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Abstract—We present a new sampling-based algorithm for
iteratively locating Voronoi vertices of a point set in the unit cube
I¢ = [0,1]¢. The algorithm takes an input sample and executes
a series of transformations, each of which projects the sample to
a new face of the Voronoi cell in which it is located. After d such
transformations, the sample has been transformed into a Voronoi
vertex. Locating Voronoi vertices has many potential applications
for motion planning, such as estimating dispersion for coverage
and verification applications, and providing information useful
for Voronoi-biased or multiple-tree planning. We prove theoreti-
cal results regarding our algorithm, and give experimental results
comparing it to naive sampling for the problem of dispersion
estimation.

|. INTRODUCTION

Sampling-based algorithms have been applied to motion
planning problems for over a decade [5], [7], [12]-[14], [21].
Multiple-query algorithms like PRMs construct graphs which
attempt to represent the connectivity of free space [1], [2],
[13], [16], [24], [27]; single-query algorithms construct search
graphs which attempt to solve a particular motion planning
query [12], [14], [15], [21]. Typically, both multiple- and
single-query methods build graphs in which the vertices are
points in the state space or the configuration space. Consider-
ing the Voronoi diagram of these points can be advantageous;
for example, Voronoi information can be used, in varying
degrees, to bias the growth of the search tree [14], [17].
Dispersion, which is a uniformity measure closely related to
Voronoi diagrams, is a natural way to estimate coverage [9],
[15]. In this paper, we present a sampling-based technique
for locating the vertices of the Voronoi diagram of a point
set P. We assume throughout that the Voronoi diagram is
constructed using the standard ¢2 metric. In brief, our method
takes samples and transforms them into Voronoi vertices by
successive projections onto the boundary hyperplanes of the
Voronoi facet in which the sample lies. See Figure 1 for
an illustration of this process. The Voronoi diagram of the
point set is given, and four different samples were taken.
The arrows denote the transformations of each sample via
projection onto a hyperplane (in two dimensions, there are
two such transformations per sample).

Locating the vertices of the Voronoi diagram is very useful
and has a number of important applications. The locations
of these vertices represent large unexplored regions of the
space, and hence provide a natural heuristic for choosing
a direction to explore. Consequently, our techniques can be

Fig. 1. An illustration of the operation of our algorithm in two dimensions.
Given a point set P and its associated Voronoi diagram, the algorithm takes
samples from the space and transforms them into Voronoi vertices.

directly integrated into Voronoi-biased planners such as DR-
RRT [17]. Second, the distances from the vertices to their
nearest neighbors can be used to estimate coverage. Coverage
estimation is particularly relevant for safety falsification tools
applied to verification problems [6], [9]. Rather than proving
conclusively that a system is safe (which is extremely difficult
to do [10], [11]), a safety falsification tool attempts to disprove
safety by finding a trajectory which reaches an unsafe state.
Coverage estimation may be useful for providing deterministic
safety guarantees when the safety falsification tool is unable to
find an unsafe trajectory. Third, Voronoi vertices can be used
to inform multiple-tree planners such as [1], [9], [25]. One of
the key questions which multiple-tree algorithms must answer
is when (and where) to start a new search tree. Since Voronoi
vertices represent empty balls in the space, having a set of
\Voronoi vertices available provides a natural set of candidate
locations for starting a new tree. Finally, the set of Voronoi
vertices can be used directly to estimate the dispersion of the
point set.



Dispersion is a well-known uniformity measure from classi-
cal sampling theory. Given a space X and a point set P C X,
the dispersion of P is defined to be:

d(P, p) = sup min p(q, p),
qeX pEP

in which p is a metric on X. Intuitively, dispersion is the
radius of the largest empty ball (under p) in the space. See
Niederreiter’s monograph [22] for a detailed discussion of dis-
persion. The dispersion of a point set is intimately connected
to the set’s Voronoi diagram, because Voronoi vertices are the
centers of empty balls in the space, each with a radius which
is locally greatest.

Il. RELATED WORK

The problem of locating Voronoi vertices has not been
extensively addressed in the literature. Most related work in
computational geometry focuses on the computation of the
entire Voronoi diagram (or, perhaps, the set of all Voronoi
vertices), rather than a single vertex or subset of vertices.
However, locating Voronoi vertices has been addressed in
several places, which we will mention. Most often, the goal is
to find the vertices of the generalized Voronoi graph (GVG),
in which the sites are not points but arbitrary shapes.

Choset and Nagatani address locating Voronoi vertices
(they term them meet points) in the context of topological
simultaneous localization and mapping (SLAM) [8]. Their
approach uses a mobile robot to generate the edges of the
GVG by an appropriately defined control law. A key difference
between their work and the algorithm we present is the fact
that their method is designed to be executed by a mobile robot.
The robot must move continuously, rather than taking discrete
jumps as our method does. Hence, it is able to take advantage
of local sensor data to determine a direction to move in for
the next time step.

Other related work (also in the context of the GVG) is that
of Ferrucci et al. [26]; a similar approach with improved con-
vergence results is is given by Anton et al. [3]. In brief, their
approach is to take a sample at random, compute the nearest
point on each of the obstacles, and choose the circumcenter of
the nearest of these points as the next sample. They continue
this procedure until a Voronoi vertex is found.! It is interesting
to note the similarities between this approach and Lloyd’s
algorithm for k-means clustering [19]. In many cases, our
algorithm will behave similar to these approaches; however,
our method improves upon them in several respects. The
most important improvement is that there are cases for these
algorithms for which a Voronoi vertex with a small distance to
its nearest neighbors has a very large convergence region; our
method gives such a vertex a much smaller convergence region
and gives the larger convergence regions to Voronoi vertices
which are far from their nearest neighbors. An additional
difference is that these algorithms are not guaranteed to find
a \Voronoi vertex (the sequence may oscillate with some

L1t is possible for the resulting sequence to oscillate with some finite period,

rather than terminating at a \oronoi vertex.

finite period). This is the case even when applied to Voronoi
diagrams of point sets, rather than generalized Voronoi graphs.
In contrast, our algorithm will always terminate at a Voronoi
vertex. Finally, these algorithms are not local in the sense that
given a sample, the final result is not guaranteed to lie inside
the same Voronoi cell as the original sample. Our algorithm
always terminates at a Voronoi vertex of the Voronoi cell
containing the original sample. This may not be important
in the problem of dispersion estimation, but is very relevant
if using Voronoi vertex location in the context of coverage
estimation or Voronoi-biased planning.

Finally, linear programming algorithms can be applied to
the problem of locating Voronoi vertices. These may perform
well in some situations; however, they are more powerful than
is necessary for our problem, and they typically scale very
poorly with dimension. Many deterministic algorithms have
complexity which is exponential in dimension, and the simple
randomized incremental algorithm by Seidel has complexity
O(d*d'n) [23]. In contrast, our algorithm is very simple and
scales well with dimension; for this reason, we expect our
algorithm to be more efficient. However, a comparison of
our method with linear programming is a subject for future
investigation. It may be possible to “scale down” an algorithm
like the simplex algorithm so that instead of searching for an
optimal vertex, it terminates after the first vertex it encounters.
This could be useful for finding Voronoi vertices or estimating
dispersion, but we have not examined this to date.

I1l. ALGORITHM

In this section, we present an algorithm for finding a Voronoi
vertex on the bounded Voronoi diagram of a point set P C
I? = [0,1]% of n points. We assume that the points are in
general position; specifically, we require that in d dimensions
no d—+ 2 points be cospherical. We consider the vertices of the
bounded Voronoi diagram; the boundary is taken to be the set
of hyperplanes correspondingto z; =0orz; =1,1 < < d.
Each boundary hyperplane is taken to be a facet of the Voronoi
diagram. Running our algorithm a number of times will yield
a subset of the Voronoi vertices of P.

In brief, our algorithm takes a sample and iteratively trans-
forms this sample until it is a Voronoi vertex. In d dimensions,
d transformations are required; after &k transformations, the
transformed sample satisfies k£ hyperplane constraints, consist-
ing of point equidistance constraints and boundary constraints.
In the case where all constraints are equidistance constraints,
after d iterations the sample will be equidistant from d + 1
points, which is the case for a Voronoi vertex. See Figure 1
for an illustration.

After the k-th iteration, the sample satisfies k& constraints;
let k. be the number of equidistance constraints and k; the
number of boundary constraints (note that k. + k, = k).
Then during the (k+1)-th iteration, the sample is transformed
to satisfy one additional constraint, while maintaining the
previous constraints. Let s* be the location of the sample
after k iterations, and let p*, p?, ..., p®*! be its d + 1 nearest
neighbors in P, in ascending order of distance. Let d; =



p(sk,p); note that dy = dy = -+ = d_y1. Let b(i,5) =
sk—4,7 €{0,1}. The transformation vector t5+1 = sk+1 —gF
must maintain the existing constraints; in other words,

di —dy

dy — dg,+1

tF*1 e Null e
h b1(i1,71)
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We choose the direction of the transformation vector ¢++!
to be that of the projection of the negative gradient —Vd; onto
this null space (denote the normalized vector in this direction
as u*T1). This guarantees that the sample moves away from
its nearest neighbor as much as possible. Since we require that
di — ds = 0, etc., we also guarantee that the sample moves
away from all its nearest neighbors as much as possible. So,
we have that t*+1 = qu**1; all that remains is to determine a.
We require that the sample remain within the Voronoi cell that
s was in; hence, a should be the smallest value for which s*+-
au®*1 lies on a hyperplane that is not an existing constraint.

Essentially, this is the problem of ray shooting in a con-
vex polytope, which is well-studied (see [20], for example).
However, methods with fast (i.e., logarithmic) query time
require significant preprocessing and utilize exponential-space
(in dimension) data structures, making them unsuitable for our
application. Hence, we do not adopt such methods, taking a
more simplistic approach. Clearly, it is sufficient to look for
intersections with the hyperplanes specified by d; — dy =
0,dy —ds = 0,dy — d, = 0, as well as the boundary hy-
perplanes; in high dimensions, this linear-time approach may
be the best that can be done. In low to moderate dimensions,
however, we attempt to speed up the ray shooting procedure
through the use of binary search, together with (d+ 1)-nearest
neighbor checks.? In the worst case, however, our algorithm
runs in O(n) time, in which n is the size of the point set.

We begin the binary search by initializing the endpoints
of the search interval. The minimum value, a,,;,, we take
to be zero; this requires that the sample move away from its
nearest neighbor. In order to find the maximum value, ay,qz,
we determine where the ray s* + auf*! o > 0 intersects
the boundary, ignoring any boundary hyperplanes the ray
may already lie in. Once the interval endpoints have been
established, the intersections of the ray with the hyperplanes
dy—dg,+1 =0,...,d1—d, = 0 are computed. Recall that the
hyperplanes dy —ds = 0,...,dy — di, = 0 are the constraints
already being satisfied. The minimum « corresponding to these
intersections is taken as the current estimate .. A new sample
estimate s, = s* + a,u**1 is then computed, and its (d+ 1)-
nearest neighbors are found. If s. is in a different Voronoi

2Using nearest-neighbor software such as ANN [4], we can do approximate
nearest neighbors in logarithmic time. Using these data structures, exact
nearest neighbors can often be found very quickly as well. However, empirical
evidence suggests that these techniques do not offer significant benefit in high
dimensions.

region than s*, then we know that «. is too large; hence, we
set Amazr = e AN @ = (Qmaz + Qmin)/2. If sc is in the
same Voronoi region but does not lie on a new hyperplane, we
check the hyperplanes corresponding to the (d + 1) nearest
neighbors of s.. If a candidate intersection is found, then
we set a. accordingly; otherwise, we set «,,;, = a. and
e = (Qmaz + Qmin)/2. Finally, if s, is in the same Voronoi
region and satisfies a new hyperplane constraint, then we have
found the first intersection and the search terminates.

IV. THEORETICAL ANALYSIS

In this section, we prove several results regarding the
convergence and termination of our algorithm. For a d-
dimensional convex polytope P C R?, we define the con-
vergence region of a vertex v to the set of points inside P
which our algorithm transforms to v. First, we show each
vertex of has a convergence region of positive measure. Then,
this can be applied to prove that every vertex in the Voronoi
diagram has a positive probability of being returned, assuming
a uniform random input sequence.

Lemma 4.1: Consider a d-dimensional convex polytope
P c R consisting of the intersection of a finite number of
closed positive halfspaces (additionally, let P be bounded),
and consider a point s € R¢, but not necessarily in P. Note
that each vertex v of P is the intersection of d hyperplanes.
If s is in the intersection of the d positive halfspaces incident
at v, then v has a convergence region of positive measure.
Proof: We prove this by induction on the dimension of the
space. For d = 1, the statement is clearly true. The polytope
P is aclosed segment; say, [z, 1]. If s < g, then every point
on the segment except zo will converge to xy; if s > x4, then
every point on the segment except x; will converge to xg. In
each case, s lies in the positive halfspace corresponding to
the vertex to which the points converge. In the case where
xo < s < x1, we have some points on the segment which
converge to zp, and some which converge to z;; again, the
statement is verified.

Now, we proceed to the inductive step. Assume that the
statement is true in d dimensions, and consider dimension d +
1. Again, we have a point s which lies in the intersection of the
d+ 1 positive halfspaces incident at vertex v. Now consider a
new point s;, which is the projection of s onto the hyperplane
h;, one of the hyperplanes incident at v. Now, it is always
possible to find a hyperplane h; and corresponding s; such
that s; is in the intersection of the other positive halfspaces
incident at v. This is fairly obvious, but we will state how
this can be done. Consider the projections of s on each of the
hyperplanes h;; this results in a set S = {s;}¢"'. Now, there
is at least one element of S which is closest to the original
point s (there may be several); let this point be s,. Then, s;
is in the intersection of all other positive halfspaces incident
at v. This is true because s; being closest implies that it has
not crossed any other hyperplane (if it had, some other point
in .S would be the closest). This result holds even in the case
where there are multiple nearest neighbors. This means that
we can consider the problem in a lower-dimensional space; the



polytope in d dimensions is the face of the (d+1)-dimensional
polytope which is supported by the d-dimensional hyperplane
h;, and the new point is the projection s; of s onto h;. Then,
we know that there is a set of positive measure (as measured
in d dimensions) which converges to the vertex v, since we
can apply the inductive hypothesis. Finally, all we need to do
is to move from the set of positive measure in d dimensions
to one of positive measure in d+ 1 dimensions. This is almost
trivial; consider the set of all points which interpolate between
s the points in h; which converge to v; this is clearly a set of
positive measure. Every point in this set will converge to the
region of the hyperplane which will converge to v. However,
because s may lie outside of the polytope P, the resulting set
is not entirely inside P. It is readily apparent, though, that
the intersection of this set with P also has positive measure.
Thus, the inductive step has been proven. ]

Theorem 4.2: The convergence region of each Voronoi ver-

tex has strictly positive measure.
Proof: The convergence region of a Voronoi vertex v is defined
to be the union of the convergence regions of that vertex in
each Voronoi cell for which it is a part. Each of these cells is
a convex polytope P in d dimensions, and its site s lies inside
P. Hence, s lies in the intersection of the positive halfpaces
incident at every vertex of P. By the above lemma, this implies
that every vertex has a convergence region of positive measure
in each Voronoi cell for which it is a part. Since each Voronoi
vertex is part of at least one Voronoi cell, the convergence
region of each Voronoi vertex has strictly positive measure. B

From the previous theorem, we understand that each
\Voronoi vertex has some positive probability of being selected
(assuming a uniform random input sequence). This leads to the
following result:

Proposition 4.3: Let the convergence region of the
dispersion-inducing Voronoi vertex have measure p. If the
input sample sequence is uniform random, then the probability
of finding the exact dispersion after executing our algorithm
n timesis 1 — (1 — u)™.

Proof: This is a straightforward application of basic proba-
bility laws. Let the dispersion-inducing vertex be v. If the
convergence region of v has measure p, then the probability of
our algorithm returning v after any execution is x. Hence, the
probability of it not returning v is 1 — p. Then, the probability
of it not returning v after n iterations is (1 — x)™, and hence
the probability of it returning v for one of the first n iterations
is1—(1—p)m™ [ |

Hence, we see that the probability of finding the exact
dispersion with our algorithm approaches one exponentially
with the number of executions of the algorithm. This, of
course, depends on the fact that each Voronoi vertex has a
convergence region of strictly positive measure.

Finally, we wish to show that the binary search associated
with the ray-shooting query is guaranteed to terminate.

Proposition 4.4: The binary search method of finding the
result of a ray-shooting query in a Voronoi cell is guaranteed
to succeed in finite time.

Proof: Consider a ray shooting query originating at location
s; in the Voronoi cell of site p;, and let its intersection of
the ray with the first hyperplane, h, be s;.1. If h represents
a boundary constraint, then we are done since our algorithm
checks boundary constraints on the first iteration of the binary
search. Hence, assume that h arises from an equidistance
constraint between p, and another point, po. We know that
point s;.1 is equidistant from p; and po; this naturally implies
that p, is one of the d+ 1 nearest neighbors of s;,1. However,
it is also true there is an open interval on the segment between
s; and s;41 such that for every point in that interval, po is one
of the d+ 1 nearest neighbors. This follows immediately from
the general position assumption we make about the point set
P. Since this interval is open, the binary search procedure will
reach the interval in finite time. When the search reaches the
interval, the intersection of the ray with 4 will be computed,
and the search will terminate. ]

Before proceeding to show the empirical performance of our
algorithm, we show the following negative result regarding the
deterministic performance of our algorithm.

Proposition 4.5: Let the point set P have dispersion dp.
Consider an input sample sequence S with dispersion Jg.
There exists no «, 0 < a < 1, such that if 65 < adp, our
algorithm can guarantee that the exact dispersion of P has
been computed.

Proof: See Figure 2 for an example of how a point set
can be constructed which has fixed dispersion but for which
the convergence region of the dispersion-inducing vertex is
arbitrarily small. Intuitively, the size of the the convergence
region depends greatly on how close nearby points are to
being cospherial. By making points arbitrarily close to being
cospherical, the convergence region can be made arbitrarily
small; this implies that a point set of arbitrarily small disper-
sion would be required in order to guarantee that a sample
will fall in the convergence region. ]

V. EXPERIMENTAL RESULTS

We performed a number of experiments for the problem
of dispersion estimation. We compared the efficiency of our
algorithm to naive sampling for point sets in 5, 10, 15,
and 20 dimensions. Results for the 10- and 20-dimensional
experiments can be seen in Figures 3 and 4. In all cases, the
size of the point set was |P| = 50. For each experiment, we
did 20 runs on each of 20 different point sets. For each point
set, we averaged the results for the 50 runs, then normalized
them by the maximum dispersion value attained on any run by
eithermethod. We thus obtained values on the range [0, 1] for
each point set; we then averaged the results across all point
sets for that dimension.

We consistently found improvements of greater than 25%
in the quality of dispersion estimation versus naive sampling.
Dispersion estimation quality was measured versus the number
of nearest neighbor checks performed, since the time spent in
nearest neighbor checks represents the bulk of the running
time of the algorithm.



Fig. 2. On the top, the Voronoi diagram of a point set; the convergence
region of the central vertex is shaded. On the bottom, the addition of several
points to the set does not change the dispersion but can make the convergence
region arbitrarily small.

In addition to naive sampling, we compared our method
to that of Ferrucci et al. [26]; however, their method did
not perform well for this problem, and the results are not
reported in our figures. Their algorithm frequently found
vertices outside the unit cube, which cannot be used to
estimate dispersion. Note that this problem did not appear in
[26] because they were attempting to locate Voronoi vertices
of a generalized Voronoi graph, and the boundaries of the
environment effectively force the algorithm to converge inside
the environment. If the outside vertices are simply discarded,
their method performs worse than naive sampling for our
problem; if mapped to the nearest corner, the method performs
quite well (better than naive sampling or our method). This is

due to the fact that the corners are typically quite distant from
their nearest neighbors. However, we do not believe that this
improvement is due to any particular property of the algorithm,
but is entirely caused by boundary effects. In support of
this assertion, we noticed that their algorithm’s performance
improved relative to the others as dimension increased, which
is entirely consistent since boundary effects increase as well.

This raises an interesting question: would it be better just to
guess corners (randomly, or using the grid-sampling methods
of [18]) in order to estimate dispersion? This might have
some limited usefulness, particularly if a numerical estimate
of dispersion is all that is desired. However, the Voronoi
vertices that our method finds provide a much more compre-
hensive portrait of coverage than corner information yields.
The Voronoi vertices that our method finds give a great deal
of local coverage information, which is more useful than
information about the corners, which is subject to greater
boundary effects. Therefore, we do not believe that corner
sampling is particularly useful for coverage estimation in
general.

V1. CONCLUSION

In conclusion, we have introduced a new algorithm for
locating Voronoi vertices of point sets in any dimension; our
method will find any Voronoi vertex with positive probability.
Locating Voronoi vertices has many benefits; they can be used
to guide Voronoi-biased planners, used to inform multiple-
tree planners, and used for coverage estimation for verification
applications. Voronoi vertices can be used to estimate disper-
sion; experimental results show a significant improvement in
estimation quality over naive sampling-based estimation.

In the future, we plan to work to reduce the number of
nearest neighbor checks required. Currently, in d dimensions,
each sample requires a minimum of d nearest neighbor checks
to be transformed into a Voronoi vertex; this could be too
expensive in high dimensions. We plan to integrate this with
Voronoi-biased motion planning algorithms and to investigate
our algorithm’s applicability and effectiveness for locating
vertices on generalized Voronoi graphs.
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Fig. 3. Dispersion estimation comparison in 10 dimensions.
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Fig. 4. Dispersion estimation comparison in 20 dimensions.



