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Abstract— This paper presents a novel approach to computing are open loop that is, they are de ned as a function of
feedback laws in the presence of obstacles. Instead of computiag time only, which leaves the robot no way to recover if it
trajectory between a pair of initial and goal states, our algorithms deviates from the prescribed path during execution. Fesdba
compute a vector eld over the entire state space; all trajectoies
obtained from following this vector eld are guaranteed to controllers, on the other hand, are much more robust_. Becaus
asymptotically reach the goal state. As a result, the vector eld they are de ned as vector elds de ned over the entire state
globally solves the navigation problem and provides robustness to space, there is no need to be concerned with tracking a
disturbances in sensing and control. In addition to being globally particular path; the robot can simply follow the controliemm
convergent, the vector eld's integral curves (system trajetories) its current state and be guaranteed to reach the goal state. T

are guaranteed to avoid obstacles and areC!' smooth. We . .
construct a vector eld with these properties by using existing fact that the current state of the system is used to determine

geometric algorithms to partition the space into simple cells; the input to apply makes this type of contibsed loop
we then de ne local vector elds for each cell, and smoothly Ideally, it is desirable to combine the robustness of feekiba

interpolate between them to obtain a global vector eld that wijth the ability of combinatorial algorithms to ef ciently
can be used as a feedback control for the robot. We present an take obstacles into account. The feedback law should pro-

algorithm that computes these feedback controls for a kinematic id lobal tofi to th | stat hil
point robot in an arbitary dimensional space with piecewise vide giobal asymptolic convergence {o the goal state while

linear boundary; the algorithm requires minimal preprocessing guaranteeing obstacle avoidance. For any state, the vélue o
of the environment and is extremely fast during execution. For the feedback law should be easy to compute. The system

many practical applications in two-dimensional environments, trajectories obtained from following the feedback law dtou
full computation can be done in milliseconds; this means that be smooth, in contrast to the jagged paths that motion pianni

our algorithms can be used for dynamic environments as well as lorith ft d The most lar wav to addr
static ones. We also present an algorithm for computing feedback 2'90TthMs oftén produce. The most popular way 10 address

laws over cylindrical algebraic decompositions, thereby solving this problem (sometimes termezimultaneous planning and
a smooth feedback version of the generalized piano movers' control) is through potential elds. In this approach, a real-

problem. valued function is computed, the gradient of which is used
as the control law for the robot. The biggest drawback with
potential eld methods is that it is very dif cult in practe
to compute potential functions that will guarantee global
Motion planning and feedback control are fundamentabnvergence. Theoretical methods exist [86] that make such
and well-studied problems in robotics. They both addregsiarantees, but are dif cult to implement and apply to real
the problem of motion: how to control a system so thatorld environments.
it safely arrives at a target location. A feedback law is a Our approach, on the other hand, utilizes the power of
vector eld which determines which input to apply fromcombinatorial algorithms to partition the state space into
any state; the trajectories described by the vector eld a@imple cells, over which it is easy to de ne local contrafier
converge to the goal state. Feedback control techniques hthat prevent obstacle collision and guide the system toward
been studied extensively for environments without obsetacl the goal state. Our methods place simple local vector elds
and they provide robust and effective solutions to the dlobaver individual cells and smoothly blend them together to
navigation problem in that setting. Nearly all practicabotics form a global vector eld that has the desired properties
problems, however, involve obstacles. Robots are requirefiglobal convergence and obstacle avoidance. The methods
to operate in environments that are cluttered with obs$acleve present in this paper are simple and fast, and can be
and must solve tasks while avoiding them. Since traditionased for real time mobile robotics applications. By working
feedback control methods do not take obstacles into accoutitectly with vector elds rather than computing them frohet
their usefulness for these problems is limited. gradient of a potential function, our methods are able telzav
Traditional motion planning approaches, on the other harfugh degree of exibility from a practical design perspeeti
use geometric algorithms to achieve obstacle avoidance- Hdt is also straightforward to apply these methods to simple
ever, they generally only compute individual trajectorimss nonholonomic systems, which is quite dif cult for potertia
tween given initial and goal states. The computed trajeztor eld approaches. Also, the system trajectories produced by

I. INTRODUCTION



our control law areC' smooth. Although this high degree ofregion X ops; and free state spaceXiee . A feedback law
smoothness is not always necessary, it is often advantagedalternatively,feedback controbr control law) is a mapping
Smooth feedback provides a greater level of robustness than X ! U from the state space to the input space; this
non-smooth feedback; it is also more reliable to implementeans that the feedback control determines which input the
on a physical system. Smooth trajectories also tend to tmbot should apply to move toward the goal state, given only
visually appealing, which is important for applicationscku the current state of the system. Given a feedback laihe
as computer animation. state transition equation becomes f (x; (X)), which is a

In this paper, we present algorithms for computing feedunction of the state only.
back laws over two types of cell decompositions. First, we Consider agoal statexg 2 Xtree , in WhichXfree is the free
will address bounded, nite-dimensional state spaces wittate space of the robot. The goal of this work is to construct
piecewise linear (PL) boundaries; these can be decomposesimooth feedback plathat stabilizes the system to the goal
into convex polytopes. Although our methods work easilgoint. Given a system that satises = f (x;u), de ne the
in high-dimensional spaces, they are especially practiodl following:
fast for two-dimensional problems, which are common in
robotics applications. In this case, our algorithms efrtlg De nition 1 A smooth feedback plan is a vector eld on
compute feedback laws in complex polygonal environmentie closureX of X, that satis es the following properties:

We also present algorithms to construct vector elds over 1) At every pointx 2 X, V(x) is admissible (i.e., there
cylindrical algebraic decompositions. From the early gear exists au 2 U such thatV (x) = f (x;u)).

of motion planning research, it has been known that thesep) The integral curves o¥ (i.e., the system trajectories)
decompositions can be used to exactly solve the generalized gre smooth.

piano movers' problem, which is the one of the most general3) All integral curves otV avoid the obstacles and asymp-
formulations of the motion planning problem [92]. This is totically converge to the goal state.
possible because the cells of a cylindrical algebraic decom
position exactly partition the con guration space intoimegs By smoothwe meanC! differentiable. Note that the second
corresponding to free space or to obstacles. By working witiem implies thatV is smooth almost everywhere. Also, it is
local vector elds over cylindrical algebraic cells, we sho interesting to note that if for every poimt on the boundary
how to compute global feedback laws, instead of open lo& X , having inward normahy, the inner product condition
paths; this is a very basic result, and the most generaltresdl np 0 holds, then obstacle avoidance is guaranteed. Fi-
on feedback motion planning to date, to our knowledge. nhally, the vector eld induces a mapping: X ! U, in which
U is the input space. This is guaranteed to be well-de ned,
because the vector eld is admissible.
Il. PROBLEM FORMULATION
In this section, we will briey give a formal problem [1l. RELATED WORK
de nition and introduce the notation we will use throughout
this paper. Denote thevorld asW = R? or W = R3.
The world contains arobstacle region which is a closed

In this section, we describe related work in motion planning
and control. We begin by outlining open loop motion planning

. . ) . and continue by describing closed loop methods such as
seml—algebr_a|c seO_ W Let the robot I|kew-|se be a potential eld techniques. Finally, we will describe work
closed semialgebraic sét W . The con guration space based on decomposing the environment into discrete cedls an

C of the robot is the smooth manifold correspondmg .tereating controllers for each cell, which is our approacthis
the space of transformations of the robot. The dlmen5|%r%per
0

of the con guration space equals the number of degrees
freedom of the robot. The obstacles in the world induce an .
obstacle regionCyst C ; the obstacle region consists ofA- Open Loop Planning
all con gurations such that the resulting position of thédaob The development of algorithms that compute open loop
in the world intersects witlD. The free con guration space trajectories is motivated by the dif culty of nding feedio&
Gree is then dened asGree = C n Gpsi. Note thatGyps:  plans in complex environments. The non-convex constraints
is closed, because the robot and obstacles are closed satijced by obstacles in the environment pose signi canbpro
therefore,Gree IS an open set. lems for classical feedback control techniques [19], [28]],

The state spaceX, is the space of minimal dimension[90]. Due to the dif culty of nding closed loop feedback cen
such that the differential equations describing the dyweamitrollers in complex high dimensional spaces, motion plagni
of the system are rst-order (i.e., they depend on the statealgorithms attempt to compute only a collision free operploo
and derivativex, but notx). These equations can be writtertrajectory; even so, motion planning is PSPACE-hard [84].
as astate transition equatiorx = f(x;u). If the state Such algorithms have been extensively studied [24], [&]].[
variables are all con guration variables, then the statacep Most algorithms ignore differential constraints complgte
is simply the con guration space. If the state space cossisissuming that the robot is a fully-actuated kinematic syste
of the con guration variables and their rst derivatived)et (called free- ying or holonomig. These algorithms include
state space is sometimes referred to asphase spaceAs classical motion planning algorithms and many sampling-
with the con guration space, we can de ne tlstate obstacle based algorithms, including the Randomized Path Planner



(RPP) [4] and Probabilistic Roadmaps (PRMs) [46]. If théhey typically have local minima other than the goal state.
robot is not actually kinematic and holonomic, then the patiny initial condition in the region of attraction of thesechd
produced by these algorithms need post-processing to rbmima will fail to reach the goal state. Our algorithms, in
transformed into feasible trajectories for the systems isi contrast, have global convergence guarantees.

generally referred to adecoupled trajectory planningPost- Although it is not simple to nd potential functions that
processing methods include time-scaling [10], [97], steer are free of spurious local minima, it is sometimes possible.
[54], [80], or other transformations [25], [35], [56], [24] Harmonic functions (potential functions which are solnso

In contrast to decoupled trajectory planning, some samgplinto Laplace's equation) are guaranteed to be free of such loca
based motion planning algorithms directly generate féasibminima, and can be used for global robot navigation. Cognoll
trajectories. Algorithms of this type include Rapidly-éxing et al. develop numerical solutions of Laplace's equations for
Random Trees (RRTs) [59], [60], Expansive Space Trepath planning [29]-[32]. For low-dimensional environmgnt
(ESTs) [44], [45], and PDST-Explore [53]. Other approachesis possible to discretize the space and consider each asde
include the use of mixed integer programming, which conpart of a resistive grid with obstacle boundaries as sources
putes optimal paths for problems with polygonal obstacknd the goal point as a sink [100], [103], [107]. Wang
constraints and piecewise-af ne system dynamics [8], [854nd Chrikjian simulate steady state heat transfer in [110].
[91]. Both direct and decoupled planning algorithms retutaydo and Murray use stream functions for navigation in two-
open loop trajectories rather than closed loop plans. dimensional environments [111].

One way to improve robustness for open loop paths is toOne of the most in uential potential eld techniques is
use them as feedforward components in a feedback controltbat of Rimon and Koditschek [86]. They de neavigation
This has several disadvantages, however. First, pathsagede functions which are potential functions satisfying several
by motion planning algorithms often are of poor qualitytechnical conditions, and which are guaranteed to be free of
having unnecessary sharp turns. This may result in thespurious local minima. They show how to construct navigatio
being dif cult to track for a dynamical system. Second, thiunctions for several types of environments, which they cal
approach still does not producegéobal feedback plan; only sphere worlds, star worlds, and forests of stars. Following
a local feedback plan in a neighborhood of the nomin#he gradient of the navigation function is guaranteed tal lea
trajectory is computed. As a result, it may be dif cult toto the goal state from almost every initial condition (that
maintain collision avoidance guarantees. Another apprasc is, every initial condition except for a set of measure zero)
to use motion planning algorithms themselves as the fe&dbddheoretically, navigation functions can be constructed go
mechanism. In such a model, any time the system deviatadgge family of con guration spaces, although this can beyve
from the prescribed trajectory, the trajectory would be rahf cult to implement in practice. Navigation functions &
planned (probably from scratch) based on the new state lefen extended to the case of multiple, nonholonomic robots
the system. This approach is problematic as well. First, [#9]-[72], [101], [102].
has a very high computational cost, even given the powerThere are a number of other local navigation approaches
of modern computers, and may not be suitable for redlased on potential elds. These include the Virtual Force
time applications. Second, asymptotic convergence to dlaé gField (VFF) [12] and the Vector Field Histogram (VFH) [13]
state cannot be guaranteed, even though one might infermalhd their extensions, VFH [106] and VFH [105]. These
expect convergence to occur. methods build a potential eld online, using range sensor

measurements. This online potential eld can be used todavoi
C obstacles and move toward the goal, but convergence is not
B. Closed Loop Navigation guaranteed. The Curvature Velocity Method [51], [98] anel th

The most common approach to obtaining feedback in ti/namic Window Approach [36] attempt to combine local and
presence of obstacles is to use a potential eld. Assume \gbal navigation by choosing a control that is optimal over
have a system witl = u. If a potential eldP can be de ned the set of admissible controls (i.e., those for which theotob
that is uniformly maximal on the obstacle boundaries, malimcan always halt without hitting an obstacle). The optinyalit
at the goal state, and whose gradient is non-zero excepe at ¢hiteria can be chosen to cause the robot to travel towaels th
goal state, then setting = r P yields convergence to the goal; once again, convergence is not guaranteed. The dgnami
goal. Simple analysis shows that the potential dtdis a window approach is extended in [18], [83], [99].
suitable Lyapunov function. Potential eld methods have also been integrated with

The use of potential elds for robot navigation becamsampling-based motion planning algorithms in a variety of
popular in the 1980s [48], [52]. Khatib's foundational workways. The sampling-based neighborhood graph (SNG) covers
utilized a potential eld over the operational space (w@&se) the free space with balls, each of which is equipped with a
to guide a manipulator or mobile robot to the goal. The basiocal navigation function that is guaranteed to convey timt
potential eld approach combines a term that is attractive into a ball nearer to the goal state [114]. Bohlin used Green
the goal state with terms that are repulsive with respect kernels to compose a workspace potential using samples from
the obstacles. Theory and experiments with different g@ten SE(3) [11]. Elastic roadmaps append local potential elds to
elds are given in [109]. Many additional references fothe nodes of probabilistic roadmaps to provide robustness i
potential elds for robot navigation can be found in [43]4]7 the face of dynamic environments [115].

[116]. The problem with these potential eld methods is that One alternative to potential eld methods is velocity eld



control. Velocity eld control places a vector eld over the Conneret al. use local potential elds to de ne control
state space directly, rather than computing it as the gnadi@olicies on individual polygonal cells [28]. To de ne the
of a potential eld. One motivation for this approach is tlitat eld, they use the pullback of a potential function on a
allows task speci cation (e.g., trajectory or contour évlling) disk, which has a closed form solution. They require that the
without time parametrization. It was introduced by Li angradients of the potential elds be perpendicular to thd cel
Horowitz [61]-[63]; stability of the system is demonstidite boundaries, so that adjoining potential elds can be easily
using notions of passivity. Velocity eld control has beerpieced together (i.e., the gradient of the potential eldda
applied frequently to robot manipulators [21], [77]-[79]ith thus the control policy, is continuous). Putting togethee t
the velocity eld specied over the operational space of théndividual “component control policies” guarantees thiae t
manipulator. Velocity elds have also been applied to wieel global control policy brings the robot to the goal. In adafitito
mobile robots [33], [112], [113]. specifying a control policy for kinematic systems, theyelep
Another approach is to use numerical techniques to compuatantrol policies for second order systems. They also use the
an approximate optimal value function on the space, whidomposition of funnels technique to deploy control pokcie
then serves as a potential eld. In this case, not only is feetbr convex-bodied robots with nonholonomic constraintg][2
back achieved, but also approximately optimal trajectoj, Finally, our work can also be viewed as the sequential com-
[58], [76], [95], [96], [104]. The time and space complexityposition of funnels, in which the environment is decomposed
of these algorithms are exponential in the dimension of thigto appropriate cells and local control policies de nedepv
state space, for xed sampling or discretization resoluitio each cell [66], [67]. Our methods give stronger smoothness
therefore, the curse of dimensionality prevents the agfitin  results than the above methods, and have been extended to a

of this approach beyond a few dimensions. unicycle robot [65] and a car-like robot [68].

As we have seen, the basic problem with these methods
is that they generally either do not have formal convergence IV. SMOOTH FEEDBACK ON CONVEX CELL
and obstacle avoidance guarantees, or they are not simple to DECOMPOSITIONS

implement and use for robots operating in complex real-torl |n this section, we describe how to construct a smooth
environments. Our goal is to do better than this: to construgedback plan on a-dimensional cell complex embedded in
feedback laws which have strong convergence and safely in which each cell is a convex polytope. As we have
properties and which are also highly ef cient and practical gjready discussed, this might result from a decompositfcn o
d-dimensional space with a piecewise linear boundary. If the
space is described using an arrangement of hyperplanes, an
) ) ) acceptable decomposition is simply to use the complement of
A hybrid control system is one that incorporates botfhe arrangement. An alternative decomposition with péaépt
discrete and continuous dynamics. The control system @®rgeer cells is vertical decomposition [42], [93]. The inpot
in one of a distinct number of modes, and switches or jumpg,, algorithm is the cell complex and a goal statg As
between them when certain conditions are met. Formal modg|scyssed in Section I, the task is to construct a vectod el
of hybrid systems have been de ned and studied [1], [14}5, the cell complex such that the integral curves are smooth,

[17], [64], [108]. One particular type of hybrid controllés ,\6id obstacles, and converge to the goal state.
based on sequential composition of funnels [20], [73], [87]

In this framework, a collection of controllers is developed -

each of which converges to a goal set that is either the actuAaI Description

goal state or in the domain of another controller. Following 10 compute the desired smooth feedback plan, our algorithm

sequence of these controllers will cause the system toearrRerforms the following steps:

at the goal state. 1) Given the cell decomposition, compute a discrete plan
In the case where the environments are polygonal (a com- over the cells.

mon scenario), one approach is to divide the environmeat int 2) Design local controllers (vector elds) that avoid obsta

convex cells and use local controllers on each cell. If the cles and are consistent with the discrete plan.

controller for each cell funnels the robot to an appropriate 3) Smoothly combine the local controllers to obtain a

edge of the cell, then the controller for the next cell caretak  global controller that has the desired properties.

over. When the goal cell is reached, the local controller eausiNe discuss these each in turn.

the robot to converge to the goal state. The case of piecewise Discrete plan computation:Consider thed-cells and

af ne hybrid systems has been studied extensively, conisige (d 1)-cells of the cell complex. Under the convention that the

control on simplices [7], [38], [39], [88], rectangles [6],free state space is open, these cells are suf cient for motio

[50], or general polytopes [40], [41] (see also references planning, because all paths between tivoells go through a

these works). Since af ne functions over simplices are #dyac shared(d 1)-cell. Since we consider only these cells, we

determined by their value at the vertices of the simpliceis, i will henceforward use the term “cell” to refer todacell and

possible to prove reachability and controllability residimply “face” to refer to a(d 1)-cell. De ne the connectivity graph

by solving linear inequalities. Fainekes al. show how to use to be the graph that has a vertex for each agit€ll) and an

controllers such as these in an integrated approach capabledge between two vertices if and only if the corresponding

satisfying complex linear temporal logic speci cationst[3  cells share a facgd 1)-cell). Compute a discrete plan over

C. Hybrid Control Systems and Sequential Composition
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Fig. 1. An environment decomposed into convex cells, and thesponding
connectivity graph and discrete plan.

Fig. 2. Vector elds assigned to faces of cells in the envinemt.

this graph such that following the plan from any vertex leads

to vertex corresponding to the cell containing the goakstat N !
variety of graph search algorithms can be used for this ma&po N

with or without optimality criteria. For example, breadtit pr -
search can be used, with a corresponding linear bound in
execution time. Alternatively, edge weights can be assigne £

using distance between cell centroids, and Dijkstra’'s rétigm
_Or dynamic programming can be “Se‘?' to nd cell paths thﬂg. 3. Acell, partioned using the generalized Voronoi déag. The dashed
induce shorter paths through the environment. The regultifhes are the GVD surface, and the shaded region is the regfiamuence
directed graph de nes auccessoifor every cell except the (Voronoi region) of face;.
goal cell. The successor of a cell is the next cell on the path
to the goal cell; the shared face is called thét faceof the
rst cell. Each cell with a successor is termed iatermediate cell; we then have a single cell vector eld. and a set
cell, in distinction with the goal cell, which has no sucaess of face vector eldsfVs, g. We will form a vector eld V
See Figure 1 for an illustration. by interpolating between these vector elds; we will do this
Local vector elds: The directed graph and correspondin such a way thal equals the face vector elds on their
ing successor relations de ne a high-level discrete plamwN corresponding faces. This guarantees that the vector éld w
we de ne local vector elds that are consistent with thide continuous across cell boundaries (we will see laterathat
plan. To do so, we de ne two types of vector elds: thoselerivatives will match across cell boundaries as well,dired
corresponding to cells in the decomposition, which we calll Smoothness). Interpolation is greatly simplied if it is lgn
vector elds and those corresponding to faces, which we cadairwise, rather than interpolating between all of the loca
face vector elds Intuitively, the purpose of a cell vector eld vector elds simultaneously. A natural choice for this is to
is to guide the robot through the cell to the exit face, whictse the generalized Voronoi diagram (GVD) of the cell [82],
leads to the successor cell. The purpose of the face vedus e[89]. The GVD is formed by partitioning the cell intdoronoi
is to guarantee obstacle avoidance and to guarantee adber&@gions of which there are one per face. The Voronoi region of
to the discrete plan; in other words, the face vector eldeéach face is de ned to be the set of points inside the polytope
prevent the robot from crossing a cell face corresponding teat are closer to that face than to any other face; we refer
an obstacle boundary or an improper cell transition, isteto the Voronoi region of a face as itsgion of in uence The
causing the robot to cross the exit face into the successior c&VD surfaceis the set of points which are equidistant from
For the sake of clarity, we will delay discussing the formdwo or more faces of the cell. Since the faces @de 1)-
requirements for these vector elds. For now, consider tr@mensional hyperplanes, the GVD surface is the union of
face vector elds to be normal to their corresponding facesubsets of hyperplanes, each of which is equidistant from a a
and oriented in the appropriate directions, and the cellovec pair of faces. See Figure 3.
elds to always point toward the exit face. In the case of For any point in the region of inuence of facg;, V
the goal cell, all face vector elds point inward and the celill be an interpolation ofVt, and V.. On the face itself,
vector eld always points at the goal state. See Figure 2 f& = Vi, ; the rest of the boundary of the region of in uence
an illustration of face vector elds. is contained in the GVD surface, and we assign= V..
Smooth interpolation:Now we proceed to the third taskIn order to smoothly interpolate over an individual regior
of our algorithm, which is to interpolate between these llocaeed a smooth function which is uniformly zero on the face
vector elds to obtain a global vector eld that has the deslir and uniformly one on the GVD surface. This function should
smoothness and convergence properties. Consider a sidggesmooth, except on th@ 2)-dimensional intersection



of f; and the GVD surface. Lack of smoothness at the:
points will not adversely affect our method, because we ha
already indicated that all system trajectories move fromh ce
to cell through(d 1)-dimensional faces, not througd 2)- 0.8f
dimensional ones. We construct smooth interpolating fanst ol
usingbump functionswhich are de ned as follows:

09

0.6

05F

b(s)

De nition 2 Let X be a smooth manifold, and l& be a
closed set and) an open setK U  X. A bump function 04l
over U is a smooth, real-valued function: X ! [0; 1] such
that:

1) has support contained ib.

03F

0.2

2) (x)=1 for everyx 2 K. 0-1r
A bump function that transitions smoothly from 0 to 1 or % !
the unit interval is constructed as follows. First, de ne
(s)=(L=9)e *s: (1) Fig. 4. A bump function.
The bump function is then de ned as
8 boundary of the region of in uence is the GVD surface, on
20 s O . . . .
(s) which the equatiord(p;f;) = d(p;f;) is satis ed for some
b(s)= _ —s+ 5 0<s<1 )

> (5 @ s) j . Therefore, the function is identically equal to one on this
"1 1l s boundary. Note that explicit computation of the GVDrist

An illustration of this bump function is given in Figure 4. &h required for this construction; it is simple to determineieth

bump function has the important property that all derivegiv fﬁcec;g voronol regn?]nf any p}aanuIaI\lr E)I'cr)\mt IS 1N, by Cﬁm&@
equal zero at the endpoints of the unit interval. the distance to each face of the cell. The point Is in the Voron

region (region of in uence) of the face which is closest to it
Proposition 1 For anyi, d'b=dd(0) = d'b=ds(1) = 0. Putting the pieces together, the overall vector eldis
de ned as:
Proof: Clearly, d'b=d$(0 ) = db=d$(1*) = 0; _ _
therefore, consider the derivatives in the open unit iraterv V(p) = norm (X(p)Vi (p) + (1 A(P))Ve(P)) ; )

From Equation 1, we see that in which V; is the face vector eld for that pointy, is the
_d (9 . d cell vector eld, b is the bump function with(p) shorthand
Jm =g = fim (@ s)=0: for b(s(p)), and norm is a normalization function, ensuring

thatV is a unit vector eld.
The approach needs only slight modi cations for the goal
cell. In this case, the GVD is not used to partition the cell;

It is clear that all higher derivatives are likewise zero dese
the exponential factor dominates the polynomial factoudzq

tion 2 yields instead, the region of in uence of a face is de ned to be the
di(s) ‘(’TS( (s)+ (1 9) (s) ‘(’TS + d'is (1 s (interior of) the convex hull of the face together with theafjo
ds = ((5)+ (1 9)2 point. This clearly results in a subdivision of the cell. The

¢ 1 s 9L 1 s interpolating function, then, goes from zero on the facerte o

= ds ds > : on the rest of the boundary of the cell. Since the boundary
((s)+ @ 9) consists of a number of hyperplanes (as in the previous case)

Ass! O, both (s) and ?TS go to zero; hence% I o, Itis easytocompute the necessary distances and the value of

Similarly, ass ! 1 , both (1 s)andX (1 s)goto the interpolating bump function.
zero; againd | 0. It is clear that all higher derivatives go BY showing how to construct the vector eld on both
m the goal cell and intermediate cells, we have constructed a

to zero as well.
The parametes we use for the bump function is the produc{’eCtor eld over the entire cell decomposition. Next, we Iwil

of a number of analytic switches, which is smooth over tH@"mally specify sufcient conditions for the face and cell
interpolation region (the region of in uence of the faceprF vector elds and prove that the resulting vector elisatis es

any pointp in the Voronoi region of facé;, let the requirements of a smooth feedback plan.

d(p; fi d(p; fi
(p:f;) dp ')Z (3) B. Theoretical Results

d(p;f;

(Pify) We begin by formally de ning cell vector elds for inter-
This function is smooth (except on tf@ 2)-dimensional mediate cells. Note that the GVD surface is the union of a set
boundary of the cell), and has the desired property of bein faces, each of which is a subset ofé& 1)-dimensional
identically equal to zero on the cell face. The rest of thieyperplane equidistant between two cell faces.

s(p) =1
i6i



We now show that these broad conditions on the cell and
face vector elds are suf cient for the integral curves ¢fto
reach the exit face of the cell in nite time.

‘ L Theorem 1 Under De nitions 3 and 4 above, all integral
curves ofV reach the exit face in nite time.

Fig. 5. Three possible cell vector elds. Each points towtre exit face at Proof:. Take any poinp in a region of in uence of some
the bottom of the cell. f 6 fy. It is clear from the de nition ofV, that there exists

some ; such thatV(p) Nyt 1- With respect to the face
vector eld, we know that; ny; is bounded away from zero

De nition 3 Let C be a convex cell with exit fack,, and on a closed set, which implies that there exists sognsuch

consider the GVD ofc. A cell vector eld V. is a smooth

. . A that Ve(p) npt 2. Therefore, the overall vector eld/
unit vector eld or_nC that satis es the following: will satisfy V (p) Nof for =min( 1; 5), everywhere on
1) For each p0|ntx_2 C, there exists g 2 fx and 2 R ¢ region of in uence. This implies that the integral cerv

such thatVe(x) = (y ). containingp will reach the bisecting hyperplar® in nite

2) Leth be a GVD face, with normat. If Ve(X) N =0 {ime unless it rst reaches a GVD face. If it reaches a GVD
for somex 2 h, thenVe(x) n =0 forall x 2 h. face, then it crosses into the region of in uence of another

3) The directed transition graph induced by (2) is acyclige|| ‘and will never return to the rst region of in uence, by
and every path through thIS graph terminates at the no‘ﬁ"operty (3) of De nition 3. Applying this property repei,
corresponding to the exit edge. we see that the integral curve will reach the region of in cen

Although this de nition permits many different types of tel Of the exit face in nite time.
vector elds, we will consider a more narrow class of cell Assume that the integral curve has reached the region of
vector elds in practice. Consider a convex céll with exit inuence of the exit face. The integral curve then either
face f, with outward pointing normah,, and letC be the reaches the exit face or some GVD face in nite time, because
(possibly unbounded) cell resulting from the removalfef the distance to the exit face is decreasing at a rate that has a
from C. Let V¢(x) = norm(p Xx), in whichp 2 CnC positive lower bound. The integral curve cannot reach aroth

is xed. A variety of similar constructions are possible.eseGVD face by the third condition of De nition 3; therefore, it

Figure 5 for an illustration. reaches the exit face in nite time after entering the regién
in uence of the exit face. Therefore, all integral curvestlie
Proposition 2 As de ned above), is a cell vector eld. cell reach the exit face in nite time. [

] . _ _ o We have shown that for every intermediate (non-goal) cell,

. Proof: Each integral curve oV, is a straight line; it is o\ ery integral curve of the generated vector eld will reach

simple to see that eaph |_ntegrgl curve crosses the ex't,ﬁa,ce'the exit face of that cell, and hence continue to the next
hencer,] the rsrt] (;ondltl;nnhls satis ed. For the sic?]ndhcanmll cell. Consequently, we have shown that all integral curvils w

note that each face of the GVD is a portion of the hyperplang, .1, the goal cell. However, it remains to be shown that all

sepa_rz_;\tlng_ two faces (ﬁ If Ve IS constan_t, then the Seconqntegral curves in the goal cell will reach the goal pointeTh
condition is clearly satis ed. I\ is otherwise, then for some argument is much the same

GVD face with no_rmah, the sign oNe nis xed for any x on In the goal cell, we use a different de nition of the cell
the GVD face; this can be easily veri ed from the de nltlonV§Ctor eld. Formally, we require that for any poipt6 x
of V. above. For the third property, we have already statg; i ' ) 9
. . : . th I cell,V, > 0; also,
that each integral curve is a straight line that croskes V. e goal cell,Ve(p) (xq D) aiso, we require

Together with the second property, this directly implieg th o(Xg) = .O' Practlcally,. we uie a cell vgctor eld that is
third property always oriented towargy: Vc(p) = b(jjxg pij)norm(xg p))

The de nition for a face vector eld is simple. Again, let to satisfy this condition. This is smooth, satis es the inne
. . ) ) : ! roduct requirement, and decays to zero at the goal point.
C be an intermediate cell with exit fadg. For any facef , P q Y 9 P

let the associated normal vectorbe inward pointing iff 6

f«, and outward pointing fof = f,. For any facef 6 f,, Theorem 2 All integral curves in the goal celCy asymptot-
denote the hyperplane of points equidistanf tand f, (the ically converge to the goal point.

bisecting hyperplane) by . Denote the unit normal vector

of this hyperplane to beys, and let it be oriented so that Proof: This statement is proven similarly to Theorem
Ny Nhy > 0, for ny the normal of the exit face. 1. Both the face and cell vector elds satisfy an inner

product constraint guaranteeing that at any p@né Xg,
De nition 4 A face vector eld corresponding to a facé V(p) (Xg P) for some > 0. The only place where
is a smooth unit vector eldy; such that for evernpp 2 f, V(p) (Xg p)= 0 is at the goal poinkg; therefore, every

Vi(p) n> 0. If f 8 fy, the conditionVs (p) Ny > O must integral curve asymptotically convergesxg. [ |
hold for everyp in the closure of the region of in uence 6f Given the previous theorems, the following theorem holds
if f =fy,Vs(p) n> 0 must hold. true:



Theorem 3 The integral curves of the vector e, de ned vector elds likewise require only linear time, since thegnc
over Xfree , asymptotically converge to the goal stadg. be assigned to point to the centroids of the exit faces. Hence
determining the component vector elds, given a cell comple

~ Proof: From Theorem 1, any integral curve in arynq jts connectivity graph, can be done in linear time.
intermediate cell proceeds to the exit edge and thus caginu Second, consider the execution cost. If the cell in which

to the successor cell. All integral curves consequentlg@ed query point lies is unkown, then a point location query

_to the goal cell in nite time. Theorem 2 then implies that th(1=.nust be performed to determine in which cell the point
integral curves asymptotically converge to the goal sta®. jios This can clearly be done in linear time, and may be
We emphasize that the conditions we have given on the fages yered in logarithmic time if some preprocessing of the

and cell vector elds are not necessary, but suf cient. ®thge | decomposition is done. In two dimensions, the optimal
than those we have outlined, there are many combinations Eprocessing bound i©(n) time, but practical algorithms

face and cell vector elds that will yield the same result. | ypically require O(nlogn). Also, only linear space is re-

a ch_0|ce of vector el_ds IS ma@'e that doe_:s not satisfy theﬁ%ired in two dimensions. A good algorithm for this purpose i
suf cient conditions, it may still be possible to show thakirkpatrick's triangulation re nement method [49]. In Higr
convergence follows. Arguments like those made above wouy ensions, the results are not as good: logarithmic quer t
likely be sufcient to verify convergence: ensuring thateth (more preciselyO(dlogn), in whichd is the dimension) can

combination of face and cell vector elds will always makeOe attained, but only at the cost of exponential sp@ietzd)
“suf cient progress” (e.g., satisfy an inner product coagit) [t37] ’
a

in each intermediate cell, and will converge to the goalest

once t_he goal cell is _reached. . time (in the number of faces of the cell) to compute the vector
Havmg_ fully described the construction & and shown eld value, because computing the bump function parameter
that the mtegral_ curves converge to the goal state, we n?«‘5\'quires computing the distance to each face of the cell. In
prove the following: practice, the number of faces of any cell is so small that
the cost of computing the vector eld value is practically

negligible. If there is no error in following the vector eldnly
Proof: As we have de ned them, all local face and celP Single point location query must be performed to compute an
vector elds are smooth. We have already argued that the bufdpfire trajectory. Consider two successive query poiritsy t
function b(s) is smooth. The parameter functisnis smooth MUst elther lie in the same cell, or the seconq one lies in the
on every Voronoi region, except on a set of measure zero (ﬂ:@I that is the successor to the rst one. This is g_uarantged
(d 2)-dimensional boundary of the cell face). Integral curve® hold as long as we assume that the vector eld is queried
never pass through these points, because every integral cd@t @ high enough rate, which is a weak assumption. The most
in a particular cell passes to the successor cell through fi§@sonable assumption is that the vector eld is queriedbatm
open(d 1)-dimensional face between them. The fact th&ontinuously (as in real time control), which will result ine
all derivatives of the bump function equal zero = 0 and condition holding true. In the presence of error, this may no
s =1 guarantees that the vector eld (and, correspondingly, if§Ways be the case; however, we expect that it should typical
integral curves) are smooth across cell boundaries andssacrd0ld in practice, assuming that the error is small.

the GVD surface within each cell. Therefore, the integral YWe may also assume that the cell complex is not given to us
curves ofV are smooth. m directly, but that it must be computed by decomposing a gen-

eral polygonal environment. We can do this for any dimension

using vertical decomposition (an arbitrary-dimensionsicar

of trapezoidal decomposition); see [42] for details. If we
We have claimed that our method is extremely fast to correstrict ourselves to the two-dimensional case, there amym

pute. There are two primary computational costs. Firstetheyays to decompose polygon into convex pieces. One option

there is the cost to compute the component vector elds givés Keil's algorithm for computing a convex decomposition

an environment and a goal state; this is girecomputation with a minimal number of pieces. Keil's algorithm requires

cost. Second, there is the problem of computing the value @{nr2logn) time, in whichn is the number of vertices and

the vector eld at a given point; this is thexecutioncost. the number of re ex vertices. Triangulation can be donerin i

These can both be done quickly. We will give the asymptotigar time [22], and a practical implementation based on $gide

complexity of these algorithms, but we emphasize that thggorithm is available, which requiréd(nlog n) time [81].

constants in the asymptotic analysis are quite small; thagepractice, these algorithms can decompose even large and

methods are very ef cient in practice as well as in theory. complicated environments in milliseconds, on modern agskt
First, consider the precomputation phase. If breadth- rgomputers.

search is done on the graph corresponding to the cell complex

the successor of each cell can be foun®im) time, in which . )

n is the number ofi-dimensional cells in the decomposition - Discussion and Computed Examples

If a Dijkstra-like approach is used, the complexity becomes Before turning our attention to the case of feedback plans

O(nlogn). The face vector elds can be assigned in lineaover cylindrical algebraic decompositions, we will dissus

time if perpendicular face vector elds are used. The cefleveral practical issues associated with the use of ouradeth

If the cell of the query point is known, it requires linear

Theorem 4 All integral curves ofV are smooth.

C. Efciency
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Fig. 6. A computed example; the left gure shows several sydtajectories,
and the right gure illustrates the entire vector eld.
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Fig. 8. A third computed example.

paths. Second, we might actually want it to point as far away
from the exit face as possible, to avoid the sharp turns teat t
rst approach might induce. Third, it might be preferable to
simply make each face vector eld perpendicular to its face,

We will discuss the impact of choice of face and cell vectd¥hich is the simplest approach. Finally, we might wish to
elds on path quality and the applicability of our approact¢ompute the centroid of the cell or of the exit face and direct

to dynamic environments. We also give several computdeg vector eld toward it (say, from the centroid of the face)
examples, seen in Figures 6-8. In different situations, each of these approaches couler off

Designing face and cell vector eldsin Section IV-B, we advantages; this greatly depends on the particular apipica
stated fairly general conditions on the face and cell vectorAny one of these approaches can be followed in the presence
elds under which convergence is guaranteed. The purpogkthe face vector eld constraints. The constraints spedi
of doing this is to permit a great deal of design exibility,as suf cient for convergence are all simple inner produat-co
making our algorithm suitable for practical application.this ~straints (i.e., each constraint requires that the vecttat lewve
end, we will outline several approaches for designing famk apositive inner product with the normal of some hyperplane).
cell vector elds. We also give several concrete examples £ above, lef be a face under consideration, and denote the
illustrate the impact of the choice of convex decompositiofisector” hyperplane betweeh andfy by bx . Denote the
and face and cell vector elds on the “quality” of the resogji unit normal vector of this hyperplane ag; . We require that

Fig. 7. A second computed example.

paths. the face vector eld have positive dot product witl; (note
Consider a face vector eld for some face other than tH&at in the class of constant vector elds, every vector eld
exit face of a cell. To satisfy the necessary conditions f&¥ith Vi Ny > 0 satisesVy Ny for some > 0). If

convergence, such a vector eld must be directed inward #e desired vector eld does not satisfy this condition, [giyn
the face itself and must satisfy an inner product constraipfoject the vector eld ontdx , adding to it an arbitrarily-small
with the normal of the face which is equidistance from thiaction of ny; to attain a positive dot product. If the face
face and the exit face. Although these requirements are quiector eld is also the exit face vector eld of a previous kel
loose, we will consider only the class of constant vectodsgl We have more constraints to apply. Their application, harev
with the goals of simplicity and practical performance. fne is identical to that just described. Finally, it is worth imgf

still remains a great deal of design freedom under the constéhat a face vector eld aligned with the face normal always
vector eld restriction. satis es the constraints we have outlindtia different vector

First, consider the case of a constant face vector eld witgld is desired, each constraint must be examined and sedis
only the restriction that it must be inward-pointing on taed in order for convergence to be guaranteed.
itself. In other words, we have only the constraiat ns > 0, Cell vector elds can also have a signi cant impact on
in which n¢ is the inward-pointing normal of the face. Withpath quality. As we discussed above, the cell vector elds ca
this much freedom, there are several obvious ways to chogsenetimes be constant vector elds; otherwise, we generall
Vs that could be advantageous in terms of generating higthoose a poinp and letV(x) = norm(p x). We described
quality paths. First, we might want the vector eld to pointabove the conditions on the placemenpoThe distance from
toward the exit face as much as possible, to promote shtite exit face top has a signi cant impact on the resulting



way; entire obstacles might move, or gross changes to the
environment could be made (as in the case of sensor-based
map updates). These changes can be either large or small, and
may or may not affect the topology of the space. If the changes
are local, then it may be possible to repair the decompasitio
by recomputing the cells in the neighborhood of the change.
If the change is large, then the entire decomposition may
have to be recomputed. In small environments, it is likeBt th
recomputing the entire decomposition from scratch will be
Fig. 9. The inuence of different convex decompositions. @p,ta path mor.e ef cient tha,n attempting to make local repairs; in karg
with sharp turns arising from the choice of decomposition petpendicular €nvironments, this may not be the case. As we have already
face vector elds; on bottom, the artifacts eliminated thrbug better mentioned, there are ef cient algorithms to preform theveon
decomposition. decomposition; in two dimensions, it can be done for many
environments in just milliseconds. This indicates thatneire

) ) ) dynamic environments, real time performance can be aathieve
paths; the closep is to the exit face, the more the integral

curves tend to bunch together when leaving the exit face. Anv SMOOTH FEEDBACK ON CYLINDRICAL ALGEBRAIC
extreme choice is to plageon the exit face itself; this strongly ' DECOMPOSITIONS

in uences the integral curves to leave the cell npathoosing )
p near the centroid of the exit face can be bene cial. Caution UP 1© now, we have discussed how to construct smooth

must be exercised, however, because improper placement df€dback plans on cell complexes in which each cell is a
on the exit face can lead to undesirably sharp turns. convex polytope, and we have shown how our methods can

Finally, the choice of convex decomposition can greatl e applied effectively in practice. In this section, we ddas

affect the quality of the resulting paths, especially nda t € same problem on a _dn‘ferent type of decomposition.
goal cell. This is particularly important when the face wect We_ de_scrlbe the (_:onstructlon Of smooth_ feedback plans on
elds are chosen to be perpendicular to the edges. See Fig[ﬁ’gnd”cal algebraic dlecomposfltlons,_ Wh'Ch. grgatly ends
9 for an illustration of this point. the results of the previous section. Since cylindrical bige

. ) ) . : decompositions can be used to solve a very general class
Dynamic Environments:As we have described it, our . . .
. . . . of motion planning problems, our algorithm demonstrates
algorithm applies to static, known environments. For prag-
. L o . ow to compute smooth feedback for the same class of
tical applications, however, this will not necessarily te t

case. Environments can change continuously over time problems. In addition, the feedback laws can be computed

. . . &sciently; precisely, they can be computed@n), in which
Idno;rr]eo C:rfse Oc;f crll(q)(;\ggginogsgiﬁﬁi Oern\?ilri)cr:re:zlr?t, Wev(\;r;e:n?is the complexity of the decomposition (the numberdef

: P S 1aing o dimensional cells in the decomposition). Since the number
wish _to explicitly integrate environment uncertainty irgar f cells in a general cylindrical algebraic decompositian ¢
algorithm; We assume, then’ that we have complete knowlegge doubly-exponential in the dimension of the space, ef-
of the gnvwonment at. all tlme_s, even though_ it may Chan%?ent computation of smooth feedback with respect to the
unpredlctably. A practical application can easily mtégraur de?ompositions still implies a very pessimistic overathei
approac_h with se_nsF)r-based map updates gnd_hlg_her leﬁlgund. However, there exist problems that admit cylindrica
exploration behavior; therefore, this assumption is sieht

for our interests. decompositions that have much better complexity bounds, (e.

lanning for the ladder [3] or a polygon translating and tiota

_We will consider wo t_ypes of changes_ to the environme }1 the plane [2]). In cases such as these, our algorithm has
First, take the case of discrete changes in the environrirent; 8tentia| for practical implementation and use

our model, this takes the form of new faces being introducg

or removed that change the topology of the environmentéf th

face under consideration corresponds to a face in the confex

decomposition, then the decomposition remains unchangedio generate a smooth feedback plan over the entire cell

the only change is that an open face has become an obstagleomposition, our algorithm will make use of the cells'

face, or vice versa. Hence, the most our algorithm has to dylindrical structure. Therefore, we will describe cyliioal

is update the connectivity graph and search it to obtain a nelgebraic decompositions as a preliminary to the presentat

directed graph de ning updated successor relations. |ethge of our algorithm.

introduced does not correspond to a face in the decompositio A cylindrical algebraic decompositio(CAD), also known

then the decomposition must be recomputed such that thi a Collins Decomposition26], of R" is de ned in the

is the case. As before, the connectivity graph must then tslowing inductive way (see [5] for a more formal de nition

searched to generate the successor relations. This pibgsibi

indicates that if there is prior knowledge about what facas cDe nition 5

be removed or introduced into the environment, this shoald b

incorporated into the initial decomposition. 1) A cylindrical algebraic cellC; of level one is either an
Second, the environment can change in a more general interval (a;b) or a pointa.

Cylindrical Algebraic Decomposition

10



exists. Additionally, there may be more than one robot, &ed t
robots may be connected in a kinematic tree. For this problem
Gree andGys; are semi-algebraic in the con guration space,
and each cell in the cylindrical algebraic decompositiothef
con guration space is either completely containeddpe or
completely contained iGypst .- Using the connectivity graph of
the d-dimensional CAD cells, it is possible to nd a collision-
free cell path from the cell containing the initial state to
the one containing the goal state, if one exists. Schwartz
and Sharir then showed how to specify a continuous path
from the initial to the goal state that goes from cell to cell
in the solution cell path without entering any other cells.
The computed path moves from one full-dimensional cell to
1 P 1 1 another, through a connecting cell of one lower dimension;
S S S G S— as we discussed above, this is always the case when the
free con guration space is taken to be an open set, which
Fig. 10. Two polynomials projected int&!, preserving the critical points IS the standard convention. To determine the connectivity
and intersections. After the projection, each intervaliftied into R> where relations ef ciently, Schwartz and Sharir make a stronger
it tl)er?orrr?elssa cylinder of cells. Each new 2-cell is sign-irasriunder the assumption on the set of polynomid®sthan is required for
polynomia’s. the basic CAD algorithm. The assumption of “well-basedhess
eliminates local pathology, but local connectivity caril $te
2) AcellC, of leveln has one of the two forms: it is eitherduite complicated. See [92] for more details.

the set of paird (x;y) : x 2 C, 1;f(X) <y <g (X)g

or _the set of pairsf(x;y) : x 2 Cp Ly = f(x)g, in g Algorithm Description

whichf;g 2 Q[x1;Xn 1] are polynomials over the eld

of rational numbers.

We will now present our algorithm for generating smooth
feedback plans over CADs. As in Section IV, we will construct

The cells' cylindrical structure is apparent from the defsmooth feedback over individual cells and then guarantee
inition. For a set of polynomialsP taken from the set that smoothness is preserved across the boundaries crossed
Q[x1;:::;%Xn], @a CAD adapted t® is one in which each cell by the resulting integral curves. We assume that the input
in the decomposition is sign-invariant und@r The number to our algorithm is the entire cylindrical algebraic decom-
of cells in the decomposition is polynomial in the carditali position, consisting of cells of all levels, together witieir
of P, as well as in the algebraic degree of the membei8;of corresponding algebraic descriptions, and a connectiyvéph
however, it is doubly exponential in the dimension. corresponding to the connectivity of thedimensional cells in

In addition to proposing the decomposition, Collins gavihe decomposition. In the construction of a CAD, it is pofesib
an algorithm to compute it [26]. This algorithm (which weto generate a point in each cell (of any level); these aredall
will refer to as the CAD algorithm) has two phases. In thalgebraic points and we assume that we are given these as
rst phase, the polynomials ofP are projected down one well (note that it is trivial to compute algebraic points gjiv
dimension at a time, using a projection that preserves ttiee full algebraic descriptions of each cell). As we pregigu
zeros of P as well as the intersections of the members afescribed, the connectivity graph can be searched to dieterm
P. Once the polynomials have been projected iRfg the the cell path to the goal cell from any cell in the connected
critical points are located; these points, and the cormedipg component of the goal; this determines the successor of each
open intervals, become the cells Gf. In the second phase,cell. We will construct a vector eld over the closure of each
the cells of C; are lifted into R?, becoming cylinders that cell such that all integral curves are guaranteed to reaeh th
are partitioned based on the critical points of the polyradsni face between the cell and its successor, without reachigg an
that are now ifQ[x1; Xz]. This is repeated, each time lifting upother face. We require all integral curves to be smooth, and
and partitioning the resulting cylinders, uril' is reached. At smoothness must be preserved across the faces separating
that point, a sign-invariant partition &®" has been obtained. a cell from its successor. We will discuss our algorithm in
As noted in [5], [92], the unbounded cells can be treated terms of ann-dimensional cellC (and its closureC) and its
the others by considering the set of polynomials to includriccesso8, both full-dimensional cells of level. These cells

xi = 1 ,fori=1;:::;n. More details can be found in [5], share an(n  1)-dimensional face, which we denokg.
[57], [75]. A (very) simple illustration can be seen in Figur We know thatC is bounded by upper and lower bounding
10. polynomials in each dimension; lat andl; be these polyno-

Schwartz and Sharir showed how to use the CAD algmials in dimensiori. For simplicity, assume that there are no
rithm to solve the generalized piano movers' problem. Iis thunbounded cells; after describing the algorithm it will bee
problem, the roboR and the obstacle regioD are specied clear that the algorithm works for unbounded cells as well. |
as semi-algebraic sets; a collision-free path must be fouirsdntuitive that eachy; andl; should correspond to exactly one
from an initial con guration to a goal con guration, if one (n  1)-cell (face) in the decomposition, separati@gfrom a
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| each face of the cell, as well as face vector elds for eacle fac
l and a cell vector eld for the cell. Face vector elds are é&asi
! de ned; any faceF  F," will be assigned a vector eld of

=
- - - =
=

|

: @—@; and any face= F; will be assigned a vector eld

: C of + @—%. This is the case except féis; for anyx 2 Fs, the

i Ca face vector eldV; is de ned as

|

' + @ ifFs F'

| | Vi= e ST
\‘r‘—/"/\ : @x if Fs Fi .

! | ! This de nition ensures that the face vector elds point imaia
/V’\V/\T/ on all faces ofC except the exit facers; this implies that no

integral curves leav€ except by the exit face, as desired.
o 11 Adi oviinders i indrical alaebraic d ion. Cellc Recall that through the construction of the CAD, algebraic
bt no'adjaézﬁfgeﬁi '20rergss")rgﬁdciﬁénm”gﬁeao?ﬁsrj’gcpe;'?;’;ﬁ[;noremaﬁsy points have been computed that lie in the interior of each cel
and cell C; has two adjacent cells corresponding to a lower bounding/€ Will use the algebraic points in the cells of level 1,
polynomial (the cells above and beldBy ). which connect the full-dimensional cells. Denote the atgab
point in Fs asp,. We now de ne therelative height which
is a diffeomorphism fronC to the unit cube. For any point
/ X =(Xz1;:::;Xn) 2 C and dimension, dene h; : C ! [0; 1]

Xi  li(x)

MOO= L 00

(®)

This is a smooth mapping, since both the upper and lower

V
— bounding polynomials are smooth. Again, even in the case
F S XS where there are no actual faces corresponding;tand I;,
N~ as in Figure 11, the bounding polynomials are well-de ned.
Also, we can arbitrarily de neh;(x) to be zero ifu;j(x) =
li (xX); this can only occur when faces corresponding to certain
/ dimensions are missing, again as in Figure 11. The lack of
smoothness at these points is not problematic because no
integral curves of the vector eld pass through these points
\ This is the case because these points are always part of cells
that are less tha(n  1)-dimensional; we have already stated
that all integral curves will go from full-dimensional celh
. full-dimensional cell through faces of only one dimension
less. We can now de ne theelative coordinatesof x as

v

|

de ne the cell vector eld V. as the vector eld which
Fig. 12. A cellC, its successo8, and the shared fades. The shared face ; ; ; ; ; ;
is a hole in the larger facé of C. Lifting these cells into higher dimensions induces a s.tralght line path towapg, in relative cpordlnqtes
could continue to restrict the face they share. Formally, this can be computed using t.he Ja(fOb'a'm' Wh'_Ch

is guaranteed to have full rank sinteis a diffeomorphism

onC: Ve(x) = (Jn(x) ‘(h(pa) h(x)). _
neighboringn-cell. However, this is not the case. There may be NOW, all we need is to de ne acceptable distance functions

many faces that correspond to a single bounding polynomitgl,€ach face. Then, we can blend the component vector elds
or none at all. This is illustrated in Figure 11. Denote gy together as in Section IV, and we will show that the integral

the union of all upper bounding faces 6f corresponding to CUves of the r_esul_ting vector eld always reach the_goaleTh
dimensioni, and byF, the union of all lower bounding facesdistance function is easy to de ne, using the relative heigh

of C corresponding to dimension We use the bar notation functions. Assume that the exit faég  F; . Then for any

to indicate that the logical “face” is the union of a number dfce Y faceF; .,j 6 i, d.e ne the scaled perpendicular distance
actual faces in the decomposition. Note tRgt corresponds functiond- as follows:

to the zeros oly; andF; corresponds to the zeros bf If 1h(¥ g E*

the exit faceFs is an upper face corresponding to dimension d» (x;F) = lhj i {Pa) i F] (6)
i, thenFs F,; . The two will not generally be equaFs hj (pa) : i

may form a hole in the larger fadg™ . See Figure 12 As required, the distance function equals zero on the faeéf it

We will construct a vector eld ovelC in much the same and is greater than zero elsewhere. Also, at any point ttsat ha
way as we did for convex polytopes. We will de ne approthe same relative height as the algebraic point in a paaticul
priate smooth distance functions representing the distéamc dimension, the upper and lower faces will be equidistant.
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Also, multiple faces that correspond to the same boundinge for points above the upper bounding polynomial or below
polynomial will have the same distance; this is acceptablihe lower bounding polynomial in that dimension. It equals
because such faces will have the same face vector eld. zero for anyx such that the difference in relative height
In the case of the upper and lower faces in the dimensilom x to p, (in directionx;) is less than(l ) times the
corresponding to the exit face, a small change must be mad#ference in relative height fronp, to the boundary ofs,
In this case, simply letd, (x;F) = jhi(x) hj(p)j. We again in directiorx; . These can be used to construct the nal
will also need to de ne another distance function to use tistance functiord,, which for any pointx 2 F; indicates
distinguishFs from the remainder of; , to use when the the “distance” from that point tés, and does so smoothly.

point x is in the region of the cell closest t6, . The de nition is inductive, as follows:
Understanding cell connectivity is important for compgtin 4.1 (X) = Wis1 (X)
the distance tés, becausd-s can be a hole in the larger face
F, , as discussed above. It is useful to note th&gf F, , : (8)

then bothC andS were lifted from the same full-dimensional 4 (x) = 4 () + (1 & Wi (X)

cell in a lower level. This means that the “parents"®fand ! . U

S in the lower level were adjaceitdimensional cells in the  The important results are summarized in the proposition
same cylinder, separated by én 1)-dimensional cell. The below:

parent cells shared a complete face at that level; lifting th

cells into higher dimensions may have restricted the area ffioposition 3 The following properties hold:

the face that they share until they share a face which is a holél) For all j, d is well-de ned.

in the larger face. An example of this is in Figure 12. 2) The functiond, is smooth, identically equal to one on
Keeping in mind that each successive lifted dimension adds ~ F; nFs, and identically equal to zero on an open subset
constraints that may restrict the shared face betvizamndS, of Fs.

consider some point 2 F; . It is simple to verify whether
or not x lies in Fs (simply check to see if it satis es the
constraints of the bounding polynomials B§). In addition

Proof: We prove the rst property by induction. As we
have already indicatedy; (x) is only guaranteed to be well-
: . de ned if the polynomial constraintf, anduf are satis ed
to this, we need a smooth function de ned over all Fgf forallk2i+1:::::j 1 Forl Kk i the constraints

that can serve as a distance function, indicating howxfar . .
is from Fs even ifx 2 Fs. One option that seems obviousare always satis ed because the c&llsandS are in the same
N S linder in the projection intdR'. Therefore, we know that

but which is incorrect would be to compute the distance f &t i o4 i
each of the bounding polynomials &% that is unsatis ed € base case.; is wel-dened. Now assume tha; is
' well-de ned and consided ., . The functiond ., will be

smooth them using a bump function if necessary, and add themII d qdifd =1 f int h thatw: .« i
together. This is incorrect because the bounding polynltsmié(ve -aened 1 ¢ = or any pointx suc alwj 1 1S
of Fs are not necessarily well-de ned for any point 2 not well-de ned (since the term containing;.; will then

vanish). But this fact is apparent from the de nition (’ﬁf; if

F; . Similarly, the bounding polynomials| andI| are not ; p . 8 =
guaranteed to be well-de ned unles§ andlf are satis ed, some constralrll,f. oru 1S nog\sa_ns ed, then we hf_i =1
forallk2i+1;:::;j 1, this happens when the bounding{Or allk 1 j. Therefored; =1 over any point where

polynomials ofFs coincide with those of rather than those Wj+1 i not well-de ned, and sdf .1 is well-de ned over all

of C. Consequently, our distance function will only depen&f Fi ,
onuf andlIf if all lower bounding polynomials are satis ed. For the second property, the above proof also yields the

We will construct a function that is uniformly equal to onéaCt that d}‘ is identically equal to zero ofﬁei nFs. I,t IS
outsideFs, uniformly zero on some subs&  Fs, and also readily apparent that if all polynomial constraintg ar

smoothly transitions between the two &g nF2. We need satis ed lby a f(;:lC'[OY of(1 o aﬂg then Wehhavgﬂ\n = 0. So g
to make several de nitions in order to construct this fuanti W€ SIMPly need to verify thad, is smooth. It is constructe

Recalling that the cell faces are zeros of polynomials, de rHSing §mooth.funct|okr:s, so all we neled to_v;arlfy r:S Lh;t the
z' (x) andz (x) as the zeros o andIF that correspond gerlvztlves iX'St ?hn t et.c]?ns{'tralr;t pot.ynorrkl)la S, W II(I: me t
to x: namely, zj+ (x) and z (x) are identical tox in all oundary where the satistaction functions become 17-eein

coordinates except for coordinate which is chosen so that _Th's can be argued inductively, as above. The base dase,

UF (2 (x)) = IF(z (x)=0.Forsome 2 (0:1) dene the 'S clearly .smooth. Now assume thédt !s smooth. Just as
j ! 09) = 17 ( ) (x)) ©:1) guaranteeing thaﬁ} = 1 whereverw;.; is not well-de ned

satisfaction functiow; : F; 1 [0:1] as " is suf cient to makec'zl\j +1 Wwell-de ned, we use the property
1 hi (x)  hi (pa) v that all derivatives of the bump functidifs) are zero outside
wi(x)=b — L : @ ) the unit interval. This implies that anywhere the function
hi (77 0) 1y (Pa) I (7) Wi+1 is not well-de ned, the derivatives dij all equal zero.
‘b 1 h; (x)  hj(pa) ( E Consequently, all derivgtives _d\fﬂ exist and are well-de ned
h; (ZJ- (x))  h;(pa) ' over I’—“i , and the functiord, is smooth. |

Using these distance functions, for any poin2 C we can
The satisfaction functionv; considers the bounding polyno-determine the face in whose region of in uence it lies (i.e.,
mials of Fs corresponding to dimensign and is identically which face it is “closest t0”). There are three differentass
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Assume as before thdts  F; . First, for some face, (see Section V). Hence all integral curves\¢fare smooth.
with j 6 i, we say thatx lies in the region of in uence of [ ]
F if d(x;F; ) d(x; Fy ), for all k. Second, we say that

lies in the region of in uence ofs if d(x;F; ) d(x;F,) Theorem 6 The integral curves o¥ remain inXee -

forallk and ifd,(x) 1 d,(x). Finally, x lies in the region _ _ _ _
of in uence of F, nFs if d;F. ) d(x;F, ) for all k and Proof: This property is obvious from the construction
it 1 4 () c’i{ ) : K of the vector eld. In any collision free cell, the face vecto
n n . . . . . .
The nal step is to dene a function for each face tha eld corresponding to an obstacle face will be inward paigti
h cause an obstacle face can never be the exit face. The vecto

interpolates between a value of zero on the face itself a 1V is identicall Lo the f ‘ Id on the
a value of one on the boundaries of its region of attractiofi IS ldentically equal fo the tace vector €ld on {he face

(loosely, the “faces” of the GVD). As in Section IV, we us tself, due to the bump function and its parameter function.
a produ,ct of analytic switches. For any faBe with j’ 61, ence, the vector eld always points away from obstacle $ace

use the following: and the integral curves never lead to collision. ]
B Y do(p;F) do(p;F ) Theorem 7 The integral curves o¥ asymptotically converge
s(p) =1 & (p:F) ' ©) {0 the goal state.

F6F
. _ l . Proof: First, we show that for any non-goal céll, all
in whichF 2 F are the faces o€. Also, additional product tne integral curves of reach the exit fac&s and thus enter
terms need to be added for facesthat share a larger facethe successor ce8. Recall that the cell vector eld is de ned
F, with the exit faceFs. These product terms us asVe(x) := (Jh(x)) (h(pa) h(x)), in which p, is the al-
rather thand, . This function is smooth (except where facegepraic point in the exit facEs. Hence following the integral
meet), and has the desired property of being identicallyakquyrves of this vector eld will cause the relative coordiesito
to zero on the face of the cell and one on the boundary &fmverge to those qfa: namely,h; (x) ! hj(pa);1 j n.
the region of in uence. Using the shorthaintp) = X(S(p)). The face vector elds corresponding to &} , j 6 i also
we again de ne the global vector eldv at pqint P @S cause the relative coordinates to converge. The only ecept
V(p) = norm(b(p)Vs (p) + (1 b(p))Ve(p)), in which Vi is s ;| which must be considered separately because the vector
the face vector eld for the face in whose region of in uenceg|q corresponding tdF, nFs points away fronp,. Consider
p lies, V the cell vector eld,bthe bump function, andorm )| dimensions except dimensionWe know that the relative
is the normalization function that forc&s to be a unit vector -qordinates will converge to a neighborhood of thos@.ofn
eld. some nite timeT (again, not considering dimensioh This
We must also de ne the vector eld on the goal cell sqmpjies that for a suitably chosen neighborhood, the region
that the integral curves converge to the goal paigtinside in yence of F; nFs cannot be entered after tinfe, because
the goal cell. All face vector elds point inward in this casejt |ies entirely outside this neighborhood. Consequentlg,
the cell vector eld is the vector that points from to Xq, can guarantee the convergence hpf after time T, and all
in relative coordinates. As before, this is de nedVagx) :=  relative coordinates are guaranteed to converge. Oncénveth
(Ih(x)) *(h(xg) h(x)). Similarly, thed, function should neighborhood ops (in relative coordinates) in all dimensions,
be modi ed to consider coordinates relative to the goal poily js simple to observe that the integral curves reach the exi

Xg rather tharp,. face Fs in nite time, since the face vector eld ofFg is
outward-pointing.
C. Theoretical Results The case of the goal cell is similar. In this case, the

vector eld and face vector elds all cause the relative
rdinates to converge to those of the goal state. Thexefor
for any neighborhood of the goal point, the integral curvds w
converge in nite time. Since the integral curves\6freach the

) exit face of any cell in nite time, and reach any neighbortioo
Theorem 5 The vector eldV is smooth except for a set ofsf the goal state in nite time, we have the global result that
measure zero and has smooth integral curves. all integral curves oV asymptotically converge to the goal

Proof: Consider the functions used in the construotioﬁtate- ™

of V in a particular cell. The perpendicular distance function

d-» is smooth since the bounding polynomials of the cell are VI. CONCLUSION AND FUTURE WORK

smooth, and the satisfaction functions and distance fonsti We have presented algorithms that construct smooth feed-
d\j are likewise smooth. The parameter funct®is smooth back plans on two different types of cell decompositionsin a
except on thén 2) dimensional surfaces where faces meetlimension. A smooth feedback plan de nes a feedback law,
and the integral curves never go through these places. Bich smoothly stabilizes the system to a selected goag stat
we know, the bump functions are smooth. They guaranttem anywhere in the state space, while avoiding obstacles.
smoothness across cell boundaries and between regionsTmfaccomplish this, we construct a vector eld on the state
in uence within a cell because all derivatives equal zerer¢h space that is smooth except for a set of measure zero and

. . I

We need to establish that the feedback plan associated V\gﬁb

our constructed vector eld has all of the required propesti
the proofs are similar to those in Section IV.
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which has integral curves that are smooth and convergeaod feedforward components, although without some of the
the goal. Feedback (i.e., closed loop control) is importalimitations of standard feedforward control.
because it provides a measure of robustness to uncertaintin conclusion, we have presented algorithms that ef cientl
in sensing and control. Using feedback, inputs are computsalve the feedback planning problem. As in standard motion
as (typically simple) functions of the current state, andsit planning, our algorithms deal with complicated environtsen
therefore possible to compute them at a very high rate, darthcontaining non-convex obstacles; like traditional feetkba
improving performance. Smooth feedback also contributes ¢ontrol, our algorithms provide global feedback that both
practical robustness because the control changes smanthlgtabilizes the system to a point and is robust to errors
response to small perturbations in the state. This imphes tand perturbations. Our algorithms are fast and applicable
when using smooth feedback, a practical system is likely to systems with nonholonomic constraints, rendering them
perform better when errors occur. Although smooth contrafsiitable for practical implementation and use, even in dyina
can still have arbitrarily high derivatives (any continsawurve environments. Our results may also be extendable to more
has a smooth approximation that can be arbitrarily clos@jeneral dynamical systems, providing stability resultsfiese
they tend to avoid rapid input changes whenever possilde, afystems in non-convex domains.
leading to more reliable operations.
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