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Abstract— Sampling-based planners have solved dif�cult
problems in many applications of motion planning in recent
years.In particular , techniquesbasedon the Rapidly-exploring
RandomTrees(RRTs) havegeneratedhighly successfulsingle-
query planners. Even though RRTs work well on many prob-
lems,they haveweaknesseswhich causethem to exploreslowly
when the samplingdomain is not well adaptedto the problem.

In this paper we characterize these issuesand proposea
general framework for minimizing their effect. We develop
and implement a simple new planner which shows signi�cant
impr ovement over existing RRT-basedplanners. In the worst
cases,the performance appears to be only slightly worse in
comparison to the original RRT, and for many problems it
performs orders of magnitudebetter.

Index Terms— Motion Planning, Voronoi Bias,RRTs

I . INTRODUCTION

Motion planning has many applicationsin such areas
as robotics, manufacturing, pharmaceuticaldrug design,
computationalbiology and computergraphics.The com-
putational intractability of the general motion planning
problemhasled to the developmentof the sampling-based
algorithms,which have beensuccessfullyusedin practice
over the last decade.Unfortunately, there is no planning
algorithmthatef�ciently solvesall instancesof themotion
planning problem. Each planner has a set of applicable
problems,onpartof which it performswell, andonanother
part it may perform poorly. Designinga single algorithm
thatreliablyperformsonalargesetof problemsis important
to themotionplanningarea.

Currentsampling-basedalgorithmscan be divided into
two sets of approaches:multiple-query and single-query
methods.Theprimaryphilosophy behindthemultiple-query
methodsis that substantialprecomputationaltime may be
takensothatmultiplequeriesfor thesameenvironmentcan
be answeredquickly. The ProbabilisticRoadmap(PRM)
planner[19] is an exampleof suchmethod.More recent
roadmapmethodsarebasedon importancesampling.They
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Fig. 1. A bug trap problem in high dimensionscan be a challenging
problemfor RRT-basedplanner(a). It becomesmuch more challenging
when a region for samplingis enlarged (b). The tree constructedby the
RRT planneris shown in blue (black nodesand edges)and the Voronoi
regionsassociatedwith thenodesof thetreeareshown in red(grayedges).

concentratesamplesin a nonuniform way, for example,
along the C-spaceboundaries[1], [4], or the medial axis
[14], [28], [35]. Theseand other methodsare primarily
designedfor solving problemswith narrow corridors[12],
[15]. Thevisibility approachtaken in [31] leadsto another
nonuniformway of samplingover the con�guration space.
PRMs can also be extendedto problemsof motion plan-
ning for closedchains[9], [13], [36], multiple robots[34],
andnonholonomicrobots[30], althoughtherearedif�cul-
tieswith handlingcomplicateddifferentialconstraintswith
PRMmethods.

Multiple-querymethodsmay take considerableprecom-
putationtime, thusdifferentapproachesweredevelopedfor
solving single-queryproblems[3], [16], [23], [27], [29].
Rapidly-exploring RandomTrees (RRTs) were primarily
designedfor targetingsingle-queryholonomicproblemsand
problemswith differentialconstraints[21], [23], [25]. The
performancesuccessof theRRTsonmany motionplanning
problemshas led to broadextensionsand applicationsof
this approach.For example, problemswith complicated
geometriesarehandledwith theRRT-basedplannersin [7],



[10]. Extensionsof RRTs for manipulationproblemsand
motionsof closedarticulatedchainsare developedin [8],
[17], [18], [33]. Adaptedversionsof RRTs for kinodynamic
and nonholonomicplanningalso exist [5], [6], [11], [20],
[22], [25]. In theplaceof randomsamplingusedin these,de-
terministic, resolution-completealternatives of RRTs have
beenproposedin [24], [26].

EventhoughRRTs work well in many applications,they
have several weaknesses,which causethem to perform
poorly in somecases.This is the reasonwhy adaptations
and extensionsof RRTs are proposedto handledifferent
classesof problems.In this paper, we characterizethese
issuesandproposea generalframework for minimizing the
effectof someof theseweaknesses.Wehavedevelopedand
implementeda simple new plannerthat shows signi�cant
improvementover existing RRT-basedplanners,in some
casesby severalordersof magnitude.Theresultingplanner
treatssomeof the pathologicalcasesof the original RRT,
and at the sametime is adaptedto solve more classesof
motion planningproblems.By taking into accountthe ob-
staclesof thecon�gurationspaceinto theVoronoibias,the
plannersolvesproblemsthat have complicatedgeometries
more ef�ciently . Although the idea is generalenoughand
shouldbe applicableto otherconstrainedmotion planning
problems(e.g. planning for closedchains,nonholonomic
planning),in this work we concentratedonly on holonomic
problems.

In thenext sectionwe re-examinetheVoronoibiasedex-
plorationstrategyof theRRTsandillustratetheperformance
of the RRT algorithmon onechallengingexample.In the
endof sectionII, we formulatethe problemof controlling
Voronoi bias for more ef�cient exploration of the con�g-
urationspace.We proposeour solution to this problemin
SectionIII andtheexperimentalevaluationsin SectionIV.

I I . VORONOI BIAS EXPLORATION IN RRTS

RRTs were originally introducedin [23]. Starting at a
given initial con�guration, RRTs incrementallysearchthe
con�gurationspacefor a pathconnectingtheinitial andthe
goalcon�gurations.At eachiterationanew con�gurationis
sampledandtheextensionfrom thenearestnodein thetree
towardthissampleis attempted.If theextensionsucceeds,a
new nodein thetreeis created.

There are several plannersthat exploit the exploration
propertiesof the basicRRTs, suchasthe RRT-CONNECT
planner(pseudocodeshown in Figure2). Bidirectionalver-
sionsof RRTsexist (bi-RRTs),whichalternateexecutionof
thebasicalgorithmfor two treesgrowing fromtheinitial and
thegoalcon�gurations,andput someadditionalboundson
thesizesof eachof thetrees(bidirectionalbalancedRRTs).

RRT exploration is determinedby the Voronoi diagram
of thenodesin thetree.Theprobability thata nodewill be
chosenfor anextensionis proportionalto thevolumeof its
Voronoiregion.Therefore,theRRT tendsto rapidlygrow in
theunexploredregionsof thecon�gurationspace.

BUILD RRT(qinit )
1 T :init (qinit );
2 for k = 1 to K do
3 qr and  RANDOM CONFIG() ;
4 qnear  NEARESTNEIGHBOR(qr and ; T );
5 if CONNECT(T ; qr and ; qnear ; qnew )
6 T .addvertex(qnew );
7 T .addedge(qnear ; qnew );
8 ReturnT ;

Fig. 2. TheRRT-CONNECTconstructionalgorithm.

A. MotivatingExample

Considera problemshown in Figure1(a).The taskis to
move the robot outsideof the bug trap1. Sincethe sizeof
the free spaceinside the trap is considerablylarger than
the narrow opening,in high dimensionsit can be a very
challengingproblemfor any motionplanner. Now consider
theVoronoi regionsof thesetof samplepointsbuilt by the
RRT plannerinside the trap. Thereis a considerablebias
toward the points nearthe obstacles.That is, most of the
points on the boundaryof the trap will have higher prob-
ability of beingselectedfor extensionthanthe pointsnear
the openingaccordinglyto the sizesof the corresponding
Voronoiregions.

Theproblembecomesevenmorechallengingif thesam-
pling region is enlarged.It may becomeso dif�cult that a
regular RRT will not be able to solve the 2-dimensional
problem shown in 1(b) in any reasonabletime. This is
explainedby aneven largerbiastoward thepointsnearthe
obstacles.In fact, theVoronoi regionsof thesepointsgrow
with thesizeof theenvironment.Meanwhile,thetreein the
middleof thebug trapdoesnotgrow atall.

The obvious solution to this problemwould be to limit
thesamplingregion to �t thebug trap.However, while this
wouldhelpin thiseasycase,theapproachwouldnotbegen-
eralenoughto dealwith othermotionplanningproblems.

In whatfollowswedistinguishdifferenttypesof nodesin
the tree.We call frontier nodesthe verticesin the treethat
havetheirVoronoiregionsgrowing togetherwith thesizeof
the environment.The boundarynodesarethosethat lie in
someproximity to theobstacles.It is importantto notethat
the frontier verticesprovide especiallystrongbias toward
theunexploredportionsof thecon�gurationspace.In many
casesthis helpsthetreeto rapidly grow. However, this may
causeaslow-down in theperformancewhenafrontierpoint
is alsoa boundarypoint. For example,in the Figures1(a)
and(b), all thefrontierpointsarealsoboundarypoints.The
problemis that they have high probability of beingchosen
for extensionin the directionof the obstacles,but mostof
thetimestheextensioncannotbeperformed.

In general,boundarypointsaregivenmoreVoronoibias
than they can explore. As a consequence,prohibitively

1This nameis inspiredby actualdevices for catchingbugs.They can
entereasily, but it is hardto escape.Theanalogywassuggestedby James
O'Brien in aconversationwith JamesKuffner.
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Fig. 3. For a setof points insidea bug trap differentsamplingdomains
are shown: (a) regular RRTs samplingdomain,(b) visibility region, (c)
dynamicdomain.

many expensive operationsarebeingperformedduring the
executionof the RRT planners.For example,interpolation
betweenthe new con�guration and its nearestnodein the
tree is requiredat eachiteration in the holonomicversion
of the RRTs. This involves several collision checksbeing
performedalongthe interpolationpath,which maybevery
expensive in the environmentswith complicatedgeometry
[10]. Inversekinematics,togetherwith interpolation,should
be performedat eachiterationof someRRT-basedplanner
for systemswith closed linkages [9]. For nonholonomic
planners[6], [25], someintegrationis alsorequiredat each
iteration.

Thus,thegoalof thispaperis to �nd awayof reducingthe
numberof expensive iterationsin RRTs by controlling the
Voronoibiasof thenodesin thetree.Wede�ne theproblem
formally in thenext subsection.

B. ProblemDe�nition

Let C beann-dimensionalcon�gurationspace,andCobs

be the setof obstaclesin this space.Let V be a setof N
collision freepointslying insideCf r ee = C n Cobs (i.e. the
currentRRT'snodes),andD betheVoronoidiagramof V .

De�nition 2.1: Let L beany local methodthatcomputes
apathL (v; v0) (e.g.,thestraightline segment)betweentwo
given nodesin the tree v and v0. We de�ne the visibility
domainof apoint v for L asin [31]:

V isL (v) = f v0 2 Cf r ee suchthatL (v; v0) 2 Cf r eeg

De�nition 2.2: For a point v 2 V and its Voronoi
region D(v) de�ne the visible Voronoi region of v to be
O(v) = V is(v) \ D (v).

Now considertheunionof all thevisibleVoronoiregionsS

v2 V
O(v), which togethercomprisethe visibility region of

the setof pointsV . A uniform distribution over
S

v2 V
O(v),

which we call a visibility distribution, would be moreap-
propriatefor theRRT plannerthantheuniform distribution
over the con�guration space.Indeed,this distribution does
nothavebiasfor exploringtowardtheobstacles.At thesame
time it includesthe importantbias toward the unexplored
partsof the con�guration space.Examplesof the visibility

obstC obstC obstC

v v v
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Fig. 4. For a non-boundarypoint differentsamplingdomainsareshown:
(a) regularRRTssamplingdomain,(b) visibleVoronoiregion,(c) dynamic
domain.
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Fig. 5. For a boundarypoint differentsamplingdomainsareshown: (a)
regular RRTs samplingdomain,(b) visible Voronoi region, (c) dynamic
domain.

distribution for a linear local plannerandthe uniform dis-
tribution over all con�guration spacefor the set of points
insidethebug trapareshown in Figures3(a)and3(b).

Ideally, thedistribution over thevisible Voronoidiagram
shouldnot be uniform. It shouldconcentratemore points
inside the narrow corridorsand lesspoints in larger open
areasof the space.This by itself is a very hard problem,
since�nding narrow corridorsmay be harderthansolving
theoriginal motionplanningproblem.Producinga uniform
distributionfrom thevisibleVoronoiregionsis alreadyquite
a challengingtask.In this paperwe proposeanotherdistri-
bution, which is easierto computebut retainssomeuseful
propertiesof the visibility distribution. The next section
describesthisapproach.

I I I . DYNAMIC-DOMAIN RRT PATH PLANNER

Althoughthevisibility distributionprovidesthenecessary
biasto the RRT planners,computingit may be expensive.
Considercomputing the visible Voronoi region O(v) of
somenodev in thetree.Findingthepointsin D(v) thatare
visible from v may requireperforming interpolationand,
therefore,expensivecollisiondetectioncalls.This is exactly
what plannersshould try to avoid when the interpolation
is expensive. Therefore,we consideranotherdistribution
whichwede�ne asfollows.

De�nition 3.1: Given a boundary point v at distance
at most � from an obstaclein Cobs, de�ne the boundary
domainfor v asthe intersectionof theVoronoi region of v
andann-dimensionalsphereof radiusR, centeredat v.

De�nition 3.2: Thedynamicdomainof radiusR for the
set of points V is the boundarydomainsof the boundary
points combined with the Voronoi regions of all other



BUILD DYNAMIC DOMAIN RRT(qinit )
1 T :init (qinit );
2 for k = 1 to K do
3 repeat
4 qr and  RANDOM CONFIG() ;
5 qnear  NEARESTNEIGHBOR(qr and ; T );
6 until dist (qnear ; qr and ) < qnear .radius
7 if CONNECT(T ; qr and ; qnear ; qnew )
8 qnew .radius= 1 ;
9 T .addvertex(qnew );
10 T .addedge(qnear ; qnew );
11 else
12 qnear .radius= R;
13 ReturnT ;

Fig. 6. ThedynamicdomainRRT constructionalgorithm

points.The uniform distribution over this domainis called
thedynamicdomaindistribution.

The differencesbetweenthe original RRT's sampling
domain,thevisibility region anddynamicdomainfor a set
of pointsinsidea bug trapcanbeseenon Figure3. Whena
point is quitefar from theobstacles,its boundarydomainis
thesameastheRRT's samplingdomain,that is, thewhole
Voronoiregion (Figure4). On theotherhand,whena point
is a boundarypoint, the boundarydomainmay be much
smallerthanboth thevisible Voronoi region andthewhole
Voronoiregion (Figure5).

The � parametershould be chosencarefully. It should
besuf�ciently small,so that thepoint becomesa boundary
point whenmostof the attemptsto interpolatefrom it fail.
On the otherhand,it shouldnot be smallerthan the reso-
lution of thetree,to reducethenumberof redundantnodes.
Therefore,� canbenaturallychosenastheinterpolationstep
in theconnectfunctionof theRRT planner. TheradiusR is
chosenasamultipleof � .

A. Implementation

To obtainthedynamicdomaindistribution,wegeneratea
distributionfrom thecon�gurationspaceC, andthenrestrict
it to the dynamicdomain.Given that the original distribu-
tion wasuniform, the obtainedrestrictionis alsouniform.
Computingthis restrictioncorrespondsto the lines 3-6 in
the Figure 6. The radius �eld of eachpoint storesvalue
R, if it is a boundarypoint, and value 1 otherwise.It is
importantto note,thatfor thisstepto beef�cient therandom
con�gurationsshouldbechosenfrom theareaclosely�tting
the dynamic domain. In our experimentsthis areais the
smallestboundingboxamongall boundarydomains.

Next, we show how to incorporatesamplingfrom the
dynamicdomainin theRRT-CONNECTplanner. Thecom-
pletepseudocodeis shown on �gure 6. The algorithmup-
datesthe informationabouttheboundarypointson the �y .
At thebeginningof theexplorationof thetree,all pointsare
consideredto benon-boundary. As soonastheinterpolation
from oneof thenodesfails (meaningthatthedistanceto the

(1) (2) (3)

Dynamic-Domainbi-RRT bi-RRT
time (1) 0.4sec 0.1sec

no.nodes(1) 253 37
CD calls(1) 618 54

time (2) 2.5sec 379sec
no.nodes(2) 1607 6924
CD calls(2) 3751 781530

time (3) 1.6sec > 80000sec
no.nodes(3) 1301 –
CD calls(3) 3022 –

Fig. 7. Thegoal is to move a point robotout of thetwo-dimensionalbug
trap.Resultsfor differentenvironmentsizesareshown in (1), (2), (3). Each
next environmenthas50 timesthevolumeof thepreviousone.

obstaclesis at least� , where� is lengthof the interpolation
step)thepointbecomesa boundarypoint.This corresponds
to the lines11-12in thecode.Theradius�eld of this point
is updatedto R. Next time the samplesfrom the Voronoi
regionof thispointarerestrictedto its boundarydomain.

It is important to note that the dynamicdomainRRTs
retainthe probabilisticcompletenessof the original RRTs.
The argumentfollows closelyto the onepresentedin [21].
Deterministic,resolutioncompletenesscanalternatively be
obtained(whichresultsin anRDT) by usingadensesample
sequencein theplaceof therandomsequence[24].

Another note is that the proposedmethodchangesits
behavior with the size of the radius parameterR. When
the radiusis chosento be1 , this dynamicdomainRRT is
thesameastheoriginal RRT. As theradiusvaluebecomes
smaller, the behavior of the dynamicdomainRRT is more
greedy. The tree tendsto producemore nodesin the free
space,since the bias of the boundarypoints is reduced.
Therefore,ef�cient nearestneighbormethodsadaptedto
the topologyof thecon�guration spaceshouldbeused[2].
Unfortunately, wedonothavetheoreticalcharacterizationof
thedependenceof theperformanceof thedynamicdomain
RRT from the radiusparameter. However, thereis a strong
relationshipbetweenthis parameterand the interpolation
stepsizeof the RRT. For all our experimentswe setR =
10� .

IV. EXPERIMENTAL RESULTS

We have implementedour algorithm in C and incor-
porated it into the software platform Move3D [32] de-
veloped at LAAS. The experimentswere performedon
a 333 MHz Sunblade100 running SunOs5.9 and com-
piled undergcc 3.3. We have comparedthe performance



Dynamic-Domainbi-RRT bi-RRT
time 70sec 2926sec

no.nodes 1358 428
CD calls 47710 1257055

Fig. 8. Moleculeexample.Thetaskis to computethepathway of a small
moleculeto theactivesitelocatedinsidetheproteinmodel.

Dynamic-Domainbi-RRT bi-RRT
time 217sec > 80000sec

no.nodes 219 –
CD calls 30443 –

Fig. 9. An examplefrom themanufacturingindustry. Thegoalis to �nd a
collision freepathdismountingawipermotorfrom acarbody.

of the bidirectional balancedRRT-CONNECT algorithm
and Dynamic-Domainbidirectional RRT-CONNECT. For
eachof the experimentswe show the running times, the
numberof nodesin the solution treesand the numberof
the collision detection(CD) calls during the construction
process,averagedover 50 runs.

We �rst show the resultsobtainedfor a bug trap in two
dimensions(Figure 7). We have picked several different
environmentsto demonstratethedeteriorationof theperfor-
manceof theclassicalbi-RRT plannerwith theenvironment
size. In comparison,the averagerunning times of the dy-
namicdomainRRT donotchange.

Next experimentwasperformedon the moleculemodel
shown in Figure 8. Since the molecule is modeledas a
3-d rigid body, the con�guration spaceis 6-dimensional.
The task is to computethe pathway of a ligand (i.e. the
smallmoleculedisplayedin black)to theactive sitelocated
inside the proteinmodel.The motion planningproblemis

Dynamic-Domainbi-RRT bi-RRT
time 161sec 237sec

no.nodes 25483 20392
CD calls 604503 464137

Fig. 10. Thegoal in this exampleis to move a two link articulatedbody
with 4 degreesof freedomfrom onecornerof thelabyrinthto another.

relatively easyhere,sincethe numberof nodesrequiredto
�nd a solutionby a regularbidirectionalRRT is 400.How-
ever, sincethe collision detectioncalls arevery expensive,
the performanceof the regular bi-RRT is poor. Therefore,
settingupasmallradiusparameter, whichresultsin a larger
numberof nodesconstructedby thedynamicdomainRRT,
resultsin muchfasterrunningtimes.

Next example in Figure 9 is a benchmarkfrom the
automotive industry. Automotive industryprovides impor-
tant applicationsfor motion planning,sincethe industrial
companiescanverify themanufacturingprocessand/orthe
maintainabilityof the assemblyby computingthe solution
to the motion planningproblem.The goal in this example
is to �nd a collision free pathdismountinga wiper motor
from a car body. This is a real industrialproblemwhich is
highly constrainedandwassolved beforewith the method
describedin [10]. The original bi-RRT is not ableto solve
this problemafter running for several days.The dynamic
domainRRT solvesit onaveragein severalminutes.

The problemshown in Figure 10 is a motion planning
problemfor a two link articulatedbody with 4 degreesof
freedom.Thegoal is to move the robot from onecornerof
the labyrinth to another. Thecollision checksarerelatively
cheapin thisproblemandthereareseveralnarrow passages.
This problemis easilysolvedby theoriginal RRT method,
however, thedynamicdomainRRT is still advantageous.

V. CONCLUSIONS AND FUTURE WORK

We have consideredtheVoronoibiasedexplorationstrat-
egy of the RRTs andcharacterizedthe weaknessesof this
strategy when the obstaclesin the con�guration spaceare
nottakenintoaccountand/orthesamplingregionis inappro-
priatelychosen.We thenproposeda generalframework for
addressingtheseproblemsby consideringa new sampling
strategy basedon the visibility region of the nodesin the
tree.The new planneradaptively controlsthe Voronoi bias
of thenodeswhichresultsin abetterexploration.Ourexper-
imentalresultsshow thattheplannersuccessfullysolvesthe



problemswith constrainedgeometriesaswell asotherholo-
nomic problems,sometimesby several magnitudesfaster
thantheoriginal RRTs. This suggeststhat thenew planner
is suitedfor a largersetof motionplanningproblems.

Thereareseveralwaysto improve thecurrentwork. The
boundarydomainsthatwe considerin this paperarebased
on spheres.This maysometimesbe too constraining,since
the boundarydomain is smaller than the visible Voronoi
region. It also requirestuning the additionalparameterof
radiusof thesphere.Oneimprovementwouldbeto consider
otherkindsof boundarydomains,for examplehyperplane-
baseddomains,which are automaticallyadaptedwith re-
spectto thedistancesto theobstacles.

Another importantdirection is to apply this framework
for other constrainedmotion planning problemssuch as
planning for closed linkages,planning under differential
constrains,etc,whereboth thecostof the iterationcompu-
tationsandtheVoronoibiasgreatlyaffect theef�ciency of
planningalgorithms.
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[8] J. Cort́es and T. Siméon. Sampling-basedmotion planningunder
kinematicloop-closureconstraints. In 6th International Workshop
onAlgorithmicFoundationsof Robotics, pages59–74,2004.
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