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Abstract— Sampling-based planners have solved dif cult
problemsin many applications of motion planning in recent
years.In particular, techniquesbasedon the Rapidly-exploring
Random Trees(RRTs) have generatedhighly successfukingle-
query planners. Even though RRTs work well on many prob-
lems,they have weaknessesvhich causethem to explore slowly
whenthe sampling domain is not well adaptedto the problem.

In this paper we characterize theseissuesand proposea
general framework for minimizing their effect. We develop
and implement a simple new planner which shows signi cant
impr ovement over existing RRT-basedplanners. In the worst
cases,the performance appearsto be only slightly worse in
comparison to the original RRT, and for many problems it
performs orders of magnitude better.

Index Terms— Motion Planning, Voronoi Bias, RRTs

|. INTRODUCTION

Motion planning has mary applicationsin such areas
as robotics, manufcturing, pharmaceuticaldrug design,
computationalbiology and computergraphics.The com-
putational intractability of the general motion planning
problemhasled to the developmentof the sampling-based
algorithms,which have beensuccessfullyusedin practice
over the last decade.Unfortunately thereis no planning
algorithmthatef ciently solvesall instancef the motion
planning problem. Each plannerhas a set of applicable
problemspon partof whichit performswell, andon another
part it may perform poorly. Designinga single algorithm
thatreliably performsonalargesetof problemss important
to themotionplanningarea.

Currentsampling-basedlgorithmscan be divided into
two setsof approachesmultiple-query and single-query
methodsTheprimaryphilosoply behindthemultiple-query
methodsis that substantiabrecomputationatime may be
takensothatmultiple queriesfor the sameervironmentcan
be answeredquickly. The Probabilistic Roadmap(PRM)
planner[19] is an example of such method.More recent
roadmapmethodsarebasedon importancesampling. They

This work is partially supportedby NSF CAREER Award IRI-
9875304 NSF ANI-0208891,NSF 11S-0118146 the UIUC-CNRSgrant,
andthe EuropearprojectMOVIE, IST-20001-39250.

Thierry Siméorf StevenM. LaValleY
ZLAAS-CNRS
7, Avenuedu ColonelRode
31077ToulouseCede 04,Fance
f ljaillet, nicg@laas.fr

@ (b)

Fig. 1. A bug trap problemin high dimensionscan be a challenging
problemfor RRT-basedplanner(a). It becomesnuch more challenging
when a region for samplingis enlaged (b). The tree constructedy the
RRT planneris shavn in blue (black nodesand edges)and the Voronoi
regionsassociateavith thenodesof thetreeareshaovn in red(grayedges).

concentratesamplesin a nonuniform way, for example,
along the C-spaceboundarieq1], [4], or the medial axis
[14], [28], [35]. Theseand other methodsare primarily
designedor solving problemswith narrav corridors[12],
[15]. The visibility approachakenin [31] leadsto another
nonuniformway of samplingover the con guration space.
PRMs can also be extendedto problemsof motion plan-
ning for closedchains[9], [13], [36], multiple robots[34],
andnonholonomicrobots[30], althoughthereare dif cul-

tieswith handlingcomplicateddifferentialconstraintawith
PRM methods.

Multiple-query methodsmay take considerablgrecom-
putationtime, thusdifferentapproachesveredevelopedfor
solving single-queryproblems|[3], [16], [23], [27], [29].
Rapidly-exploring RandomTrees (RRTS) were primarily
designedor targetingsingle-quersholonomicproblemsand
problemswith differential constraintq21], [23], [25]. The
performanceucces®f the RRTs on mary motion planning
problemshasled to broad extensionsand applicationsof
this approach.For example, problemswith complicated
geometriearehandledwith the RRT-basedplannerdn [7],



[10]. Extensionsof RRTs for manipulationproblemsand
motionsof closedarticulatedchainsare developedin [8],
[17], [18], [33]. Adaptedversionsof RRTs for kinodynamic
and nonholonomicplanningalso exist [5], [6], [11], [20],
[22], [25]. In theplaceof randomsamplingusedn thesede-
terministic, resolution-completalternatves of RRTs have
beenproposedn [24], [26].

EventhoughRRTs work well in mary applicationsthey
have several weaknesseswhich causethem to perform
poorly in somecases.This is the reasonwhy adaptations
and extensionsof RRTs are proposedto handledifferent
classesof problems.In this paper we characterizethese
issuesandproposea generafframeavork for minimizing the
effect of someof theseweaknesse$Ve have developedand
implementeda simple nev plannerthat shavs signi cant
improvementover existing RRT-basedplanners,in some
casedyy severalordersof magnitude Theresultingplanner
treatssomeof the pathologicalcasesof the original RRT,
and at the sametime is adaptedto solve more classesof
motion planningproblems.By taking into accountthe ob-
staclesof the con guration spaceinto the Voronoibias,the
plannersolves problemsthat have complicatedgeometries
more ef ciently. Although the ideais generalenoughand
shouldbe applicableto otherconstrainednotion planning
problems(e.g. planning for closedchains,nonholonomic
planning),in this work we concentrateadnly on holonomic
problems.

In the next sectionwe re-examinethe VVoronoibiasedex-
plorationstrat@y of theRRTsandillustratetheperformance
of the RRT algorithm on one challengingexample.In the
endof sectionll, we formulatethe problemof controlling
Voronoi bias for more ef cient exploration of the con g-
uration space We proposeour solutionto this problemin
Sectionlll andthe experimentalkevaluationsin SectionlV.

I1. VORONOI BIAS EXPLORATION IN RRTS

RRTs were originally introducedin [23]. Startingat a
given initial con guration, RRTs incrementallysearchthe
con guration spacefor a pathconnectingheinitial andthe
goalcon gurations.At eachiterationanew con gurationis
sampledandthe extensionfrom the nearesnodein thetree
towardthis samplds attemptedlf theextensionsucceedsa
new nodein thetreeis created.

There are several plannersthat exploit the exploration
propertiesof the basicRRTs, suchasthe RRT-CONNECT
planner(pseudocodshavn in Figure2). Bidirectionalver-
sionsof RRTs exist (bi-RRTs), which alternateexecutionof
thebasicalgorithmfor two treesgrowing from theinitial and
the goal con gurations,andput someadditionalboundson
the sizesof eachof thetrees(bidirectionalbalancedRRTSs).

RRT explorationis determinedby the Voronoi diagram
of thenodesin thetree.The probability thata nodewill be
choserfor anextensionis proportionalto the volumeof its
Voronoiregion. Thereforethe RRT tendsto rapidly grow in
theunexploredregionsof thecon gurationspace.

BUILD _RRT(Gjnit )

1 T:init (Gnit );

2 fork=1toK do

3 Gada  RANDOM_CONFIQ);

4 Chear ~ NEARESTNEIGHBOR(Grand ; T);
5 if CONNECT(T ; G and ; Chear ; Ghew )

6 T .addvertex(gnew );

7 T .add_edgqqnear 3 Onew ),

8 ReturnT;

Fig.2. The RRT-CONNECTconstructioralgorithm.

A. Motivating Example

Considera problemshawvn in Figure 1(a). The taskis to
move the robot outsideof the bug trap'. Sincethe size of
the free spaceinside the trap is considerablylarger than
the narrav opening,in high dimensionsit can be a very
challengingproblemfor any motion planner Now consider
the Voronoiregionsof the setof samplepointshuilt by the
RRT plannerinside the trap. Thereis a considerablebias
toward the points nearthe obstaclesThat is, most of the
points on the boundaryof the trap will have higher prob-
ability of being selectedor extensionthanthe pointsnear
the openingaccordinglyto the sizesof the corresponding
Voronoiregions.

The problembecomesvenmorechallengingf the sam-
pling region is enlaged. It may becomeso dif cult thata
regular RRT will not be able to solve the 2-dimensional
problem shovn in 1(b) in ary reasonabldime. This is
explainedby aneven larger biastoward the pointsnearthe
obstaclesln fact, the Voronoiregionsof thesepointsgrow
with the sizeof the ervironment.Meanwhile thetreein the
middle of thebug trapdoesnotgrow atall.

The obvious solutionto this problemwould be to limit
the samplingregionto t thebug trap. However, while this
would helpin thiseasycasetheapproactwould notbegen-
eralenoughto dealwith othermotionplanningproblems.

In whatfollows we distinguishdifferenttypesof nodesn
the tree.We call frontier nodesthe verticesin the treethat
have their Voronoiregionsgrowing togethemwith the sizeof
the ervironment. The boundarynodesare thosethatlie in
someproximity to the obstacleslt is importantto notethat
the frontier verticesprovide especiallystrongbias toward
theunexploredportionsof thecon gurationspaceln mary
caseghis helpsthetreeto rapidly grov. However, this may
causea slow-down in the performancevhenafrontier point
is alsoa boundarypoint. For example,in the Figuresl(a)
and(b), all thefrontier pointsarealsoboundarypoints.The
problemis thatthey have high probability of beingchosen
for extensionin the direction of the obstaclesbut mostof
thetimesthe extensioncannotbe performed.

In generalboundarypointsaregiven moreVoronoibias
than they can explore. As a consequenceprohibitively

1This nameis inspiredby actualdevices for catchingbugs. They can
entereasily but it is hardto escapeThe analogywassuggestedby James
O'Brien in aconversationwith JameXuffner.
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Fig. 3. For a setof pointsinside a bug trap differentsamplingdomains
are shawn: (a) regular RRTs samplingdomain, (b) visibility region, (c)
dynamicdomain.

mary expensve operationsarebeing performedduring the
executionof the RRT plannersFor example,interpolation
betweenthe new con guration andits nearestnodein the
treeis requiredat eachiterationin the holonomicversion
of the RRTs. This involves several collision checksbeing
performedalongtheinterpolationpath,which may be very
expensve in the ervironmentswith complicatedgeometry
[10]. Inversekinematicstogethemwith interpolationshould
be performedat eachiterationof someRRT-basedplanner
for systemswith closed linkages[9]. For nonholonomic
plannerd6], [25], someintegrationis alsorequiredat each
iteration.

Thus,thegoalof thispaperisto nd awayof reducingthe
numberof expensve iterationsin RRTs by controlling the
Voronoibiasof thenodesn thetree.We de ne theproblem
formally in the next subsection.

B. ProblemDe nition

Let C beann-dimensionaton gurationspaceandCgps
be the setof obstaclesn this spacelet V beasetof N
collisionfree pointslying insideCs ;e = C N Cgps (i.€.the
currentRRT's nodes)andD betheVoronoidiagramof V.

De nition 2.1: LetL beary local methodthatcomputes
apathL (v;v9 (e.g.,thestraightline sggment)betweertwo
given nodesin the tree v and v2. We de ne the visibility
domainof apointv for L asin [31]:

Visy (V) = £v02 Ciee suchthatL (v; V%) 2 Cieed

De nition 2.2: For a point v 2 V and its Voronoi
region D (v) de ne the visible Voronoi region of v to be
O(v) = Vis(v)\ D(v).

Now considetthe unionof all thevisible Voronoiregions
O(v), which togethercomprisethe visibility region of

v2Vv
the setof pointsV. A uniform distribution over O(v),

v2Vv
which we call a visibility distribution, would be more ap-

propriatefor the RRT plannerthanthe uniform distribution
over the con guration spaceIndeed,this distribution does
nothave biasfor exploringtowardtheobstaclesAt thesame
time it includesthe importantbias toward the unexplored
partsof the con guration space Examplesof the visibility

Fig. 4. For anon-boundaryoint differentsamplingdomainsareshavn:
(a) regularRRTs samplingdomain,(b) visible Voronoiregion, (c) dynamic
domain.

Fig. 5. For aboundarypoint differentsamplingdomainsare shavn: (a)
regular RRTs samplingdomain, (b) visible Voronoi region, (c) dynamic
domain.

distribution for a linear local plannerandthe uniform dis-
tribution over all con guration spacefor the setof points
insidethebugtrapareshowvn in Figures3(a)and3(b).

Ideally, the distribution over the visible Voronoidiagram
should not be uniform. It should concentratemore points
inside the narrov corridorsand lesspointsin larger open
areasof the space.This by itself is a very hard problem,
since nding narrav corridorsmay be harderthan solving
the original motion planningproblem.Producinga uniform
distribution from thevisible Voronoiregionsis alreadyquite
a challengingtask.In this paperwe proposeanotherdistri-
bution, which is easierto computebut retainssomeuseful
propertiesof the visibility distribution. The next section
describeghis approach.

I11. DYNAMIC-DOMAIN RRT PATH PLANNER

Althoughthevisibility distribution providesthenecessary
biasto the RRT plannerscomputingit may be expensve.
Considercomputing the visible Voronoi region O(v) of
somenodev in thetree.Findingthe pointsin D (v) thatare
visible from v may require performing interpolationand,
therefore gxpensve collision detectioncalls. Thisis exactly
what plannersshouldtry to avoid when the interpolation
is expensve. Therefore,we consideranotherdistribution
whichwe de ne asfollows.

De nition 3.1: Given a boundary point v at distance
at most from an obstaclein Cgps, de ne the boundary
domainfor v astheintersectionof the Voronoiregion of v
andann-dimensionakphereof radiusR, centeredatv.

De nition 3.2: Thedynamicdomainof radiusR for the
setof pointsV is the boundarydomainsof the boundary
points combined with the Voronoi regions of all other



BUILD _DYNAMIC _DOMAIN _RRT (Gjnit )

1 T:init (Gnit );

2 fork = 1toK do

3 repeat

4 Gada RANDOM_CONFIG);

5 Onear NEARESTNEIGHBOR(G ang ; T);
6 until dist (Ghear ; Grand ) < Opear -radius
7 if CONNECT(T ;0 and ; Ohear ; Ghew )

8 Ohew -radius=1 ;

9 T .addvertex(gnew );

10 T .addedg€mear ; Ghew );

11 else

12 Ohear -radius=R;

13 ReturnT;

Fig.6. ThedynamicdomainRRT constructioralgorithm

points. The uniform distribution over this domainis called
thedynamicdomaindistribution.

The differencesbetweenthe original RRT's sampling
domain,the visibility region anddynamicdomainfor a set
of pointsinsidea bug trapcanbe seenon Figure3. Whena
pointis quitefar from the obstaclesits boundarydomainis
the sameasthe RRT's samplingdomain,thatis, the whole
Voronoiregion (Figure4). Onthe otherhand,whena point
is a boundarypoint, the boundarydomain may be much
smallerthanboth the visible Voronoiregion andthe whole
Voronoiregion (Figure5).

The parametershould be chosencarefully It should
be sufciently small,sothatthe point becomesa boundary
point whenmostof the attemptsto interpolatefrom it fail.
On the otherhand,it shouldnot be smallerthanthe reso-
lution of thetree,to reducethe numberof redundantodes.
Therefore, canbenaturallychoserastheinterpolationstep
in the connecffunctionof the RRT plannerTheradiusR is
choserasamultiple of .

A. Implementation

To obtainthe dynamicdomaindistribution, we generatea
distributionfrom thecon gurationspaceC, andthenrestrict
it to the dynamicdomain.Given that the original distribu-
tion was uniform, the obtainedrestrictionis also uniform.
Computingthis restriction correspondgo the lines 3-6 in
the Figure 6. The radius eld of eachpoint storesvalue
R, if it is a boundarypoint, andvalue 1l otherwise.lt is
importantto note,thatfor this stepto beef cient therandom
con gurationsshouldbechoserfrom theareaclosely tting
the dynamic domain.In our experimentsthis areais the
smallestoundingbox amongall boundarydomains.

Next, we shav how to incorporatesamplingfrom the
dynamicdomainin the RRT-CONNECT planner The com-
plete pseudocodés shavn on gure 6. The algorithmup-
datesthe informationaboutthe boundarypointson the y .
At thebeginningof theexplorationof thetree,all pointsare
consideredo benon-boundaryAs soonastheinterpolation
from oneof thenodedfails (meaninghatthedistanceo the
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Dynamic-Domairbi-RRT bi-RRT
time (1) 0.4sec 0.1sec
no.nodegq1) 253 37
CD calls(1) 618 54
time (2) 2.5sec 379sec
no.nodey2) 1607 6924
CDcalls(2) 3751 781530
time (3) 1.6sec > 80000sec
no.nodey3) 1301 -
CD calls(3) 3022 -

Fig. 7. Thegoalis to move apoint robotout of the two-dimensionabug
trap.Resultsfor differentervironmentsizesareshavnin (1), (2), (3). Each
next ervironmenthas50 timesthe volumeof the previousone.

obstacless atleast , where is lengthof the interpolation
step)the pointbecomes boundarypoint. This corresponds
to thelines11-12in the code.Theradius eld of this point
is updatedto R. Next time the samplesfrom the Voronoi
region of this pointarerestrictedto its boundarydomain.

It is importantto note that the dynamic domain RRTs
retainthe probabilisticcompletenessf the original RRTs.
The argumentfollows closelyto the one presentedn [21].
Deterministic,resolutioncompletenessanalternatvely be
obtainedwhichresultsin anRDT) by usinga densesample
sequencén theplaceof therandomsequencég24].

Another note is that the proposedmethod changesits
behaior with the size of the radius parameterR. When
theradiusis chosento be 1 , this dynamicdomainRRT is
the sameasthe original RRT. As theradiusvaluebecomes
smaller the behaior of the dynamicdomainRRT is more
greedy The tree tendsto producemore nodesin the free
space,since the bias of the boundarypoints is reduced.
Therefore,ef cient nearestneighbor methodsadaptedto
thetopologyof the con guration spaceshouldbe used[2].
Unfortunatelywe donothavetheoreticatharacterizatioof
the dependencef the performancenf the dynamicdomain
RRT from the radiusparameterHowever, thereis a strong
relationshipbetweenthis parameterand the interpolation
stepsize of the RRT. For all our experimentswe setR =
10.

IV. EXPERIMENTAL RESULTS

We have implementedour algorithm in C and incor-
poratedit into the software platform Move3D [32] de-
veloped at LAAS. The experimentswere performedon
a 333 MHz Sunblade100 running SunOs5.9 and com-
piled undergcc 3.3. We have comparedthe performance



Dynamic-Domairbi-RRT | bi-RRT
time 70sec 2926sec
no.nodes 1358 428
CD calls 47710 1257055

Fig. 8. Moleculeexample.Thetaskis to computethe pathway of a small

moleculeto theactive sitelocatedinsidethe proteinmodel.

Dynamic-Domairbi-RRT | bi-RRT

time 161sec 237sec
no.nodes 25483 20392
CDcalls 604503 464137

Dynamic-Domairbi-RRT bi-RRT
time 217sec > 80000sec
no.nodes 219 -
CD calls 30443 -

Fig.9. An examplefrom themanufcturingindustry Thegoalisto nd a
collision free pathdismountinga wiper motorfrom a carbody.

of the bidirectional balancedRRT-CONNECT algorithm
and Dynamic-Domainbidirectional RRT-CONNECT. For
eachof the experimentswe shav the running times, the
numberof nodesin the solution treesand the numberof
the collision detection(CD) calls during the construction
processaveragedver50runs.

We rst shaw the resultsobtainedfor a bug trapin two
dimensions(Figure 7). We have picked several different
ernvironmentgo demonstrat¢he deterioratiorof the perfor
manceof the classicabi-RRT plannerwith theernvironment
size.In comparisonthe averagerunning times of the dy-
namicdomainRRT do notchange.

Next experimentwas performedon the moleculemodel
shawvn in Figure 8. Since the moleculeis modeledas a

3-d rigid body, the con guration spaceis 6-dimensional.

The task is to computethe pathway of a ligand (i.e. the
smallmoleculedisplayedn black)to the active sitelocated
inside the protein model. The motion planningproblemis

Fig. 10. Thegoalin this exampleis to move a two link articulatedbody
with 4 degreesof freedomfrom onecornerof thelabyrinthto another

relatively easyhere,sincethe numberof nodesrequiredto

nd asolutionby aregularbidirectionalRRT is 400.How-

ever, sincethe collision detectioncalls arevery expensve,

the performanceof the regular bi-RRT is poor. Therefore,
settingup asmallradiusparametemwhich resultsin alarger
numberof nodesconstructedy the dynamicdomainRRT,

resultsin muchfasterrunningtimes.

Next example in Figure 9 is a benchmarkfrom the
automotve industry Automotive industry providesimpor-
tant applicationsfor motion planning,sincethe industrial
companieganverify the manugcturingprocessand/orthe
maintainabilityof the assemblyby computingthe solution
to the motion planningproblem.The goal in this example
isto nd a collision free path dismountinga wiper motor
from a carbody This is a real industrial problemwhich is
highly constrainecandwas solved beforewith the method
describedn [10]. The original bi-RRT is not ableto solve
this problemafter running for several days. The dynamic
domainRRT solvesit onaveragein severalminutes.

The problemshavn in Figure 10 is a motion planning
problemfor a two link articulatedbody with 4 degreesof
freedom.The goalis to move the robotfrom onecornerof
the labyrinthto another The collision checksarerelatively
cheapn this problemandtherearesereralnarrav passages.
This problemis easilysolved by the original RRT method,
however, thedynamicdomainRRT is still advantageous.

V. CONCLUSIONS AND FUTURE WORK

We have consideredhe Voronoibiasedexplorationstrat-
egy of the RRTs and characterizedhe weaknessesf this
stratgy whenthe obstacledn the con guration spaceare
nottakeninto accountind/orthesamplingregionis inappro-
priately chosenWe thenproposedh generaframeavork for
addressingheseproblemsby consideringa new sampling
stratgyy basedon the visibility region of the nodesin the
tree. The new planneradaptiely controlsthe Voronoi bias
of thenodeswhichresultsin abetterexploration.Our exper
imentalresultsshav thatthe plannersuccessfullysolvesthe



problemswith constrainedjeometrieaswell asotherholo-
nomic problems,sometimesby several magnitudesfaster
thanthe original RRTs. This suggestshatthe new planner
is suitedfor alargersetof motionplanningproblems.

Thereareseveralwaysto improve the currentwork. The
boundarydomainsthat we considerin this paperarebased
on spheresThis may sometimede too constrainingsince
the boundarydomainis smallerthan the visible Voronoi
region. It alsorequirestuning the additional parameterof
radiusof thesphereOneimprovementwould beto consider
otherkinds of boundarydomains for examplehyperplane-
baseddomains,which are automaticallyadaptedwith re-
spectto thedistancedo the obstacles.

Anotherimportantdirectionis to apply this framewnork
for other constrainedmotion planning problemssuch as
planning for closed linkages, planning under differential
constrainsgetc, whereboth the costof the iterationcompu-
tationsandthe Voronoi biasgreatly affect the ef ciency of
planningalgorithms.
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