eld
always satis es all the constraintswe have outlined. If a
different vector eld is desired, however, each constraint
must be examinedand satis ed in orderfor convergenceto
be guaranteedin our experiencewe have foundthata good
pathsare typically attainedif the exit facevector elds are
setto point to the centroid of the next exit faceandall all
otherfacevector elds setto be perpendicularAssuminga
reasonablechoice of facevector elds, the attractorvector
elds seemto exert a strongerin uence on path quality.

In additionto the choiceof attractor eld discussedbove,
a variety of otherchoicesare possible.One possibility is to
place the “attractor point” on the exit face, and have the
vector eld alwaysorientedtoward that point. Dependingon
wherethis pointis placedon the exit face,it tendsto strongly
in uence the vector eld to leave the cell nearthe attractor
point. Sometimesjt may also resultin sharpturns, which
canbe undesirable.

Finally, the choice of corvex decompositioncan greatly
affect the quality of the resultingpaths.This is particularly
important when the face vector elds are chosento be
perpendiculaito the edges.SeeFigure 6 for an illustration
of this point.

VI. CONCLUSION

In conclusion,we have introduceda new algorithm for
addressinghe problemof globalrobotnavigation.In contrast
with previous work, which usesthe gradientof a suitable
potential eld as a velocity command,we directly build
a smoothvector eld suitablefor robot navigation. Using
bump functions, we combine face and attractor elds so
that the integral curves of the resulting vector eld are
guaranteedbo terminateatthe goalstate.In additionto giving



Fig. 6. Thein uenceof differentcorvex decompositionsOn top, a path
with sharpturnsarisingfrom the choiceof decompositiorandperpendicular
face vector ®elds; on bottom, the artifacts eliminated through a better
decomposition.

theoretical proofs of the corvergenceof the vector elds
generatedvith our algorithm, we show illustrationsof how
to make designchoiceswhich resultin high-qualitypathsfor
practicalapplications.This vector eld canbe useddirectly
to control kinematic systems,or can be usedto develop
dynamiccontrol policiesasin [4], [18].

In the future, we planto continueto improve our methods
of choosingcomponenvector elds andblendingstrategjies.
In addition to this, we intend to extend theseideasto the
caseof a polygonal robot translatingand rotating in the
plane.We would alsolik e to integratethe ideasin this paper
with sampling-basedhotion planningtechniquesn orderto
develop global or local feedbackmotion plansfor arbitrary
robotic con guration spaces.
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