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Abstract—Minimalist models have been studied for a broad which comparisons can be made. By mapping sensor-action
array of tasks in robotics. In this paper, we consider the task- hijstories from a variety of robots into the same derived

completing power of robots in terms of the sensors and actuators o rmation space, we can compare the abilities of thesetsob
with which the robot is equipped. Our goal is to understand the . ’
in a concrete, formal way.

relative power of different sets of sensors and actuators and Lo Y .
to determine which of these sets enable the robot to complete Our objective is to compare the power of robots with vary-
its task. We de ne robots as collections ofrobotic primitives ing combinations of sensorimotor components. To formalize
and provide a formal method for comparing the sensing and the set of robots to which our analysis applies, we introduce
actuation power of robots constructed from these primitives. he idea of robotic primitives A single robotic primitive

This comparison, which is based on the how the robots progress represents a self-contained “instruction set” for the tahat
through their information spaces induces a partial order over P

the set of robot systems. We prove some basic properties of thisMay involve sensing, motion, or both. A robot model is de ned
partial order and then apply it to a limited-sensing version of by a set of primitives that the robot can use to complete its
the global localization problem. task.

The central idea is the notion of tld®minanceof one robot
model over another. In informal terms:

Among many researchers in robotics, there is a movement A rohot R, dominatesanother robotR; if R,
towardminimalism The minimalist philosophy is to use robots can “simulate” Ry, collecting at least as much
with very simple sensing and actuation capabilities. A give information asR;.

task will partition any suf ciently rich set of robots intawb T'](e meaning of this de nition hinges on the idea of one

subsets, one containing robots that can complete the taclllsenved information state giving the robot “at least as niuch

and another containing robots that cannot. In this coniext,. . . ;
) . ) : information as another. This leads us to augment the derived
is natural to identify thesimplestrobots that can complete.

the task. An alternative view of the same approach is lnformauon space with a partial order that indicates prefe

" Ences for some information states over others.
seeknecessary conditionsn robot systems that are able to
complete the task.

For concreteness, we apply these ideas to the task of
To this end, we ask two central questions in this wor

lglobal localization in which the robot must move from total
L in
What combinations of sensors and actuators enable a roéP

I. INTRODUCTION

%ertainty to total certainty in its state. What sensor sets

. . e minimal for localization, in the sense that eliminaté
to complete a given task? What does it mean for one robot oy

10 be “simpler” than another? We address these questions revents the robot from localizing itself? Using the domice
refull dp nin t of r.b t tems and ? ntin idéa described above, we give a partial answer to that qunesti
carefully dening a set of Tobol systems and presenting a,, g paper we make three primary contributions: First,

formal method for comparing the robots in this set. we present the idea of robotic primitives for modeling robot

we V\_/ant to study a robot's. ability complete certain task§ %?/stems as collections of independent components. Seaend,
determined by the “complexity” of the robot. To be precis ive a de nition for dominance of one robot system over an-

we consider the capabilities pf the robot in terms of the $et ther that formalizes the imprecise de nition above. Wevgro
sensors and actuators to Whlch the robot has access. We allow o hasic properties of this relation. Third, we apply ¢hes
the rpbot to perform computations, .bUt we we (.jo not restiiffeas to a limited-sensing version of the global localtati
the time nor space complexity of this computation. problem. We de ne a catalog of 4 robotic primitives and fully
A. Overview determine which of the 15 robotic systems induced by these

: : , : primitives can solve the localization problem.
We are interested in problems for which sensing (or the

lack of sensing) is important. At the heart of the issue is tHe Related work

idea that the robot does not know its true state. Instead, itSeveral lines of research are closely related. The mingnali
must use its history of actions and sensor readings to drapproach has a long history, dating perhaps to Whitney [42].
conclusions about its state. Since different robot systeave Minimalist approaches have been used in manufacturing con-
distinct spaces of actions and sensor readings, the sensexts for part orientation [2], [3], [17], [18], [19], [31]40],
action histories cannot be directly compared. Therefore, y43] and in mobile robotics for navigation and exploratids, [
use aderived information spacas the meeting ground on[10], [25], [22], [30], [32], [39].



More directly, a few works have attempted to identify
sensing requirements of tasks. Brafman et al. [9] consider
very similar issues for distributed teams of physicallynitieal
robots in discrete state spaces. Donald [14] also performs
a similar analysis, characterizing tasks according torthei
complexity measured in bit-seconds. Erdmann [16] applies
preimage backchaining to the problem of sensor design. Al-
though we are strictly interested in the physical abilitéshe Fig. 1. A robot in a planar environmeli¥ . Its state space ¥ = W S1.
robot, other work has explored the computation power needed
for various tasks [7], [8], [21]. Our work is distinguished
from these antecedents in at least two important ways.,Firgh equivalence relation identifying and 2 , represents the
rather than holding the robot's motor capabilities xed, wé&obot's orientation.
allow interactions between sensing and motion to be exiglici  Time proceeds in variable-lenggagesindexed by consec-
modeled with robotic primitives. Second, by considering thutive integers starting wit. In each stage, the robot selects
problem in the robot's information space, we can, in a gdne@n actionu from its action spacéJ and moves to a new
way, explicitly reason about the robot's state uncertainty ~ state according a state transition function X U ! X.

Since we consider a global localization task in some detafit the conclusion of each stage, the robot's sensors provide
it is worth mentioning the enormous body of work on localiza@n observatiory from an observation spacé, according to
tion methods for robots with many different kinds of sensing : X U ! Y. Call h the robot'sobservation function
systems. Some methods [5], [6], [11], [12], [13], [20], [37]L€t Xk, Uk, andyk denote respectively the state, action, and
[26], [41] passively observe the motions of the robot in ord@bservation at stagk. These sequences are related to each
to draw conclusions about the robot's state. Others [15],[2 other byf andh:
[24], [33], [34], [35], [36] actively drive the robot to rede
uncertainty.

While the examples in this paper use nondeterministic Yk = h(Xk;Yk): ()
uncertainty, which is. based on set membersh_ip, Fhe ba,’;ic'StrFor convenience, we also de ne an iterated versiori dhat
ture of our analysis is compatible with propgb!llstlc urtaarty appliesk actions in succession:
models like those of [38]. Many probabilistic methods (for
example, [4], [28]) can be characterized as operating in an fXOcugiu) = £ FE(gu)iu)  )iu): (3)
information space whose members are probability distiobst
over state space. In this sense, the model of uncertainty
use is orthogonal to the questions we address in this work

Xke1 = F(Xk:Uk) 1)

The robot's capabilities are modeled in the action and ebser
Vition setsU andY and in the mapg$ and h that interpret
these sets.

C. Organization Although we are assuming in this paper that both state

: : : : transitions and observations are deterministic, we belteat
This paper is organized as follows. Section Il lays a

. . o . . in r r context, managing unpredictability in moti
foundation of basic de nitions for robotic planning probis. a broader context, managing unpredictability otion a

Section Il introduces the concept of a robotic rimitivedanSenSing IS a crucial issue. We omit such uncertainty here
) P primiiy only because it would unnecessarily complicate the arsmlysi
de nes the set of robots induced by a catalog of primitives. |

Section IV we describe the information preference relaten without providing many new insights. A discussion of the
. . . ) on p a extensions needed to allow this kind of uncertainty appears
partial ordering over derived information space that fdines

the idea that some information states are better than othr—lzrr]sSeCtlon VIFA.

The de nition of dominance and some basic properties tHereB. Information spaces

appear in Section V. In Section VI, we apply the results aithough the robot does not know its state, it does have
from Sections Ill, IV, and V to the global localization taskaccess to the history of actions it has selected and ob&ersat
Section VIl contains discussion and conclusions. it has made. The space of such histories is the rothigsory
information space(history I-space), denotetls; . After k
stages, the robot'history information statghistory |-state)

In this section we present some general de nitions fQg 3 2k-dimensional vector = (ULl yaiiiiUGYk). We
robotic planning problems. occasionally abuse notation by writiffig U y+1 ; Yi+1 ) for the
history I-state formed by appending.; andyg+; to

We may de ne apolicy :lnst ! U over history I-space.
We allow a robot to move in a state spaXe GenerallyX  As a shorthand, we de ne a functidh that applies a policy

will be the con guration space [29] of the robot. The exanpleseveral times in succession, starting with some state
in this paper are for a point robot with orientation in therga

In these examples, we uge = W S!, in whichw  R2 FO(sx )= (4)
is the robot's environment an8! = [0;2 ]= , where s FCoox )= (k1 (k 0):h( (k) (5)

Il. BASIC DEFINITIONS

A. States, actions, and observations



in which « 1 = FX (::x ). Note thatF¥ depends on P Q) = O

the true statex (which is unknown to the robot) because

in uences the observation sequence that the robot receives U=z y=0
The history I-space is not particularly useful by itself.rFo Pc ® :> @
pairs of robots whose action or observation spaces differ, [J‘
the history I-spaces also differ, making the history I-gpac --7
unhelpful for comparing robots. For these reasons, we tselec u=sz y=12
a derived information spacélerived I-space) and aninfor-
mation mappingl-map) :lnst !l . If the history I-spaces Fig. 2. Sample executions of the primitives of Examples 2 ando@] Pa

of several robot models are mapped to the same derivedd!|ows the robot rotate relative to its current orientati[:hott_o_m] Pc allows
L the robot to rotate relative to a globally de ned “north” éation.
spacel , then the robots can be compared by examining their
progression through.
pisory. L6, (). This value gives amital conction fo the 919 &n acton s,
y, 1.e. : 9 functionf; : X U; !

robot, re ecting any knowledge the robot may have befor? Ul Y.

|tsb§xeﬁutl_cr)ﬂ begTsI. In prflnc:jple., v;el may slglec'tazg. We now give several examples to illustrate the idea. Exam-
arf|t|r|ar| y- *he uEe u ?ess ora elnve -spahce 'ei'm}_ ity ples 3-7 apply to a point robot with orientation in the plane,
to fully capture the information relevant to the task of net&. o, 5 - g2 “g1 |jystrations of these primitives appear in

Example 1:We de ne thenondeterministic I-spacénget, Figures 2-4. We will revisit these examples in Sections V and
in which derived |-states are nonempty subsetsXaf The VI.
interpretation is that the robot's derived I-state is a miai
set guaranteed to contain the true state. The I-mag

an observation séf;, a state transition
X, and an observation functiom :

Example 2:Let P = (S%;f0g;fa;ha). Let fo compute
relative rotations, so that from a state= ( X1;X2; ), we have

Inist 1 nder can be de ned recursively fa(x;u) = (x1;X2; + u). SinceY, = fOg contains only a
ndet () = X (6) dummy_ e_IgmenthA is_a trivial functio_n always returning.
L This primitive can be implemented with an angular odometer
ndet (3 U3Y) = on a mobile robot capable of rotating in place.

fEOGU) X2 naet(1);y = h(xu)g  (7)
_ o _ - Example 3:Let Pc = (S tf 0g;S*;fc;hc). Thet
In Equation 6, we assume the robot initially has no inforonati notation indicates a disjoint union operation, under which

about its state. identical elements from different source sets remain rutiti
De ne fc(x;u) to set the rotation coordinate &fto equalu

C. Tasks and solutions if u2 S or to leavex unchanged iti 2 f Og. The observation

We de ne ataskfor the robot as a goal region ing | functionhc returns the robot's nal orientation. This primitive

that the robot must reach. golutionis a policy under which, @mounts to allowing the robot to orient itself with respext t

for any x 2 X, there existd such that='( 1; :x) 21 . a global reference frame, or to sense its current oriemtatio
without rotating. This primitive can be implemented using a

[1l. DEFINING A SET OF ROBOT SYSTEMS compass on a robot that can rotate in place.

In this section we discuss how a set of robots can be de nedexample 4:Let Py = (f0g;f0g;f1;hr). Dene fr to

in terms of a set of independent components. compute a forward translation to the obstacle boundarys Thi
primitive can be implemented with a contact sensor on a
mobile robot that can reliably move forward.
At the most concrete level, a robot is a conglomeration
of motors and sensors connected to some sort of computefEx@mple S:Let P =([0;1 );[0;1 );f ;hy). Forx 2 X
Between these components there may be interactions @fu 2 U, denef (x;u) to compute a forward translation of
open- or closed-loop controls. We abstract this complexififStance at mosi, stopping short only if the robot reaches an
by de ning the notion of arobotic primitive Each robotic oPstacle rst. The observatioh (x;u) is the actual distance
primitive de nes a “mode of operation” for the robot. Wherfraveled. This primitive can be implemented with a linear
primitives are implemented, they may draw on one or more 8flometer. Depending on implementation issues, a contact
the robot's physical sensors or actuators. Every kind ofionot S€nsor may be needed as well.
or.sgr)sing available to the robot must bg rp_odelgd asa rObOtiCExample 6:Llet Pr = (fOg;[0:1):fr:hg). Again
pr|m|t|v§. Formally, we (_je ne _rqpoﬂc pr|m|t|vgs in termsf o f(x;u) = x for all x and u. The observatiorh(x;u) is
the action and observation abilities they provide.  yhe distance to the nearest obstacle directly in front of the
De nition 1: A robotic primitive (or simply aprimitive) is 5ot This primitive models the capabilities of a forward-

a tuple facing unidirectional range sensor.
(UisYiifishi)

A. Robotic primitives



if we allow noise to affect state transitions or observation
P, I:,'> B. A catalog of primitives

RP. ArobotR = fPR;,;:::;P;,g RP has action set
Ugr = Ut t Ui, and observationséfz = Yj,t t Y, .
The state transition functiorig : X Ur ! X, and
:> observation functiorhg : X Ur ! Yg, are formed by
P @/ o unioning thef andh maps from the relevant primitives. Since
Al robots are de ned by sets of primitives, it is meaningful to
u=d y=d apply standard set operations such as union or intersection
directly to robots. It is also helpful to de ne thgdobal history

I-space phist , which contains all sensor-action histories that
may be encountered by any robot constructed from primitives
/ |:"> in RP .
PR 7
Ve d2
@ u=0

c
1
o
<
1
o

As we have already discussed, different types of robots have

© y = d distinct action and observation sets. Therefore the héestor
cannot be directly compared. Instead, choose a derived I-
spacel and an I-map : phist 'l in which to make the

Fig. 3. Sample executions of the primitives of Examples 4-][Br allows . . . . .
the robot to translate forward until it reaches an obstdatéddle] P, allows COMparisons. Since the domain Bfe: includes actions and

a robot to specify a distance to translate. [bottdPr] allows the robot to Observations for any primitive, fully de nes a map from the
measure the distance forward to the nearest obstacle, bstnddehange the history I-space of any robot model into The choice of and
robot's state. . . " . I,

| is crucial because our de nition of dominance (De nition 4)
is parameterized by andl . Our analysis is task-independent
only to the extent thalt can encode the tasks (that is, the goal
regions) in which we are interested.

Pc IV. THE INFORMATION PREFERENCE RELATION

y=(xy) Our goal is a dominance relation under which we can
declare one robot “better than” another. To do so, we need
. . _ a formal notion of one I-state being “more informed than”
Fig. 4. A sample execution of the primitive of Example 7. The toenses . .
its position, but its state does not change. another. To that end, equip with a partial order we call an
information preference relationWrite 3 2 to indicate that
2 is a renement of ;. We require to have the property
Example 7:Let Pg = (f0g;R%fg;hg). For allx 2 X, thatforany i; 21 s, and foranyu2 U andy 2'Y,
fe(X; 0) = X, so that this primitive never changes the robot's _ . .
state. For a state = (x1;Xz; ), let h(x; 0) = (X1;x2). This (1) (2) =) (uuy) (2iuy): ©)
primitive roughly corresponds to a GPS device that the robhis is a consistency property requiring preference for lene
can periodically poll to determine its location in the plane state over another to be preserved across transitionspiades

Others possibilities for primitives include landmark senss ~ Example 8:Regardless of or , it is well-de ned (but
wall followers, visibility sensors, etc. A more completstli perhaps unhelpful) to use a trivial relation under which
ing of sensors suitable for adaptation into robotic prives ( ;) (2)ifandonlyif (1)= ( 2).
appears in Section 11.5.1 of [27]. o )

We believe there are several bene ts to modeling robot sys-EX@mple 9:Under nondeterministic uncertainty, we can
tems as collections of primitives. First, we claim that rébo 9€ "€ ( 1) (2) ifand only if (2)  (4). Itis
primitives represent roughly the right level of abstractiat Straightforward to show that Equation 9 is satis ed.
which planning problems are interesting but manageable. If The information preference relation we choose affects the
we consider sensors at too ne a level of detail, the problegoal regions that are sensible to consider. We should salect
takes on the character of a closed-loop control system.elf thegion in which, for every I-state in the region, we also g
primitives are too sophisticated, we risk trivializing thlan- any |-states preferable to it. De nition 2 codi es this ideé
ning problem while creating an unbearable modeling burdea rational goal region.

Second, by dividing time into stages, we avoid the technical De nition 2: Consider a set | of derived I-states. If,
dif culties of describing the robot's progression throughin  forany ; 2 1 and , 21 with ; 2, we have ; 2 1,
continuous time. This consideration is increasingly int@or thenl is preference closed
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: Ri=fP Rz = fPa;P
Ua : 5 1 RO 2 A FPLO
: Fig. 6. An illustration of Example 10. The robBt; = f P4 ; P g dominates
° . . the robotR; = fPgrg because the former can simulate the latter. [left]
(( a:uazh(x;ua)) : (FI( 8: 8)) A distance measurement made directly Ry. [right] Distance is measured

indirectly by R, using its linear odometer.

Fig. 5. An illustration of De nition 4. If R, can always reach an I-state

better than the one reached By, thenR1 E R». Example 10:Let Ry = fPrg andR; = fPa;P_g. Recall

the de nitions of these primitives from Examples 3, 5, and
6. We argue under nondeterministic uncertainty RRakE R,

Alternatively, we can view preference closure as a congtraPy showing thatR, can S|mulateRl in the precise sense of
on . Fixing a spaces of potential goal regions, we admit aDe nition 4. Let ; 2 I hlst and , 21| hlst with (1)
partlal order only if every region inG is preference closed ( 2). SinceU; = f0g, there is only one choice far;. Let
under . The trivial de nition of in Example 8 always | = 4 and dene > so thatR;, starting from ,, executes
passes this test, regardless®f these actions in succession:

(1) Use P with a very large input to move forward to
the nearest obstacle. Ldt= h(x;u) denote the distance

Now we turn our attention to a de nition of dominance moved.
of one robot system over another. This dominance relation?) UseP, with u = 180° to perform a half turn.

induces a partial order over robot systems according to thep) UseP, with u = d to return the robot to its initial
sensing and actuation abilities. We begin with a technica position.

V. A DOMINANCE RELATION OVER ROBOT SYSTEMS

de nition. ; o ;
De nition 3: A state x 2 X is consistentwith a his- (4) UsePa with u = 1807 to perform a half tum, returning
the robot to its original orientation.
tory I-state = (ug;yi;:ii;ux;yk) if there exists some _ . L g - o
X1 2 X such thatx = fK(xq;ug:::; ‘u) andy; = This policy is illustrated in Figure 6. From here it is easy to
h(F) I(xgupiisyu 1)iup) for eéchi =100k ! verify that from anyx 2 X, we have ( 1;uq;h(x;u1))

4 . .
We can now de ne the dominance relation. The intuition is(F " ( 27 2:%))-
that dominance is based on one robot's ability to “simulate” Example 11:Let R; = fPrg andR, = fP_g. We show

anothe.r.. _ _ under nondeterministic uncertainty they E R,. Let ; 2
. Dg n|t|F(:rF1>4 (:?Obet (ljlom|nance)ConS|der two  robots | O and ;21 @ with ; 5. Thereis only one choice
1, R2 Lo ora for u;. Choosd =1 and de ne ; to choose an input foP,
121 r(us)t : larger than the diameter of the environment. This causes the
2218 with (1) (2),and motions of R; and R, to be identical. The resulting derived
u; 2 Uy I-states ¢ and 9 for R; and R, are be the same, except

that R, receives a meaningful sensor reading that may cause
one or more candidates to be pruned. This sensor information
only makes 9 smaller, so the preferencd 2 is preserved.
(1ushcur))  (F'( 25 2:%) (10) Conclude thaR; E R.

. denotedR; E R,. It bears emphasis that the relation i_nduced by_De nition 4
depends on . The next two examples illustrate this.

there exists a policy > : | r("gt ' U and a positive integelr
such that for allx consistent with both; and »,

thenR, dominatesR; underl and
Informally, the de nition says thaR, can always select

actions that take it to an I-state at least as good as the on&xample 12:Let R; = fPag andR, = fPcg. We argue

reached byR;. See Figure 5. De nition 4 enables us to de nethat R; E R, under the usual nondeterministic I map with

robot equivalence in the natural way. the initial condition of total uncertainty. Let; 2 | { hlst and
De nition 5 (Robot equivalence)For anyRi;R; RP ,  , 21 with ;  ,. Letu; 2 Uy = S Choosel = 2

if R1ER, andR;ER; thenR; andR; areequivalentdenoted and de ne , to select the following two actions:

Ry Re. The set of robots equivalent ®, is denotedR1]. (1) yse p. with u = 0 to sense the robot's orientation

without changing the state. Letdenote this orientation.
(2) UseP¢ to rotate the robot to orientation+ u in the
global frame.

A. Dominance examples
Several examples will clarify the de nition.



As in Example 11, the resulting states fBr and R, are Lemma 4 might be misleading. Certainly, hardware com-

identical but, sinceR, knows its orientation, it may be ableponents can be made to interact in interesting ways. For

to eliminate some candidates th&t cannot. This establishesexample, a control system might combine information from

thatR1 E R». linear and angular odometers to execute circular arc mgtion
Are R; and R, equivalent under this I-map? No, becaus&his apparent contradiction is an artifact of the selectibthe

R, can, with a single action, sense its orientation, but thigimitive catalog. To be considered in this framework, low-

information can never be gathered Ry. ThereforeR, E R;
andR; 6 R».

Example 13:Consider a situation identical to that of Ex-

ample 12, but modify for a different initial condition () =
R? f
initial orientation. Then at every steR; knows its orientation
in the global frame, and can simuld® using angle addition.

Therefore we hav®; E R;. But using the same reasoning as

in Example 12, we knowR; E R,. Therefore, for this , we
haveR; R».

B. Properties of the dominance relation

= 2g. That is, the robot begins its execution knowing itﬁnd R, with Ry

level interactions should be modeled as member&®Bf in
their own right.

Finally, we connect the idea of dominance to the ability of
robots to complete tasks.

Lemma 6 (Solution by imitation)Consider two robot&R
E R, and a preference-closed goal region

(&) If Ry can reacH g thenR, can reacH .
(b) If R, cannot reach ¢ thenR; cannot reach .

Proof: For part (a) use the policy , implied by
De nition 4 to complete the task withR,. Part (b) is the
contrapositive of part (a).

We conclude this section with some basic properties that VI. EXTENDED EXAMPLE: GLOBAL LOCALIZATION

follow from De nition 4.
Lemma 1: The dominance relatioR is partial order. Like-
wise is indeed an equivalence relation.
Lemma 2 (Adding primitives can only helpgjor
R1;Rs RP ,R1ER;[ Rs.
Proof: Let 1 21 r(uls)t , 13 2

any

| 43

pist » andug 2 U;. Assume

(1) ( 13). Choosd =1 and 13( )= uyforall .Then
we have
( 1u;h(x;ug))  ( assu;sh(xuq))
= (F'( 13 13:%X); (11)

completing the proof.
Lemma 3 (Redundancy doesn't help): R; E Ry, then
R Ri[ Rz
Proof: SinceR,[ R, = Ry, it follows from Lemma 2
thatR, E R1[ R2. It remains to show thaR,[ R1 E R». Let
221 @ 1221 (12) andu, 2 U,. Assume ( 2) ( 12.

hist * hist 1
Choosel =1 and 1,( ) = u; for all . Then we have

( Bsug;h(x;ug))  ( 12;us;h(x;ug))
= (F'( 125 12:%);

completing the proof.

(12)

Lemma 4 (No unexpected interaction$): R, E R, then
Ri[ RsERz2[ Rs.

Proof: Let 132153, 5321 %) andujz 2 Ust Us.
Assume ( 13) ( 23). Eitheruyz 2 U; or uiz 2 Us. If
ui3 2 Uy, then becausR; E R; there exist 3 andl satisfying
the de nition for Ry [ R3E R2[ Rs. If uyg 2 Ug, then choose
I =1 and ,3( )= uys3 for all . Then for allx, we have

(137U1z;h(X;uaz)) (235 Uaz;h(X;U13))
= (F'( 25 23:%));
completing the proof.
Corollary 5: If Ry

(13)

Ry, thean[ R3 R2[ Rg.

In this section we present a detailed example illustrating
the de nitions of Sections IV and V. We considergobal
localization task, in which the robot has an accurate map of
its environment but has no knowledge of its position within
that environment.

A. Task de nition

LetW R? denote a planar environment in which a point
robot moves. Assume th&V is polygonal, bounded, closed,
and simply-connected and that the rotational symmetrymgrou
of W is trivial. The robot's state space ¥ = W St
accounting for its position withitW and its orientation.

We consider a cataloRP = fPa;Pc;Pr;P_Lg of four
primitives from Examples 2-4. From these primitives we can
form 15 distinct robots. For brevity, we use concatenatmn t
indicate the primitives a robot is equipped with, so that CT
refers to a robot with primitive sdtPc ; Prg; similar names
apply to the other 14 robot models.

Selectl = pow(X) ; . For , use the nondeterministic
map de ned in Example 1. The initial condition is total
uncertainty, so () = X. For use the de nition from
Example 9. The goal region for the localization task is

ls=f 21jj j=1g (14)

That is, we want to command the robot so that only a single
nal state is consistent with its history I-state. If the ailzan

complete the task for any consistent with the assumptions
above, we say that the robot can localize itself.

B. Equivalences and dominances

Although RP generates 15 robot models, we can use the
results of Section V to group them into equivalence classes.
Theorem 1:The following equivalences hold:

(@ CA C
(b) CTA CT
() TL L
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Fig. 7. Fifteen robot models grouped into their eight eq@rak classes.

(d) TAL AL Fig. 8. Classication of robot models under which the location task
(e) CAL CTL CTAL CL can be completed. Shaded models do not admit a solution. Arnugisaite

The three remaining robot models, A, T, and AT, are iﬂommances'

singleton equivalence classes.
Proof: (a) Combine Example 12 and Lemma 3. (by yncertainty in transitions and sensing
Combine Example 12, Lemma 3, and Corollary 5. (c) Com- _ ) .
bine Example 11 and Lemma 3. (d) Combine Example 11,First, as we have already mentioned, we require state
Lemma 3, and Corollary 5. (e) Combine Examples 11 and 1$ansitions and observations to be deterministic. To relax
Lemma 3, and Corollary 5. this restriction, extend the state transition and obsmmat
These equivalences are illustrated in Figure 7. From eadnctions to include a third parameter chosen by an external
select the unique robot with the fewest primitives and discadecision maker “nature”. This leads fo: X U 1 X
the remaining 7 robots. We can state a number of dominan@¥lh : X U ! Y. In each stage, nature selects a
between these classes. 2 and a 2 . Nature's selections are governed by
Theorem 2:Between representatives of the equivalencd Nondeterministic or probabilistic uncertainty model ethi

classes from Theorem 1, the following dominances hold: Must be specied as part of the problem description. This
(a) CE CTE CL extension can be incorporated into De nition 4 by the adufiti

(b) AE ATE AL E CL of universal quanti ers over and

(c) LEALE CL
(d) TEATE CTE CL

Proof: Combine Examp|es 11 and 12 with Lemma 2. The form of De nition 4 is local in an important sense.
Comparisons are made based on a robot's ability to simulate

another robot's trajectory i, step by step. An equivalent
Which equivalence classes contain robots that can compleggbal” de nition can be de ned in terms of reachable sets
the localization task? First, notice that several robot @i®d and preference closure. L&(R;) | denote the I-states
are so absurdly simple that we can rule them out immediatelgachable byr; and forN | , letPc (N) denote the set of
Lemma 7:None of C, A, L, and T can localize themselvesy]| |-states ; for which there exists an, 2 N with
Proof: For C and A, notice that no action changes thghenR, E R, if and only if Z(R1) Pc (Z(Ry)).
robot's position and no observation is in uenced by positio
Therefore neither robot can ever gather information absut C. Probabilistic uncertainty
position. For L and T, notice that the robot can never change
its orientation. Information available to the robot is lted to
the ray extending from its initial state to the nearest alleta
forward. SinceW may contain continua of starting state
consistent with this information, neither robot can lozali
itself.
Two prior results are helpful for the remaining cases.
Lemma 8 ([33], [34]): AL and CT can localize themselves
but AT cannot.
Finally, we can nish the classi cation:

B. Reachable sets and preference closure

C. Completing the localization task

1 2-

We have focused our attention on nondeterministic un-
certainty. Our results also apply, at least in principle, to
éarobabilistic uncertainty. In this context, the relevaatided |-
spacd prop is a space of probability distributions ovkr. It is
not immediately clear what the “right” information prefare
relation over such a space would be. Depending on the models
used, it may also be necessary to relax De nition 4 to require
only thatR, can simulatdR; with suf ciently high probability.
More generally, the differences between nondeterminastid
Lemma 9:CT can localize itself. probabilistic uncertainty models warrant further expta
Proof: Combine Lemma 6 with Lemma 8. For example, nondeterministic uncertainty has the prgpert

The results of Lemmas 7-9 are summarized in Figure 8.that sensing can only help — actions from primitives Ifke
(Example 7) orPr (Example 6) that do not change the state

VII. DISCUSSION AND CONCLUSION will always lead to a derived I-state at least as good as the
There are several issues that space limitations preventausrent one. Under probabilistic uncertainty, this prépeioes
from fully describing. not hold; sensing can sometimes increase uncertainty.



D. Finiteness oRP
Another avenue for extension is to consider the case when

(17]

RP is not a nite set. For example, we may exteRd (from [18]
Example 5) to a family [19]
fP, =(S%fogf. ;he)j  Og 19 20

of primitives, each using a noisy linear odometer whosererro
is bounded by . With reasonable choices for, , and , one
can show that. , E P.. , if and only if » 1. If RP
contains many such families of primitives, and we assun)
each robot has at most one primitive from each family, then
the space of robot models is a cubeRfA. The problem of
identifying the region in which a given task can be solved is
correspondingly more dif cult. [24]

(21]
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