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ABSTRACT

The contribution of this dissertation is the presentation of a new algorithm for the

construction of feedback controllers with global convergence, safety, and smooth-

ness guarantees. This algorithm integrates motion planning’s emphasis on colli-

sion avoidance and algorithmic completeness with control theory’s insistence on

the use of feedback to achieve robust, efficient, real time control. This combi-

nation of features renders this algorithm uniquely applicable to real world robot

navigation problems.

Historically, the motion planning problem is to compute a continuous, collision-

free path between given initial and goal configurations, or to return that no such

path exists. These algorithms typically assume both perfect sensing and perfect

control; i.e., the environment and the robot’s configuration are perfectly known at

all times, and the robot’s motion is perfectly predictable. From a practical point

of view, however, neither of these assumptions is actually valid. Even if a collision-

free path can be computed, the robot cannot follow it exactly; once it has deviated

from the precomputed trajectory, what should the robot do? Questions like these

are a motivation for feedback control, in which a vector field is computed, rather

than a single path. Since the vector field is defined everywhere, the robot is always

able to follow it. This implies that a navigation system based on feedback is more

robust to errors in sensing and control than one using an open loop trajectory,

even though both approaches still assume perfect sensing and control from a

theoretical point of view. Traditionally, feedback control has dealt exclusively
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with environments free from obstacles. A number of attempts have been made

to compute feedback control laws for systems in the presence of obstacles, but

they typically suffer from either lack of completeness guarantees or limited ability

to be applied in practice. In contrast, the family of algorithms described in this

dissertation provide strong completeness guarantees and can be applied easily to

a variety of frequently encountered robot navigation problems.

Algorithms, theoretical analysis, and practical examples (as applicable) are

presented for three main problems, and several variations thereon. First, the

problem of a fully actuated point robot moving in a piecewise linear environment

of arbitary dimension is addressed. Second, fully actuated robots with bodies are

considered—both practical problems like planar disc or polygonal robots, and the

fully general case of a semi-algebraic robot moving amidst semi-algebraic obstacles

(the generalized piano mover’s problem). Third, feedback plans for point robots

with simple nonholonomic constraints, such as unicycles and car-like robots, are

described. Each of these problems is addressed using variations on a unified

approach. First, the environment is decomposed into simple (often convex) cells;

second, local vector fields are created and combined together to create a solution

to the global navigation problem. In addition to standard navigation problems,

approaches to trajectory tracking and multiple robot coordination are described

to illustrate the flexibility of the approach.
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CHAPTER 1

INTRODUCTION

1.1 Robots in the Real World

By many accounts, robotics could be the next big thing. Millions of Roomba vac-

uuming robots have been sold to date [1]; robots are being deployed together with

soldiers for a variety of applications [2, 3]; they pour drinks [4]; they take care of

the elderly [5]. Microsoft founder Bill Gates is so convinced that robotics will be-

come important that he wanted Microsoft to participate [6]; the company recently

released its Robotics Studio, a platform (freely available for noncommercial use)

designed to make it easy to design robots using common sensors and components,

write algorithms to control them, and simulate them in realistic virtual environ-

ments [7]. DARPA has sought to stimulate research in autonomous vehicles and

driving through a series of “Grand Challenge” competitions. The challenge in

the first two competitions was to navigate through a 142-mile desert course in

less than 10 hours; no one was successful in the first year, but three teams com-

pleted the course in the second year. The third competition, the DARPA Urban

Challenge, focused on safe driving in urban environments; several competitors

successfully completed the challenge.

Many fields have claimed that significant breakthroughs were just around the

corner, and that society would be revolutionized by the innovations that were

ready to take place. While these changes are sometimes realized (the Internet, for

example), it is far more common that the promised breakthroughs never materi-
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alize. What will it take for the promise and potential of robotics to be realized,

rather than remaining perpetually just out of reach? Building robots has never

been easier, computing power is astonishingly cheap, battery technology continues

to improve (due in part to the push for energy efficient vehicles), and sensors are

cheaper and more reliable than ever. What, then, remains?

In nearly all of the areas where robotics is poised to have an impact, robots will

be required to operate outside of the highly structured settings in which they have

historically been successful. They must navigate in large environments with many

different kinds of obstacles; they must interact safely with other autonomous,

unpredictable agents who are also moving in that environment, such as people

(not to mention their pets). Robust, efficient algorithms—for robot control, for

navigation, for dealing with uncertainties in the environment and in sensing and

control—are the key ingredients that will enable robots to successfully solve tasks

in these environments.

This dissertation presents a set of algorithms targeted at the problem of robust

navigation in obstacle-cluttered environments. More precisely, these algorithms

compute feedback controllers that guarantee obstacle avoidance and global con-

vergence to a goal state. They bring together elements of classical feedback con-

trol and algorithmic motion planning, both of which are extremely important for

robot navigation. Previous attempts to integrate motion planning and control

frequently are based on potential functions; in contrast, the algorithms presented

in this dissertation rely on constructing feedback through careful combinations of

local vector fields. In practice, it is much easier to define these vector fields than

to construct potential fields offering the same safety and convergence guarantees.

In addition to solving problems of theretical interest, these algorithms are also

useful for a variety of practical problems.
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The remainder of this introduction will be devoted to outlining basic concepts

in feedback control and motion planning and showing how they are both essential

to building robot systems that can solve challenging problems in the real world.

The formulation of the general problem of smooth feedback planning will be pre-

sented. Finally, the results presented in subsequent chapters will be described.

1.2 Feedback and Motion Planning

In this section, a very high level overview of algorithmic motion planning and

feedback control is presented, along with their importance for robust robot navi-

gation. Historical ideas and approaches that have had an impact on the research

presented here are emphasized. First, a formal characterization of the motion

planning problem and overview the development of the field is presented. Second,

basic concepts in control theory, its relation to algorithmic motion planning, and

the importance of feedback control for practical robotics problems are described.

1.2.1 Algorithmic motion planning

The motion planning problem is to compute a collision-free trajectory between

two points for a robot moving in the world. Before formalizing this description,

we need to define a number of important items. First, let the world be W = R2 or

W = R3. The world contains an obstacle region, which is a closed semi-algebraic

set O ⊂ W . Let the robot likewise be a closed semi-algebraic set A ⊂ W .1 All

the ideas in this section can be extended to the case where the robot consists of

a chain of bodies; however, we will discuss only the single rigid body case.

The configuration space C of the robot is the manifold corresponding to the

space of transformations of the robot. The number of “degrees of freedom” of

1The formulation in this section largely follows [8], which contains much more detail.
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the robot is then equal to the dimension of the configuration space. For example,

a robot that can only translate in the plane (W = R2) has only two degrees of

freedom, so C = R2. A robot translating and rotating in three-dimensional space

has six degrees of freedom, three for translation and three for rotation. In this

case, C = R3 × SO(3) = SE(3).

The obstacles in the world induce an obstacle region in the configuration space,

Cobst ⊆ C. For some configuration q ∈ C, let Tq be the transformation correspond-

ing to q. Let

A(q) =
⋃

a∈A

Tq(a) (1.1)

be the robot body transformed by Tq. The the obstacle region is defined as

Cobst = {q ∈ C|A(q) ∩ O 6= ∅}. (1.2)

The free configuration space Cfree is then defined as Cfree = C \ Cobst. Note that

since the robot and obstacles are closed sets, Cobst is also closed. Therefore, Cfree

is an open set.

We can now give a precise definition of the motion planning problem. When

the robot’s motion has no differential constraints, this is referred to as the piano

mover’s problem.

Definition 1.1 (The Piano Mover’s Problem)

Given:

1. A world W, obstacles O, and robot A;

2. A corresponding configuration space C, partitioned into Cfree and Cobst;

3. An initial state qi ∈ Cfree and a goal state qg ∈ Cfree.

4



An algorithm solves the piano mover’s problem if for all choices of the above, it

either returns a continuous path τ : [0, 1] → Cfree such that τ(0) = qi, τ(1) = qg,

or correctly reports that no such path exists, in finite time.

If an algorithm solves the piano mover’s problem as given above it is said to

be complete. Two weaker forms of solutions exist: resolution completeness and

probabilistic completeness. An algorithm is resolution complete if it is guaranteed

to find a solution in finite time, if one exists. An algorithm is probabilistically

complete if the probability of finding a solution if one exists goes to one as time

goes to infinity, if a solution exists. If there is no solution, resolution complete

and probabilistically complete algorithms are not required to report this in finite

time.

In the problem above, the robot is said to be free-flying because there are no

constraints on its motion. In reality, however, there are almost always motion

constraints, which can be expressed as a set of differential equations. As a result,

the configuration space is no longer adequate to fully describe the system; the

state space must be considered. Intuitively, the state space X is the space of

minimal dimension such that all differential equations describing the dynamics of

the system are first-order (i.e., they depend on the state x and derivative ẋ, but

not ẍ). Under very general conditions, the constraints can be written as a state

transition equation ẋ = f(x, u), in which u is the control input. Existence and

uniqueness of solutions to differential equations guarantees that given an initial

state x0 and control u[0,t), the state at time t, x(t), exists and is unique.

In addition to equality constraints, there may also be inequality constraints

involving state space variables which do not arise from obstacles in the world. If

there are k such constraints, they can be written as gi(x) < 0 for 1 ≤ i ≤ k. An

example of such a constraint is a maximum velocity constraint. These constraints,

together with the world obstacle constraints, lead to a definition of Xobst. Let
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κ : X → C be the function giving the configuration q corresponding a particular

state x. The obstacle region is then defined as

Xobst = {x ∈ X|κ(x) ∈ Cfree, gi(x) ≤ 0, ∀i ∈ 1, . . . , k}. (1.3)

As expected, the free state space is then Xfree = X \Xobst. We can now formulate

the problem of motion planning under differential constraints (PDC):

Definition 1.2 (Motion Planning Under Differential Constraints)

Given:

1. A world W, obstacles O, robot A, and configuration space C;

2. A smooth manifold X, the state space;

3. An input space U ;

4. A state transition equation: ẋ = f(x, u), ∀x ∈ X;

5. An initial state xi ∈ Xfree and a goal set xg ⊂ Xfree.

An algorithm solves the problem of motion planning under differential constraints

if for all choices of the above, it either returns an input trajectory ũ : [0, tf ) → U

for some tf ∈ [0,∞), such that x(s) = xi +
∫ s

0
f(x, ũ(t))dt ∈ Xfree ∀s ∈ (0, tf ),

and x(tf ) ∈ xg, or correctly reports that no such path exists, in finite time.

Complete, resolution complete, and probabilistically complete algorithms are as

defined before.

In PDC, the problem is no longer as simple as computing a collision-free path

through the configuration space (as though that could be called simple!). The

reason for this is that in general, it is difficult—sometimes even impossible—to

transform an arbitrary path in the configuration space to a corresponding one that
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satisfies the state transition equation in the state space, although this is possible

for certain special classes of systems. Therefore, the PDC problem requires that

complete algorithms compute input trajectories (or controls) that induce state

trajectories that take the robot from the given initial state to the goal set, while

statisfying the constraints (obstacle constraints and motion constraints).

Secondly, in PDC the solution (state) trajectory is required to terminate in a

goal set, rather than a goal state. If the robot must go from a single initial point

to a single goal point, the problem is a classic two-point boundary problem, which

is extremely difficult to solve, and even eliminates the ability to use some types of

algorithms, such as resolution complete algorithms. The relaxation that the goal

is allowed to be an open set permits the use of efficient search algorithms.

In this work, two simple PDC problems are considered. We will present smooth

feedback planning algorithms for unicycles and car-like robots, which are both

types of first-order nonholonomic systems. The are first order, meaning that the

velocity of the robots can be directly controlled, as opposed to indirectly through

acceleration inputs. They are also nonholonomic; the differential constraints on

their motion do not permit them to locally move in any direction. These systems

will be described in more detail in Chapter 3.

1.2.2 Approaches to motion planning

Motion planning as an area of active research can be traced to the introduction

of the configuration space idea [9, 10], as described above. Reif originally proved

the PSPACE hardness of motion planning [11]. Prior to the introduction of the

configuration space approach, motion planning considered only the workspace,

using approaches such as swept volumes to determine if a path was feasible. With

configuration spaces, the problem might seem considerably simplified, since the
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robot is reduced to a point in the configuration space. While the configuration

space is the most natural way to approach the robot path planning problem,

it has two important drawbacks. First, the dimension of the space increases;

instead of dealing with objects in only two or three dimensions, planning in the

configuration space involves computing a continuous, collision-free trajectory in

a high-dimensional space. Second, the obstacle region can be very complicated

and difficult to explicitly compute. This drawback in particular proved to be a

significant challenge in the early years of motion planning research.

Most motion planning research in the 1980s involved computing an explicit

representation of Cobst and Cfree. The first general, complete motion planning

algorithm for a free-flying robot in three dimensions was given by Schwartz and

Sharir [12]. Their algorithm was based on the Collins decomposition [13], a type of

cylindrical algebriac decomposition; the running time was doubly exponential in

the dimension of the configuration space. Canny’s roadmap algorithm improved

the time bound to “only” singly exponential [14]. Both of these techniques rely

on algorithms in real algebraic geometry, which are very difficult to implement

in practice [15]. Other algorithms which relied, either completely or in part, on

computing a representation of Cobst include the planner by Brooks and Lozano-

Pérez for a polygon rotating and translating in the plane [16], work by Donald

for planning for a 3D rigid body [17, 18], and a planner by Lozano-Pérez for

manipulator arms [19]. References to many combinatorial planners and a few

early sampling-based ones can be found in Hwang and Ahuja’s survey [20].

The work presented in this dissertation is substantially related to this branch

of motion planning. The goal is to develop global solutions to the motion planning

problem, which necessarily involves a consideration of the entire free space. Our

approach to this is subdivide the free space using an appropriate cell decomposi-

tion: a convex polygonal decomposition in some cases, or a Collins decomposition
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as used in the algorithm of Schwartz and Sharir. This implies that this work will

have some of the same limitations as these motion planning algorithms. Two sig-

nificant limitations are the difficulty of explicitly computing cylindrical algebraic

decompositions, and the algorithmic complexity of these algorithms, which makes

computing decompositions in high dimensions prohibitively expensive. As a re-

sult, we focus primarily on problems where polygonal decompositions can be used,

thereby avoiding expensive algebraic decompositions (although theoretical results

are presented for these as well). Many mobile robotics problems are relatively low-

dimensional, so algorithms utilizing cell decompositions can be effectively applied

to them.

Over time, motion planning research tackled increasingly difficult problems, in

higher dimensional configuration spaces. For these problems, approaches based on

cell decompositions were difficult or impossible to apply. As a result, researchers

sought to solve motion planning problems without explicitly computing repre-

sentations of the obstacle region. Instead, algorithms were developed that used

collision detection algorithms to “probe” the configuration space to determine if a

particular point (or, in some cases, region) is in Cfree or Cobst. These algorithms are

call sampling-based motion planning algorithms, because of this feature. Early

approaches of this type include [21–23]. Discretization and grid search were used

by [24–26]; the planner by Kondo uses “lazy” sampling and collision detection [25],

a philosophy followed by a number of later algorithms, such as lazy PRMs [27–29].

The first sampling-based motion planning algorithm to gain significant popu-

larity was the Randomized Path Planner of Barraquand and Latombe [30]. This

work influenced the trend toward randomized motion planning algorithms in the

1990s. Two major branches of this trend are probabilistic roadmaps (PRMs) [31]

and Rapidly-exploring Random Trees (RRTs) [32, 33]; other notable methods
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include Ariadne’s Clew Algorithm [34, 35], Expansive Space Trees [36], PDST-

Explore [37], and Probabilistic Cell Decompositions [38].

Probabilistic roadmaps sample the configuration space and attempt to con-

nect nearby free samples with a collision-free path computed using a simple local

planner (most often, a straight line path; however, other alternatives have been

studied [39]). The original PRM, along with its numerous extensions and vari-

ants (e.g., [28, 40–48]), have been successfully applied to problems in robotics,

computer animation, and computational biology [49–51].

Rapidly-exploring Random Trees explore the configuration space by iteratively

building a search tree. In its basic form, a sample is drawn from the configuration

space; then, its nearest neighbor in the tree is found. That node then expands

in the direction of the sample, generating a new node in the tree. RRTs are

applicable both to the original piano mover’s problem and to the MPD problem,

and have generated a significant number of applications and extensions [48,52–68].

While the bulk of motion planning research has been targeted toward systems

without differential constraints, the consideration of problems with differential

constraints is a growing field of research. Laumond introduced nonholonomic

planning to the community [69]. Barraquand and Latombe gave the first reso-

lution complete planner for nonholonomic multibody vehicles [70]. A number of

approaches are based on decomposing the problem into two parts: first, planning

a path for the system without considering the constaints; then, transforming the

path to satisfy the constraints [56, 71–74]. Other methods attempt to directly

compute an input trajectory which solve the problem [33, 37, 55, 75–77]. Most

of these algorithms are probabilistically complete; [55, 75,77] are resolution com-

plete. Frazzoli et al. introduced the idea of maneuver-based motion planning for

nonlinear systems with symmetries [59,78].
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1.2.3 Control theory and feedback

In contrast to motion planning, which focuses on finding a feasible (i.e., collision-

free) open loop trajectory to a goal state from a given initial condition, control

theory is concerned with the global problem of guaranteeing that the goal will be

reached from any initial condition. Consider a system with state space X = Rn,

input space U ⊆ Rm, and state transition equation ẋ = f(x, u). One of the most

important attributes that the system can possess is stability; two key kinds of

stability are defined below.

Consider an uncontrolled system (ẋ = f(x, 0) = f(x)) and a corresponding

equilibrium point x̄ (a point where f(x̄) = 0).

Definition 1.3 An equilibrium point x̄ is stable in the sense of Lyapunov if for

every ǫ > 0, there exists a δ > 0 such that

||x(0) − x̄|| < δ ⇒ ||x(t) − x̄|| < ǫ,∀t ≥ 0.

This means that in the neighborhood of the equilibrium point, all initial con-

ditions have bounded system response. Note that this does not imply that the

system has bounded response from any initial condition, although these are some-

times equivalent, as in the case of a linear system. A stronger type of stability is

asymptotic stability:

Definition 1.4 An equilibrium point is asymptotically stable if it is stable in the

sense of Lyapunov and if there exists δ > 0 such that

||x(0) − x̄|| < δ ⇒ lim
t→∞

x(t) = x̄.

If the state converges to the equilibrium point for any initial condition, the

system is globally asymptotically stable. If an equilibrium point is not stable in the
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sense of Lyapunov it is said to be unstable. Many uncontrolled systems are not

stable; one of the central goals of control theory is to compute feedback controllers

(alternatively, feedback laws or control laws) so that the controlled system is stable,

even if the uncontrolled system is not. The definition of a feedback law is simple:

Definition 1.5 A feedback law is a map π : X → U .

A closed loop system is one whose state evolves under the influence of a control

law; in this situation, the state transition equation has the form ẋ = f(x, π(x)).

The goal, then, is to design the control law so that the closed loop system has a

stable equilibrium point. It is even more desirable for the equilibrium point to be

asymptotically stable, and to be able to choose the location of that equilibrium

point, through the design of the control law. Another common goal is for the

closed loop system to have trajectories which are optimal according to some cost

function.

1.3 Problem Formulation and Basic Approach

The problem addressed in this dissertation is formally charactereized in this sec-

tion, and broad solution ideas will be introduced. The problem formulation must

incorporate the requirements of both obstacle avoidance and global convergence,

in order to adequately encapsulate the challenges facing contemporary robotics.

Likewise, the utility of this approach depends not only on its formal correctness

(which is nonetheless essential), but also on its efficiency, implementability, and

ease of use.
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1.3.1 Global navigation in the presence of obstacles

Control theory generally considers takes the state space to be free of obstacles;

however, this is not realistic for robotics applications. Instead of freely designing

control laws over the entire state space X, we are restricted to control laws that

cause the robot to remain in Xfree. This problem—computing globally asymp-

totically stable controllers that avoid obstacles—is the focus of this dissertation.

This will be referred to as the the global navigation problem, which is defined as

follows. Given a goal set xg,

Definition 1.6 A control law π solves the global navigation problem if it has the

following properties:

1. Safety: If x(0) ∈ Xfree, then x(t) ∈ Xfree for all t > 0.

2. Convergence: For all x(0) ∈ Xfree, limt→∞ x(t) ∈ xg.

In some cases, it may be necessary to consider a relaxation of the convergence

requirement above. The semiglobal navigation problem is as above, with the ex-

ception that there may exist equilibrium points outside of xg, which have zero

measure. There are two types of solutions to the semiglobal navigation problem.

First, a control law weakly solves the semiglobal navigation problem if all equilib-

rium points outside of xg have a region of attraction2 of zero measure. Second,

a control law strongly solves the semiglobal navigation problem if the region of

attraction of any equilibrium point outside xg is the point itself. For some of the

problems considered in this work, the planning algorithms solve the global nav-

igation problem; for others, only solutions to the semiglobal navigation problem

will be achieved.

2The region of attraction of an equilibrium point is the set of points that asymptotically
converge to the equilibrium point.
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In addition to safety and convergence, a third desirable solution criterion is

smoothness. A control law π is smooth if it is a C∞ function of X. Similarly, a

control law π smoothly solves the global navigation problem if all solution trajec-

tories of f(x, π(x)) are C∞ functions of time. In an environment with obstacles,

it is generally not possible to achieve the former (smoothness of the control law

over X), but the latter (trajectory smoothness in time) is often attainable. The

term smooth feedback plan will be used to refer to a control law that smoothly

solves the global or semiglobal navigation problem.

1.3.2 Cell decompositions and vector fields for smooth feedback
planning

Consider a fully actuated robot with ẋ = u, in an n-dimensional state space

X = Rn. Without obstacles, the control law u = −x globally stabilizes the robot

to the origin; for any initial state x0, applying the control law yields x(t) = e−tx0.

Why is global stability so easy to achieve in this case? In addition to the trivial

dynamics of the system, the lack of obstacles plays a critical role. The fact that

the robot can always move directly toward the goal point, irrespective of whether

there might be obstacles in the way, means that the stabilizing controller is easy

to construct.

This fact directly leads to the first crucial element of our approach to smooth

feedback planning, which is the use of cell decompositions to partition the con-

figuration space (or state space) into simple regions. Since it is relatively easy to

construct stabilizing controllers when there are no obstacles, it should also be easy

to construct controllers over local obstacle free cells. The global navigation prob-

lem is then decoupled into discrete and continuous components. The environment

is decomposed into a discrete set of cells together with a graph describing their

connectivity; discrete algorithms can be applied to determine how to navigate

14



from any cell to the cell containing the goal point. Within each cell, a continuous

problem must be solved: how to design a control law that causes the robot to

move toward the next cell, from any point in the current cell. Since each cell is

free from obstacles, the robot can always move from cell to cell without colliding

with any of them.

The second key element of this approach addresses the problem of how to

solve the continuous control problem within each cell. A simple approach might

be to try the approach above, causing the robot to move straight at the face that

separates it from the cell it wants to enter. This approach is globally stabilizing

and safe; however, the trajectory of the robot is not smooth, and the control law

is not even continuous. Developing a controller that is smooth—not only within

each cell, but also across cell boundaries—is much more challenging. To achieve

this, we define local smooth vector fields over the cells of the decomposition, and

use a smooth interpolating function to cause the robot to follow one or more of

these vector fields, smoothly transitioning between them as necessary.

This approach, which uses cell decompositions to partition the configuration

space into simple pieces and local vector fields to construct a smooth control law

over the decomposition, is efficient and useful for a large number of practical ap-

plications. A great many robotics applications can be modeled in two-dimensional

environments, for which there exist many efficient cell decomposition algorithms.

Finding vector fields to guide the robot from cell to cell is surprisingly simple,

as we will see in Chapter 2. In contrast to many other approaches (which will

be reviewed shortly), the smooth feedback planning algorithms presented here

sacrifice neither formal completeness guarantees nor usefulness and efficiency in

practice. As such, they make a valuable contribution in the area of global robot

navigation and mobile robotics.
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1.4 The Organization of This Dissertation

This chapter has presented the motivation for this work, provided some of the

relevant historical background to this work, formally defined the problem to be

addressed, and outlined the approach of this work and its significance. The next

three chapters will these smooth feedback planning algorithms in detail.

Chapter 2 develops a solution to smooth feedback planning for robots without

differential constraints (i.e., ẋ = u). Simple differential constraints will be con-

sidered in Chapters 3 and 4; initially, however, it will be more fruitful to narrow

our focus to the core problem of developing control laws in obstacle cluttered

environments, without considering dynamics. First, we describe smooth feedback

planning in arbitrary-dimensional spaces with piecewise linear obstacles. Second,

we present an algorithm for the general problem of smooth feedback planning

in spaces in which the obstacles are semi-algebraic sets. This is an important

theoretical result, because the classic piano mover’s problem has exactly this for-

mulation. Finally, approaches to smooth feedback planning for planar disc and

polygonal robots in polygonal environments will be discussed.

Chapter 3 considers smooth feedback planning for simple nonholonomic sys-

tems. One such system is the unicycle, which models a vehicle with a single

no-slip constraint (such as that arising from a wheel-ground contact). A unicycle

is able to move forward and backward, and rotate in place; however, it is not

permitted to translate in any direction other than the direction it is oriented in.

The unicycle is used to model a differential drive vehicle, which is commonly used

in robotics. In addition to the unicycle, we discuss smooth feedback planning for

car-like vehicles. Car-like vehicles are limited by a path curvature constraint; they

are unable to rotate in place as unicycles do. As a result, the smooth feedback

plans developed for these vehicles will incorporate smooth “reversal” maneuvers
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in which the robot alternates between moving forward and backing up, so that it

can go around corners that the curvature constraint prevents it from traversing

in a single motion.

Chapter 4 presents two extensions of this approach to smooth feedback plan-

ning. First, we will consider trajectory tracking controllers; given a smooth curve

in the plane, we will see how to construct a smooth feedback controller that will

cause the robot to converge to the curve while avoiding obstacles. Smooth feed-

back planning will also be applied to the problem of centralized multiple robot

coordination. Chapter 5 will conclude and offer suggestions for future work.
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CHAPTER 2

SMOOTH FEEDBACK FOR FULLY
ACTUATED ROBOTS

2.1 Background and Motivation

In this section, we describe related work in motion planning and control. We

begin by outlining open loop motion planning, and continue by describing closed

loop methods such as potential field techniques. Finally, we will describe work

based on decomposing the environment into discrete cells and creating controllers

for each cell, which is our approach in this paper.

2.1.1 Open loop planning

The development of algorithms that compute open loop trajectories is motivated

by the difficulty of finding feedback plans in complex environments. The non-

convex constraints induced by obstacles in the environment pose significant prob-

lems for classical feedback control techniques [79–82]. Due to the difficulty of

finding closed loop feedback controllers in complex high dimensional spaces, mo-

tion planning algorithms attempt to compute only a collision-free open loop tra-

jectory; even so, motion planning is PSPACE-hard [11]. Such algorithms have

been extensively studied [8,83,84]. Most algorithms ignore differential constraints

completely, assuming that the robot is a fully actuated kinematic system (called

free-flying or holonomic). These algorithms include classical motion planning al-

gorithms and many sampling-based algorithms, including the Randomized Path

18



Planner (RPP) [85] and Probabilistic Roadmaps (PRMs) [31]. If the robot is not

actually kinematic and holonomic, then the paths produced by these algorithms

need postprocessing to be transformed into feasible trajectories for the system; this

is generally referred to as decoupled trajectory planning. Postprocessing methods

include time-scaling [86,87], steering [88,89], or other transformations [56,71–73].

In contrast to decoupled trajectory planning, some sampling-based motion plan-

ning algorithms directly generate feasible trajectories. Algorithms of this type

include Rapidly-exploring Random Trees (RRTs) [33,90], Expansive Space Trees

(ESTs) [36, 76], and PDST-Explore [37]. Other approaches include the use of

mixed integer programming, which computes optimal paths for problems with

polygonal obstacle constraints and piecewise-affine system dynamics [91–93]. Both

direct and decoupled planning algorithms return open loop trajectories rather than

closed loop plans.

One way to improve robustness for open loop paths is to use them as feed-

forward components in a feedback controller. This has several disadvantages,

however. First, paths generated by motion planning algorithms often are of poor

quality, having unnecessary sharp turns. This may result in them being difficult to

track for a dynamical system. Second, this approach still does not produce a global

feedback plan; only a local feedback plan in a neighborhood of the nominal trajec-

tory is computed. As a result, it may be difficult to maintain collision avoidance

guarantees. Another approach is to use motion planning algorithms themselves as

the feedback mechanism. In such a model, any time the system deviated from the

prescribed trajectory, the trajectory would be replanned (probably from scratch)

based on the new state of the system. This approach is problematic as well. First,

it has a very high computational cost, even given the power of modern computers,

and may not be suitable for real-time applications. Second, asymptotic conver-
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gence to the goal state cannot be guaranteed, even though one might informally

expect convergence to occur.

2.1.2 Closed loop navigation

The most common approach to obtaining feedback in the presence of obstacles is

to use a potential field. Assume we have a system with ẋ = u. If a potential field

P can be defined that is uniformly maximal on the obstacle boundaries, minimal

at the goal state, and whose gradient is nonzero except at the goal state, then

setting u = −∇P yields convergence to the goal. Simple analysis shows that the

potential field P is a suitable Lyapunov function.

The use of potential fields for robot navigation became popular in the 1980s

[94,95]. Khatib’s foundational work utilized a potential field over the operational

space (workspace) to guide a manipulator or mobile robot to the goal. The basic

potential field approach combines a term that is attractive to the goal state with

terms that are repulsive with respect to the obstacles. Theory and experiments

with different potential fields are given in [96]. Many additional references for

potential fields for robot navigation can be found in [97–99]. The problem with

these potential field methods is that they typically have local minima other than

the goal state. Any initial condition in the region of attraction of these local

minima will fail to reach the goal state. Our algorithms, in contrast, have global

convergence guarantees.

Although it is not simple to find potential functions that are free of spurious

local minima, it is sometimes possible. Harmonic functions (potential functions

which are solutions to Laplace’s equation) are guaranteed to be free of such lo-

cal minima, and can be used for global robot navigation. Connolly et al. de-

velop numerical solutions of Laplace’s equations for path planning [100–103]. For

20



low-dimensional environments, it is possible to discretize the space and consider

each node as part of a resistive grid with obstacle boundaries as sources and

the goal point as a sink [104–106]. Wang and Chrikjian simulate steady state

heat transfer in [107]. Waydo and Murray use stream functions for navigation in

two-dimensional environments [108].

One of the most influential potential field techniques is that of Rimon and

Koditschek [109]. They define navigation functions, which are potential functions

satisfying several technical conditions, and which are guaranteed to be free of

spurious local minima. They show how to construct navigation functions for

several types of environments, which they call sphere worlds, star worlds, and

forests of stars. Following the gradient of the navigation function is guaranteed

to lead to the goal state from almost every initial condition (that is, every initial

condition except for a set of measure zero). Theoretically, navigation functions

can be constructed for a large family of configuration spaces, although this can be

very difficult to implement in practice. Navigation functions have been extended

to the case of multiple, nonholonomic robots [110–115].

There are a number of other local navigation approaches based on potential

fields. These include the Virtual Force Field (VFF) [116] and the Vector Field

Histogram (VFH) [117] and their extensions, VFH+ [118] and VFH∗ [119]. These

methods build a potential field online, using range sensor measurements. This

online potential field can be used to avoid obstacles and move toward the goal,

but convergence is not guaranteed. The Curvature Velocity Method [120, 121]

and the Dynamic Window Approach [122] attempt to combine local and global

navigation by choosing a control that is optimal over the set of admissible controls

(i.e., those for which the robot can always halt without hitting an obstacle). The

optimality criteria can be chosen to cause the robot to travel towards the goal;
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once again, convergence is not guaranteed. The dynamic window approach is

extended in [123–125].

Potential field methods have also been integrated with sampling-based motion

planning algorithms in a variety of ways. The sampling-based neighborhood graph

(SNG) covers the free space with balls, each of which is equipped with a local

navigation function that is guaranteed to convey the robot into a ball nearer to

the goal state [126]. Bohlin used Green kernels to compose a workspace potential

using samples from SE(3) [127]. Elastic roadmaps append local potential fields to

the nodes of probabilistic roadmaps to provide robustness in the face of dynamic

environments [128].

One alternative to potential field methods is velocity field control. Velocity

field control places a vector field over the state space directly, rather than com-

puting it as the gradient of a potential field. One motivation for this approach

is that it allows task specification (e.g., trajectory or contour following) without

time parametrization. It was introduced by Li and Horowitz [129–131]; stability

of the system is demonstrated using notions of passivity. Velocity field control has

been applied frequently to robot manipulators [132–134], with the velocity field

specified over the operational space of the manipulator. Velocity fields have also

been applied to wheeled mobile robots [135–137].

Another approach is to use numerical techniques to compute an approximate

optimal value function on the space, which then serves as a potential field. In this

case, not only is feedback achieved, but also approximately optimal trajectories

[138–143]. The time and space complexity of these algorithms are exponential in

the dimension of the state space, for fixed sampling or discretization resolution;

therefore, the curse of dimensionality prevents the application of this approach

beyond a few dimensions.
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As we have seen, the basic problem with these methods is that they generally

either do not have formal convergence and obstacle avoidance guarantees, or they

are not simple to implement and use for robots operating in complex real-world

environments. Our goal is to do better than this: to construct feedback laws

which have strong convergence and safety properties and which are also highly

efficient and practical.

2.1.3 Hybrid control systems and sequential composition

A hybrid control system is one that incorporates both discrete and continuous

dynamics. The control system operates in one of a distinct number of modes, and

switches or jumps between them when certain conditions are met. Formal models

of hybrid systems have been defined and studied [144–150]. One particular type of

hybrid controller is based on sequential composition of funnels [151–153]. In this

framework, a collection of controllers is developed, each of which converges to a

goal set that is either the actual goal state or in the domain of another controller.

Following a sequence of these controllers will cause the system to arrive at the

goal state.

In the case where the environments are polygonal (a common scenario), one

approach is to divide the environment into convex cells and use local controllers

on each cell. The local controller must guarantee safety for the cell, as well as

convergence to appropriate cell edge. Safety can be guaranteed by ensuring that

the controller is inward pointing along the entire boundary of the cell; this is a

common condition, similar in principle to the ideas behind polytopic Lyapunov

functions [154–158]. If the controller for each cell safely funnels the robot to the

exit edge of the cell, then the controller for the next cell can take over. When the
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goal cell is reached, the local controller causes the robot to converge to the goal

state.

The case of piecewise affine hybrid systems has been studied extensively, con-

sidering control on simplices [159–162], rectangles [163, 164], or general poly-

topes [165, 166] (see also references in these works). Since affine functions over

simplices are exactly determined by their value at the vertices of the simplices,

it is possible to prove reachability and controllability results simply by solving

linear inequalities. Fainekos et al. show how to use controllers such as these in

an integrated approach capable of satisfying complex linear temporal logic speci-

fications [167].

Conner et al. use local potential fields to define control policies on individual

polygonal cells [168]. To define the field, they use the pullback of a potential func-

tion on a disk, which has a closed form solution. They require that the gradients

of the potential fields be perpendicular to the cell boundaries, so that adjoining

potential fields can be easily pieced together (i.e., the gradient of the potential

field, and thus the control policy, is continuous). Putting together the individual

“component control policies” guarantees that the global control policy brings the

robot to the goal. In addition to specifying a control policy for kinematic systems,

they develop control policies for second order systems. They also use the com-

position of funnels technique to deploy control policies for convex-bodied robots

with nonholonomic constraints [169].

Finally, our work can also be viewed as the sequential composition of funnels,

in which the environment is decomposed into appropriate cells and local control

policies defined over each cell [77, 170]. Our methods give stronger smoothness

results than the above methods, and have been extended to a unicycle robot [171]

and a car-like robot [172].
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2.2 Point Robots in Piecewise Linear Environments

In this section, we describe how to construct a smooth feedback plan on a d-

dimensional cell complex embedded in Rd, in which each cell is a convex polytope.

As we have already discussed, this might result from a decomposition of a d-

dimensional space with a piecewise linear boundary. If the space is described using

an arrangement of hyperplanes, an acceptable decomposition is simply to use the

complement of the arrangement. An alternative decomposition with potentially

fewer cells is vertical decomposition [173, 174]. The input to our algorithm is

the cell complex and a goal state xg. As discussed in Section 1.3, the task is

to construct a vector field on the cell complex such that the integral curves are

smooth, avoid obstacles, and converge to the goal state.

2.2.1 Description

To compute the desired smooth feedback plan, our algorithm performs the follow-

ing steps:

1. Given a cell decomposition, compute a discrete plan over the cells.

2. Design local controllers (vector fields) that avoid obstacles and are consistent

with the discrete plan.

3. Smoothly combine the local controllers to obtain a global controller that has

the desired properties.

We discuss these each in turn.

Discrete plan computation Consider the d-cells and (d − 1)-cells of the cell

complex. Under the convention that the free state space is open, these cells are

sufficient for motion planning, because all paths between two d-cells go through
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a shared (d− 1)-cell. Since we consider only these cells, we will henceforward use

the term “cell” to refer to a d-cell and “face” to refer to a (d − 1)-cell. Define

the connectivity graph to be the graph that has a vertex for each cell (d-cell) and

an edge between two vertices if and only if the corresponding cells share a face

((d − 1)-cell). Compute a discrete plan over this graph such that following the

plan from any vertex leads to vertex corresponding to the cell containing the goal

state. A variety of graph search algorithms can be used for this purpose, with

or without optimality criteria. For example, breadth-first search can be used,

with a corresponding linear bound in execution time. Alternatively, edge weights

can be assigned using distance between cell centroids, and Dijkstra’s algorithm or

dynamic programming can be used to find cell paths that induce shorter paths

through the environment. The resulting directed graph defines a successor for

every cell except the goal cell. The successor of a cell is the next cell on the path

to the goal cell; the shared face is called the exit face of the first cell. Each cell

with a successor is termed an intermediate cell, in distinction with the goal cell,

which has no successor. See Figure 2.1 for an illustration.

Local vector fields The directed graph and corresponding successor relations

define a high-level discrete plan. Now, we define local vector fields that are con-

sistent with this plan. To do so, we define two types of vector fields: those corre-

sponding to cells in the decomposition, which we call cell vector fields; and those

corresponding to faces, which we call face vector fields. Intuitively, the purpose of

a cell vector field is to guide the robot through the cell to the exit face, which leads

to the successor cell. The purpose of the face vector fields is to guarantee obstacle

avoidance and to guarantee adherance to the discrete plan; in other words, the

face vector fields prevent the robot from crossing a cell face corresponding to an

obstacle boundary or an improper cell transition, instead causing the robot to

26



E

A

B H

C D

I

GF

J

A

B H

C D

I

GF

J

E

B

E

F

G

H

J

A

C
D

I

xgoal

Figure 2.1: An environment decomposed into convex cells, and the corresponding
connectivity graph and discrete plan.

cross the exit face into the successor cell. For the sake of clarity, we will delay

discussing the formal requirements for these vector fields. For now, consider the

face vector fields to be normal to their corresponding faces and oriented in the

appropriate directions, and the cell vector fields to always point toward the exit

face. In the case of the goal cell, all face vector fields point inward and the cell

vector field always points at the goal state. See Figure 2.2 for an illustration of

face vector fields.

Smooth interpolation Now we proceed to the third task of our algorithm,

which is to interpolate between these local vector fields to obtain a global vector

field that has the desired smoothness and convergence properties. Consider a

single cell; we then have a single cell vector field Vc and a set of face vector

fields {Vfi
}. We will form a vector field V by interpolating between these vector

fields; we will do this in such a way that V equals the face vector fields on their
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corresponding faces. This guarantees that the vector field will be continuous

across cell boundaries (we will see later that all derivatives will match across

cell boundaries as well, yielding smoothness). Interpolation is greatly simplified

if it is only pairwise, rather than interpolating between all of the local vector

fields simultaneously. A natural choice for this is to use the generalized Voronoi

diagram (GVD) of the cell [175,176]. The GVD is formed by partitioning the cell

into Voronoi regions, of which there are one per face. The Voronoi region of each

face is defined to be the set of points inside the polytope that are closer to that

face than to any other face; we refer to the Voronoi region of a face as its region

of influence. The GVD surface is the set of points which are equidistant from two

or more faces of the cell. Since the faces are (d− 1)-dimensional hyperplanes, the

GVD surface is the union of subsets of hyperplanes, each of which is equidistant

from a a pair of faces. See Figure 2.3.
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V = Va

V = Vf

Figure 2.3: A cell, partioned using the generalized Voronoi diagram. The dashed
lines are the GVD surface, and the shaded region is the region of influence (Voronoi
region) of face fi.

For any point in the region of influence of face fi, V will be an interpolation

of Vfi
and Vc. On the face itself, V = Vfi

; the rest of the boundary of the region

of influence is contained in the GVD surface, and we assign V = Vc. In order to

smoothly interpolate over an individual region, we need a smooth function which

is uniformly zero on the face fi and uniformly one on the GVD surface. This

function should be smooth, except on the (d − 2)-dimensional intersection of fi

and the GVD surface. Lack of smoothness at these points will not adversely affect

our method, because we have already indicated that all system trajectories move

from cell to cell through (d−1)-dimensional faces, not through (d−2)-dimensional

ones. We construct smooth interpolating functions using bump functions:

Definition 2.1 Let X be a smooth manifold, and let K be a closed set and U an

open set, K ⊂ U ⊆ X. A bump function over U is a smooth, real-valued function

ρ : X → [0, 1] such that:
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1. ρ has support contained in U .

2. ρ(x) = 1 for every x ∈ K.

A bump function that transitions smoothly from 0 to 1 on the unit interval is

constructed as follows. First, define

λ(s) = (1/s)e−1/s. (2.1)

The bump function is then defined as

b(s) =































0 s ≤ 0

λ(s)
λ(s)+λ(1−s)

0 < s < 1.

1 1 ≤ s

(2.2)

An illustration of this bump function is given in Figure 2.4. The bump function

has the important property that all derivatives equal zero at the endpoints of the

unit interval.

Proposition 2.1 For any i, dib/dsi(0) = dib/dsi(1) = 0.

Proof: Clearly, dib/dsi(0−) = dib/dsi(1+) = 0; therefore, consider the deriva-

tives in the open unit interval. From Equation (2.1), we see that

lim
s→0+

dλ(s)

ds
= lim

s→1−

d

ds
(λ(1 − s)) = 0.

It is clear that all higher derivatives are likewise zero because the exponential

factor dominates the polynomial factor. Equation (2.2) yields
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Figure 2.4: A bump function.

db(s)

ds
=

dλ
ds

(λ(s) + λ(1 − s)) − λ(s)
(

dλ
ds

+ d
ds

λ(1 − s)
)

(λ(s) + λ(1 − s))2

=
dλ
ds

λ(1 − s) − λ(s) d
ds

λ(1 − s)

(λ(s) + λ(1 − s))2 .

As s → 0+, both λ(s) and dλ
ds

go to zero; hence, db
ds

→ 0. Similarly, as s → 1−,

both λ(1 − s) and d
ds

λ(1 − s) go to zero; again, db
ds

→ 0. It is clear that all higher

derivatives go to zero as well.

The parameter s we use for the bump function is the product of a number

of analytic switches, which is smooth over the interpolation region (the region of

influence of the face). For any point p in the Voronoi region of face fi, let

s(p) = 1 −
∏

j 6=i

d(p, fj) − d(p, fi)

d(p, fj)
. (2.3)

This function is smooth (except on the (n− 2)-dimensional boundary of the cell),

and has the desired property of being identically equal to zero on the cell face.

The rest of the boundary of the region of influence is the GVD surface, on which

the equation d(p, fj) = d(p, fi) is satisfied for some j. Therefore, the function is
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identically equal to one on this boundary. Note that explicit computation of the

GVD is not required for this construction; it is simple to determine which face’s

Voronoi region any particular point is in, by computing the distance to each face

of the cell. The point is in the Voronoi region (region of influence) of the face

which is closest to it.

Putting the pieces together, the overall vector field V is defined as

V (p) = norm (b(p)Vf (p) + (1 − b(p))Vc(p)) , (2.4)

in which Vf is the face vector field for that point, Vc is the cell vector field, b is

the bump function with b(p) shorthand for b(s(p)), and norm is a normalization

function, ensuring that V is a unit vector field.

The approach needs only slight modifications for the goal cell. In this case,

the GVD is not used to partition the cell; instead, the region of influence of a face

is defined to be the (interior of) the convex hull of the face together with the goal

point. This clearly results in a subdivision of the cell. The interpolating function,

then, goes from zero on the face to one on the rest of the boundary of the cell.

Since the boundary consists of a number of hyperplanes (as in the previous case),

it is easy to compute the necessary distances and the value of the interpolating

bump function.

By showing how to construct the vector field on both the goal cell and interme-

diate cells, we have constructed a vector field over the entire cell decomposition.

Next, we will formally specify sufficient conditions for the face and cell vector

fields and prove that the resulting vector field V satisfies the requirements of a

smooth feedback plan.
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2.2.2 Theoretical results

We begin by formally defining cell vector fields for intermediate cells. Note that

the GVD surface is the union of a set of faces, each of which is a subset of a

(d − 1)-dimensional hyperplane equidistant between two cell faces.

Definition 2.2 Let C be a convex cell with exit face fx, and consider the GVD

of C. A cell vector field Vc is a smooth unit vector field on C that satisfies the

following:

1. For each point x ∈ C, there exists a y ∈ fx and α ∈ R such that Vc(x) =

α(y − x).

2. Let h be a GVD face, with normal n. If Vc(x) · n = 0 for some x ∈ h, then

Vc(x) · n = 0 for all x ∈ h.

3. The directed transition graph induced by (2) is acyclic and every path through

this graph terminates at the node corresponding to the exit edge.

Although this definition permits many different types of cell vector fields,

we will consider a more narrow class of cell vector fields in practice. Consider

a convex cell C with exit face fx with outward pointing normal nx, and let C̄

be the (possibly unbounded) cell resulting from the removal of fx from C. Let

Vc(x) = norm(p−x), in which p ∈ C̄\C is fixed. A variety of similar constructions

are possible. See Figure 2.5 for an illustration.

Proposition 2.2 As defined above, Vc is a cell vector field.

Proof: Each integral curve of Vc is a straight line; it is simple to see that

each integral curve crosses the exit face, fx; hence, the first condition is satisfied.

For the second condition, note that each face of the GVD is a portion of the

hyperplane separating two faces of C. If Vc is constant, then the second condition
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Figure 2.5: Three possible cell vector fields. Each points toward the exit face at
the bottom of the cell.

is clearly satisfied. If Vc is otherwise, then for some GVD face with normal n, the

sign of Vc · n is fixed for any x on the GVD face; this can be easily verified from

the definition of Vc above. For the third property, we have already stated that

each integral curve is a straight line that crosses fx. Together with the second

property, this directly implies the third property.

The definition for a face vector field is simple. Again, let C be an intermediate

cell with exit face fx. For any face f , let the associated normal vector n be inward

pointing if f 6= fx, and outward pointing for f = fx. For any face f 6= fx, denote

the hyperplane of points equidistant to f and fx (the bisecting hyperplane) by bf .

Denote the unit normal vector of this hyperplane to be nbf , and let it be oriented

so that nbf · nx > 0, for nx the normal of the exit face.

Definition 2.3 A face vector field corresponding to a face f is a smooth unit

vector field Vf such that for every p ∈ f , Vf (p) · n > 0. If f 6= fx, the condition

Vf (p) · nbf > 0 must hold for every p in the closure of the region of influence of

f ; if f = fx, Vf (p) · n > 0 must hold.

We now show that these broad conditions on the cell and face vector fields

are sufficient for the integral curves of V to reach the exit face of the cell in finite

time.
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Theorem 2.1 Under Definitions 2.2 and 2.3 above, all integral curves of V reach

the exit face in finite time.

Proof: Take any point p in a region of influence of some f 6= fx. It is clear from

the definition of Vc that there exists some ǫ1 such that Vc(p)·nbf ≥ ǫ1. With respect

to the face vector field, we know that Vf ·nbf is bounded away from zero on a closed

set, which implies that there exists some ǫ2 such that Vc(p) · nbf ≥ ǫ2. Therefore,

the overall vector field V will satisfy V (p) ·nbf ≥ ǫ for ǫ = min(ǫ1, ǫ2), everywhere

on that region of influence. This implies that the integral curve containing p will

reach the bisecting hyperplane bf in finite time, unless it first reaches a GVD face.

If it reaches a GVD face, then it crosses into the region of influence of another cell,

and will never return to the first region of influence, by property (3) of Definition

2.2. Applying this property repeatedly, we see that the integral curve will reach

the region of influence of the exit face in finite time.

Assume that the integral curve has reached the region of influence of the exit

face. The integral curve then either reaches the exit face or some GVD face in

finite time, because the distance to the exit face is decreasing at a rate that has

a positive lower bound. The integral curve cannot reach another GVD face by

the third condition of Definition 2.2; therefore, it reaches the exit face in finite

time after entering the region of influence of the exit face. Therefore, all integral

curves in the cell reach the exit face in finite time.

We have shown that for every intermediate (nongoal) cell, every integral curve

of the generated vector field will reach the exit face of that cell, and hence continue

to the next cell. Consequently, we have shown that all integral curves will reach

the goal cell. However, it remains to be shown that all integral curves in the goal

cell will reach the goal point. The argument is much the same.

In the goal cell, we use a different definition of the cell vector field. Formally,

we require that for any point p 6= xg in the goal cell, Vc(p) · (xg − p) > 0; also, we
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require Vc(xg) = 0. Practically, we use a cell vector field that is always oriented

toward xg: Vc(p) = b(||xg − p||)norm(xg − p)) to satisfy this condition. This is

smooth, satisfies the inner product requirement, and decays to zero at the goal

point.

Theorem 2.2 All integral curves in the goal cell Cg asymptotically converge to

the goal point.

Proof: This statement is proven similarly to Theorem 2.1. Both the face and cell

vector fields satisfy an inner product constraint guaranteeing that at any point

p 6= xg, V (p) · (xg − p)≥ ǫ for some ǫ > 0. The only place where V (p) · (xg − p)= 0

is at the goal point xg; therefore, every integral curve asymptotically converges to

xg.

Given the previous theorems, the following theorem holds true:

Theorem 2.3 The integral curves of the vector field V , defined over Xfree, asymp-

totically converge to the goal state xg.

Proof: From Theorem 2.1, any integral curve in an intermediate cell proceeds

to the exit edge and thus continues to the successor cell. All integral curves

consequently proceed to the goal cell in finite time. Theorem 2.2 then implies

that the integral curves asymptotically converge to the goal state.

We emphasize that the conditions we have given on the face and cell vector

fields are not necessary, but sufficient. Other than those we have outlined, there

are many combinations of face and cell vector fields that will yield the same

result. If a choice of vector fields is made that does not satisfy these sufficient

conditions, it may still be possible to show that convergence follows. Arguments

like those made above would likely be sufficient to verify convergence: ensuring

that the combination of face and cell vector fields will always make “sufficient
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progress” (e.g., satisfy an inner product constraint) in each intermediate cell, and

will converge to the goal state once the goal cell is reached.

Having fully described the construction of V and shown that the integral curves

converge to the goal state, we now prove the following:

Theorem 2.4 All integral curves of V are smooth.

Proof: As we have defined them, all local face and cell vector fields are smooth.

We have already argued that the bump function b(s) is smooth. The parameter

function s is smooth on every Voronoi region, except on a set of measure zero

(the (d − 2)-dimensional boundary of the cell face). Integral curves never pass

through these points, because every integral curve in a particular cell passes to the

successor cell through the open (d − 1)-dimensional face between them. The fact

that all derivatives of the bump function equal zero for s = 0 and s = 1 guarantees

that the vector field (and, correspondingly, its integral curves) are smooth across

cell boundaries and across the GVD surface within each cell. Therefore, the

integral curves of V are smooth.

2.2.3 Efficiency

We have claimed that our method is extremely fast to compute. There are two

primary computational costs. First, there is the cost to compute the component

vector fields given an environment and a goal state; this is the precomputation

cost. Second, there is the problem of computing the value of the vector field at

a given point; this is the execution cost. These can both be done quickly. We

will give the asymptotic complexity of these algorithms, but we emphasize that

the constants in the asymptotic analysis are quite small; these methods are very

efficient in practice as well as in theory.
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First, consider the precomputation phase. If breadth-first search is done on the

graph corresponding to the cell complex, the successor of each cell can be found in

O(n) time, in which n is the number of d-dimensional cells in the decomposition.

If a Dijkstra-like approach is used, the complexity becomes O(n log n). The face

vector fields can be assigned in linear time if perpendicular face vector fields

are used. The cell vector fields likewise require only linear time, since they can

be assigned to point to the centroids of the exit faces. Hence determining the

component vector fields, given a cell complex and its connectivity graph, can be

done in linear time.

Second, consider the execution cost. If the cell in which the query point lies

is unkown, then a point location query must be performed to determine in which

cell the point lies. This can clearly be done in linear time, and may be answered

in logarithmic time if some preprocessing of the cell decomposition is done. In

two dimensions, the optimal preprocessing bound is O(n) time, but practical al-

gorithms typically require O(n log n). Also, only linear space is required in two

dimensions. A good algorithm for this purpose is Kirkpatrick’s triangulation

refinement method [177]. In higher dimensions, the results are not as good: log-

arithmic query time (more precisely, O(d log n), in which d is the dimension) can

be attained, but only at the cost of exponential space: O(n2d

) [178].

If the cell of the query point is known, it requires linear time (in the number of

faces of the cell) to compute the vector field value, because computing the bump

function parameter requires computing the distance to each face of the cell. In

practice, the number of faces of any cell is so small that the cost of computing

the vector field value is practically negligible. If there is no error in following the

vector field, only a single point location query must be performed to compute an

entire trajectory. Consider two successive query points: they must either lie in

the same cell, or the second one lies in the cell that is the successor to the first
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one. This is guaranteed to hold as long as we assume that the vector field is

queried at a high enough rate, which is a weak assumption. The most reasonable

assumption is that the vector field is queried almost continuously (as in real time

control), which will result in the condition holding true. In the presence of error,

this may not always be the case; however, we expect that it should typically hold

in practice, assuming that the error is small.

We may also assume that the cell complex is not given to us directly, but that

it must be computed by decomposing a general polygonal environment. We can

do this for any dimension using vertical decomposition (an arbitrary-dimension

version of trapezoidal decomposition); see [174] for details. If we restrict ourselves

to the two-dimensional case, there are many ways to decompose polygon into con-

vex pieces. One option is Keil’s algorithm for computing a convex decomposition

with a minimal number of pieces. Keil’s algorithm requires O(nr2 log n) time, in

which n is the number of vertices and r the number of reflex vertices. Trian-

gulation can be done in linear time [179], and a practical implementation based

on Seidel’s algorithm is available, which requires O(n log∗ n) time [180]. In prac-

tice, these algorithms can decompose even large and complicated environments in

milliseconds, on modern desktop computers.

2.2.4 Discussion and computed examples

Before turning our attention to the case of feedback plans over cylindrical algebraic

decompositions, we will discuss several practical issues associated with the use of

our method. We will discuss the impact of choice of face and cell vector fields on

path quality and the applicability of our approach to dynamic environments. We

also give several computed examples, seen in Figures 2.6-2.8.
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Figure 2.6: A computed example; the left figure shows several system trajectories,
and the right figure illustrates the entire vector field.
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Figure 2.7: A second computed example.
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Figure 2.8: A third computed example.
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Designing face and cell vector fields

In Section 2.2.2, we stated fairly general conditions on the face and cell vector

fields under which convergence is guaranteed. The purpose of doing this is to

permit a great deal of design flexibility, making our algorithm suitable for practical

application. To this end, we will outline several approaches for designing face and

cell vector fields. We also give several concrete examples to illustrate the impact of

the choice of convex decomposition and face and cell vector fields on the “quality”

of the resulting paths.

Consider a face vector field for some face other than the exit face of a cell.

To satisfy the necessary conditions for convergence, such a vector field must be

directed inward at the face itself and must satisfy an inner product constraint

with the normal of the face which is equidistance from the face and the exit

face. Although these requirements are quite loose, we will consider only the class

of constant vector fields, with the goals of simplicity and practical performance.

There still remains a great deal of design freedom under the constant vector field

restriction.

First, consider the case of a constant face vector field with only the restriction

that it must be inward-pointing on the face itself. In other words, we have only

the constraint Vf · nf > 0, in which nf is the inward-pointing normal of the face.

With this much freedom, there are several obvious ways to choose Vf that could

be advantageous in terms of generating high-quality paths. First, we might want

the vector field to point toward the exit face as much as possible, to promote

short paths. Second, we might actually want it to point as far away from the exit

face as possible, to avoid the sharp turns that the first approach might induce.

Third, it might be preferable to simply make each face vector field perpendicular

to its face, which is the simplest approach. Finally, we might wish to compute the
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centroid of the cell or of the exit face and direct the vector field toward it (say,

from the centroid of the face). In different situations, each of these approaches

could offer advantages; this greatly depends on the particular application.

Any one of these approaches can be followed in the presence of the face vector

field constraints. The constraints specified as sufficient for convergence are all

simple inner product constraints (i.e., each constraint requires that the vector

field have positive inner product with the normal of some hyperplane). As above,

let f be a face under consideration, and denote the “bisector” hyperplane between

f and fx by bf . Denote the unit normal vector of this hyperplane as nbf . We

require that the face vector field have positive dot product with nbf (note that

in the class of constant vector fields, every vector field with Vf · nbf > 0 satisfies

Vf · nbf ≥ ǫ for some ǫ > 0). If the desired vector field does not satisfy this

condition, simply project the vector field onto bf , adding to it an arbitrarily small

fraction of nbf to attain a positive dot product. If the face vector field is also

the exit face vector field of a previous cell, we have more constraints to apply.

Their application, however, is identical to that just described. Finally, it is worth

noting that a face vector field aligned with the face normal always satisfies the

constraints we have outlined. If a different vector field is desired, each constraint

must be examined and satisfied in order for convergence to be guaranteed.

Cell vector fields can also have a significant impact on path quality. As we

discussed above, the cell vector fields can sometimes be constant vector fields;

otherwise, we generally choose a point p and let Vc(x) = norm(p−x). We described

above the conditions on the placement of p. The distance from the exit face to

p has a significant impact on the resulting paths; the closer p is to the exit face,

the more the integral curves tend to bunch together when leaving the exit face.

An extreme choice is to place p on the exit face itself; this strongly influences the

integral curves to leave the cell near p. Choosing p near the centroid of the exit
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Figure 2.9: The influence of different convex decompositions. On top, a path
with sharp turns arising from the choice of decomposition and perpendicular face
vector fields; on bottom, the artifacts eliminated through a better decomposition.

face can be beneficial. Caution must be exercised, however, because improper

placement of p on the exit face can lead to undesirably sharp turns.

Finally, the choice of convex decomposition can greatly affect the quality of

the resulting paths, especially near the goal cell. This is particularly important

when the face vector fields are chosen to be perpendicular to the edges. See Figure

2.9 for an illustration of this point.

Dynamic environments

As we have described it, our algorithm applies to static, known environments. For

practical applications, however, this will not necessarily be the case. Environments

can change continuously over time, as in the case of moving obstacles, or discretely,

as when a door opens or closes in a building environment. We do not wish to

explicitly integrate environment uncertainty into our algorithm; we assume, then,

that we have complete knowledge of the environment at all times, even though

it may change unpredictably. A practical application can easily integrate our
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approach with sensor-based map updates and higher level exploration behavior;

therefore, this assumption is sufficient for our interests.

We will consider two types of changes to the environment. First, take the case

of discrete changes in the environment; in our model, this takes the form of new

faces being introduced or removed that change the topology of the environment.

If the face under consideration corresponds to a face in the convex decomposition,

then the decomposition remains unchanged; the only change is that an open face

has become an obstacle face, or vice versa. Hence, the most our algorithm has to

do is update the connectivity graph and search it to obtain a new directed graph

defining updated successor relations. If the edge introduced does not correspond

to a face in the decomposition, then the decomposition must be recomputed such

that this is the case. As before, the connectivity graph must then be searched to

generate the successor relations. This possibility indicates that if there is prior

knowledge about what faces can be removed or introduced into the environment,

this should be incorporated into the initial decomposition.

Second, the environment can change in a more general way; entire obstacles

might move, or gross changes to the environment could be made (as in the case of

sensor-based map updates). These changes can be either large or small, and may

or may not affect the topology of the space. If the changes are local, then it may be

possible to repair the decomposition by recomputing the cells in the neighborhood

of the change. If the change is large, then the entire decomposition may have to

be recomputed. In small environments, it is likely that recomputing the entire

decomposition from scratch will be more efficient than attempting to make local

repairs; in large environments, this may not be the case. As we have already

mentioned, there are efficient algorithms to preform the convex decomposition;

in two dimensions, it can be done for many environments in just milliseconds.

46



This indicates that even in dynamic environments, real time performance can be

achieved.

2.3 Smooth Feedback on Cylindrical Algebraic

Decompositions

Up to now, we have discussed how to construct smooth feedback plans on cell

complexes in which each cell is a convex polytope, and we have shown how our

methods can be applied effectively in practice. In this section, we consider the

same problem on a different type of decomposition. We describe the construction

of smooth feedback plans on cylindrical algebraic decompositions, which greatly

extends the results of the previous section. Since cylindrical algebraic decompo-

sitions can be used to solve a very general class of motion planning problems, our

algorithm demonstrates how to compute smooth feedback for the same class of

problems. In addition, the feedback laws can be computed efficiently; precisely,

they can be computed in O(n), in which n is the complexity of the decomposition

(the number of cells in the decomposition). Since the number of cells in a general

cylindrical algebraic decomposition can be doubly exponential in the dimension

of the space, efficient computation of smooth feedback with respect to the de-

compositions still implies a very pessimistic overall time bound. However, there

exist problems that admit cylindrical decompositions that have much better com-

plexity bounds (e.g., planning for the ladder [181] or a polygon translating and

rotating in the plane [182]). In cases such as these, our algorithm has potential

for practical implementation and use.
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2.3.1 General feedback planning using cylindrical algebraic
decompositions

To generate a smooth feedback plan over the entire cell decomposition, our algo-

rithm will make use of the cells’ cylindrical structure. Therefore, we will describe

cylindrical algebraic decompositions as a preliminary to the presentation of our

algorithm.

A cylindrical algebraic decomposition (CAD), also known as a Collins Decom-

position [13], of Rn is defined in the following inductive way (see [15] for a more

formal definition):

Definition 2.4

1. A cylindrical algebraic cell C1 of level one is either an interval (a, b) or a

point a.

2. A cell Cn of level n has one of the two forms: it is either the set of pairs

{(x, y) : x ∈ Cn−1, f(x) < y < g(x)} or the set of pairs {(x, y) : x ∈

Cn−1, y = f(x)}, in which f, g ∈ Q[x1, xn−1] are polynomials over the field

of rational numbers.

The cells’ cylindrical structure is apparent from the definition. For a set of

polynomials P taken from the set Q[x1, . . . , xn], a CAD adapted to P is one in

which each cell in the decomposition is sign-invariant under P . The number of

cells in the decomposition is polynomial in the cardinality of P , as well as in the

algebraic degree of the members of P ; however, it is doubly exponential in the

dimension.

In addition to proposing the decomposition, Collins gave an algorithm to com-

pute it [13]. This algorithm (which we will refer to as the CAD algorithm) has

two phases. In the first phase, the polynomials of P are projected down one di-

mension at a time, using a projection that preserves the zeros of P as well as the
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Figure 2.10: Two polynomials projected into R1, preserving the critical points and
intersections. After the projection, each interval is lifted into R2 where it becomes
a cylinder of cells. Each new 2-cell is sign-invariant under the polynomials.

intersections of the members of P . Once the polynomials have been projected

into R1, the critical points are located; these points, and the corresponding open

intervals, become the cells of C1. In the second phase, the cells of C1 are lifted

into R2, becoming cylinders that are partitioned based on the critical points of

the polynomials that are now in Q[x1, x2]. This is repeated, each time lifting up

and partitioning the resulting cylinders, until Rn is reached. At that point, a sign-

invariant partition of Rn has been obtained. As noted in [12, 15], the unbounded

cells can be treated as the others by considering the set of polynomials to include

xi = ±∞, for i = 1, . . . , n. More details can be found in [8,15,183,184]. A (very)

simple illustration can be seen in Figure 2.10. Additionally, the algorithm can

compute a single algebraic point in each cell of any dimension i, 1 ≤ i ≤ n.

Schwartz and Sharir showed how to use the CAD algorithm to solve the gen-

eralized piano mover’s problem. In this problem, the robot R and the obstacle
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region O are specified as semi-algebraic sets; a collision-free path must be found

from an initial configuration to a goal configuration, if one exists. Additionally,

there may be more than one robot, and the robots may be connected in a kine-

matic tree. For this problem, Cfree and Cobst are semi-algebraic in the configuration

space, and each cell in the cylindrical algebraic decomposition of the configura-

tion space is either completely contained in Cfree or completely contained in Cobst.

Using the connectivity graph of the d-dimensional CAD cells, it is possible to

find a collision-free cell path from the cell containing the initial state to the one

containing the goal state, if one exists. Schwartz and Sharir then showed how to

specify a continuous path from the initial to the goal state that goes from cell

to cell in the solution cell path without entering any other cells. The computed

path moves from one full-dimensional cell to another, through a connecting cell of

one lower dimension; as we discussed above, this is always the case when the free

configuration space is taken to be an open set, which is the standard convention.

To determine the connectivity relations efficiently, Schwartz and Sharir make a

stronger assumption on the set of polynomials P than is required for the basic

CAD algorithm. The assumption of “well-basedness” eliminates local pathology,

but local connectivity can still be quite complicated. See [12] for more details.

2.3.2 Algorithm assumptions

In order to compute smooth vector fields over cylindrical decompositions, our

algorithm makes specific input assumptions. First, our algorithm assumes the

entire cylindrical algebraic decomposition is specified as input, consisting of all

cells (of all levels), together with their corresponding algebraic descriptions. We

also assume that the connectivity graph of the decomposition is provided. The

CAD algorithm can compute algebraic points for every cell; these will be used as
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well. Finally, we assume the existence of exact root structure functions for each

cell in each level of the decomposition. The root structure function r : Rn × Z+

maps any point x ∈ Rn to the set of roots of the polynomials in the (n + 1)-

dimensional lifted cylinder above it (for convenience, consider ±∞ to be roots).

This is a standard part of the CAD algorithm (see [183, 185]), although it is

a computationally expensive operation. For some applications, it is possible to

improve efficiency by identifying only root intervals rather than exact roots, using

root separation/gap theorems. See [14,15].

2.3.3 Algorithm description

We will now present our algorithm for generating smooth feedback plans over

CADs. As in Section 2.2, we will construct smooth feedback over individual cells

and then guarantee that smoothness is preserved across the boundaries crossed

by the resulting integral curves.

As we previously described, the connectivity graph can be searched to deter-

mine the cell path to the goal cell from any cell in the connected component of

the goal; this determines the successor of each cell. We will construct a vector

field over the closure of each cell such that all integral curves are guaranteed to

reach the face between the cell and its successor, without reaching any other face.

We require all integral curves to be smooth, and smoothness must be preserved

across the faces separating a cell from its successor. We will discuss our algorithm

in terms of an n-dimensional cell C (and its closure C̄) and its successor S, both

full-dimensional cells of level n. These cells share an (n − 1)-dimensional face,

which we denote FS.

We know that C is bounded by upper and lower bounding polynomials in

each dimension; let ui and li be these polynomials in dimension i. For simplicity,
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C1
C2

Figure 2.11: Adjacent cylinders in a cylindrical algebraic decomposition. Cell C1

has no adjacent cells corresponding to one of its upper bounding polynomials, and
cell C2 has two adjacent cells corresponding to a lower bounding polynomial (the
cells above and below C1).

assume that there are no unbounded cells; after describing the algorithm it will

become clear that the algorithm works for unbounded cells as well. It may seem

intuitive that each ui and li should correspond to exactly one (n − 1)-cell (face)

in the decomposition, separating C from a neighboring n-cell. However, this is

not the case. There may be many faces that correspond to a single bounding

polynomial, or none at all. This is illustrated in Figure 2.11. Denote by F̄+
i

the union of all upper bounding faces of C corresponding to dimension i, and

by F̄−
i the union of all lower bounding faces of C corresponding to dimension

i. We use the bar notation to indicate that the logical “face” is the union of a

number of actual faces in the decomposition. Note that F̄+
i corresponds to the

zeros of ui and F̄−
i corresponds to the zeros of li. If the exit face FS is an upper

face corresponding to dimension i, then FS ⊆ F̄+
i . The two will not generally be

equal; FS may form a hole in the larger face F̄+
i . See Figure 2.12.
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F̄

FS

C

S

Figure 2.12: A cell C, its successor S, and the shared face FS. The shared face is
a hole in the larger face F̄ of C. Lifting these cells into higher dimensions could
continue to restrict the face they share.

We will construct a vector field over C̄ in much the same way as we did for

convex polytopes. We will define appropriate smooth distance functions repre-

senting the distance to each face of the cell, as well as face vector fields for each

face and a cell vector field for the cell. Face vector fields are easily defined; any

face F ⊆ F̄+
i will be assigned a vector field of − ∂

∂xi
and any face F ⊆ F̄−

i will be

assigned a vector field of + ∂
∂xi

. This is the case except for FS; for any x ∈ FS, the

face vector field Vf is defined as
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Vf (x) =















+ ∂
∂xi

if FS ⊆ F̄+
i

− ∂
∂xi

if FS ⊆ F̄−
i .

This definition ensures that the face vector fields point inward on all faces of C

except the exit face, FS; this implies that no integral curves leave C except by

the exit face, as desired.

Recall that through the construction of the CAD, algebraic points have been

computed that lie in the interior of each cell; we will use the algebraic points in the

cells of level n− 1, which connect the full-dimensional cells. Denote the algebraic

point in FS as pa. We now define the relative height, which is a diffeomorphism

from C̄ to the unit cube. For any point x = (x1, . . . , xn) ∈ C̄ and dimension

i, let Pi−1x be the projection from the point to its first i − 1 components, let

r : Ri−1 × Z+ be the root function corresponding to Pi−1x, and assume that

r(Pi−1x, l) ≤ xi ≤ r(Pi−1x, l + 1). Define the relative height hi : C̄ → [0, 1] as

hi(x) =
xi − r(Pi−1x, l)

r(Pi−1x, l + 1) − r(Pi−1x, l)
. (2.5)

This is a smooth mapping, since both the upper and lower bounding polynomials

are smooth (the root function maps onto the bounding polynomials). Even in

the case where there are no actual faces corresponding to ui and li, as in Figure

2.11, the bounding polynomials are well-defined. We can arbitrarily define hi(x)

to be zero if ui(x) = li(x); this can only occur when faces corresponding to certain

dimensions are missing, again as in Figure 2.11. The lack of smoothness at these

points is not problematic because no integral curves of the vector field pass through

these points. This is the case because these points are always part of cells that

are less than (n − 1)-dimensional; we have already stated that all integral curves

will go from full-dimensional cell to full-dimensional cell through faces of only

54



one dimension less. We can now define the relative coordinates of x as h(x) =

(h1(x), . . . , hn(x)) ∈ [0, 1]n. We can intuitively define the cell vector field Vc as the

vector field which induces a straight line path toward pa, in relative coordinates.

Formally, this can be computed using the Jacobian of h, which is guaranteed to

have full rank since h is a diffeomorphism on C: Vc(x) := (Jh(x))−1(h(pa)−h(x)).

Now, all we need is to define acceptable distance functions to each face. Then,

we can blend the component vector fields together as in Section 2.2, and we

will show that the integral curves of the resulting vector field always reach the

goal. The distance function is easy to define, using the relative height functions.

Assume that the exit face FS ⊆ F̄±
i . Then for any face F̄±

j , j 6= i, define the

scaled perpendicular distance function d⊥ as follows:

d⊥(x, F ) =















1−hj(x)

1−hj(pa)
if F ⊆ F̄+

j

hj(x)

hj(pa)
if F ⊆ F̄−

j

. (2.6)

As required, the distance function equals zero on the face itself and is greater

than zero elsewhere. Also, at any point that has the same relative height as

the algebraic point in a particular dimension, the upper and lower faces will be

equidistant. Also, multiple faces that correspond to the same bounding polyno-

mial will have the same distance; this is acceptable because such faces will have

the same face vector field.

In the case of the upper and lower faces in the dimension corresponding to

the exit face, a small change must be made. In this case, simply let d⊥(x, F ) =

|hi(x) − hi(p)|. Another distance function will be defined, in order to distinguish

FS from the remainder of F̄±
i . This distance function will be used when the point

x is in the region of the cell closest to F̄±
i .
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Understanding cell connectivity is important for computing the distance to

FS, because FS can be a hole in the larger face F̄±
i , as discussed above. It is

useful to note that if FS ⊆ F̄±
i , then both C and S were lifted from the same

full-dimensional cell in a lower level. This means that the “parents” of C and S in

the lower level were adjacent i-dimensional cells in the same cylinder, separated

by an (i − 1)-dimensional cell. The parent cells shared a complete face at that

level; lifting the cells into higher dimensions may have restricted the area of the

face that they share until they share a face which is a hole in the larger face. An

example of this is in Figure 2.12.

Keeping in mind that each successive lifted dimension adds constraints that

may restrict the shared face between C and S, consider some point x ∈ F̄±
i . We

can easily verify whether or not x lies in FS (simply check to see if it satisfies the

constraints of the bounding polynomials of FS). In addition, we need a smooth

function defined over all of F̄±
i that can serve as a distance function, indicating

how far x is from FS even if x /∈ FS. One option that seems obvious but which is

incorrect would be to compute the distance to each of the bounding polynomials

of FS that is unsatisfied, smooth them using a bump function if necessary, and

add them together. This is incorrect because the bounding polynomials of FS

are not necessarily well-defined for any point x ∈ F̄±
i . Similarly, the bounding

polynomials uF
j and lFj are not guaranteed to be well-defined unless uF

k and lFk are

satisfied, for all k ∈ i+1, . . . , j − 1; this happens when the bounding polynomials

of FS coincide with those of S rather than those of C. Consequently, our distance

function only depends on uF
j and lFj if all lower bounding polynomials are satisfied.

We will construct a function that is uniformly equal to one outside FS, uni-

formly zero on some subset F ′
S ⊆ FS, and that smoothly transitions between the

two on FS \ F ′
S. We need to make several definitions in order to construct this

function. Recalling that the cell faces are zeros of polynomials, define z+
j (x) and
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z−j (x) as the zeros of uF
j and lFj that correspond to x: namely, z+

j (x) and z−j (x) are

identical to x in all coordinates except for coordinate j, which is chosen so that

uF
j (z+

j (x)) = lFj (z−j (x)) = 0. For some α ∈ (0, 1) define the satisfaction function

wj : F̄±
i → [0, 1] as

wj(x) = b

(

1

α

(

hj(x) − hj(pa)

hj(z
+
j (x)) − hj(pa)

− (1 − α)

))

+ b

(

1

α

(

hj(x) − hj(pa)

hj(z
−
j (x)) − hj(pa)

− (1 − α)

))

.

(2.7)

The satisfaction function wj considers the bounding polynomials of FS correspond-

ing to dimension j and is identically one for points above the upper bounding

polynomial or below the lower bounding polynomial in that dimension. It equals

zero for any x such that the difference in relative height from x to pa (in direc-

tion xj) is less than (1 − α) times the difference in relative height from pa to the

boundary of FS, again in direction xj. These can be used to construct the final

distance function d̂n, which for any point x ∈ F̄±
i indicates the “distance” from

that point to FS, and does so smoothly. The definition is inductive, as follows:

d̂i+1(x) = wi+1(x)

...

d̂j(x) = d̂j−1(x) + (1 − d̂j−1)wj(x).

(2.8)

The important results are summarized in the proposition below:

Proposition 2.3 The following properties hold:

1. For all j, d̂j is well-defined.

2. The function d̂n is smooth, identically equal to one on F̂±
i \ FS, and identi-

cally equal to zero on an open subset of FS.
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Proof: We prove the first property by induction. As we have already indicated,

wj(x) is only guaranteed to be well-defined if the polynomial constraints lFk and

uF
k are satisfied for all k ∈ i + 1, . . . , j − 1. For 1 ≤ k ≤ i, the constraints

are always satisfied because the cells C and S are in the same cylinder in the

projection into Ri. Therefore, we know that the base case d̂i+1 is well-defined.

Now assume that d̂j is well-defined and consider d̂j+1. The function d̂j+1 will be

well-defined if d̂j = 1 for any point x such that wj+1 is not well-defined (since

the term containing wj+1 will then vanish). But this fact is apparent from the

definition of d̂j; if some constraint lFk or uF
k is not satisfied, then we have d̂l = 1

for all k ≤ l ≤ j. Therefore d̂j = 1 over any point where wj+1 is not well-defined,

and so d̂j+1 is well-defined over all of F̄±
i .

For the second property, the above proof also yields the fact that d̂n is identi-

cally equal to zero on F̂±
i \ FS. It is also readily apparent that if all polynomial

constraints are satisfied by a factor of (1−α), then we have d̂n = 0. So we simply

need to verify that d̂n is smooth. It is constructed using smooth functions, so

all we need to verify is that the derivatives exist on the constraint polynomials,

which is the boundary where the satisfaction functions become ill-defined. This

can be argued inductively, as above. The base case, d̂i+1, is clearly smooth. Now

assume that d̂j is smooth. Just as guaranteeing that d̂j = 1 wherever wj+1 is

not well-defined is sufficient to make d̂j+1 well-defined, we use the property that

all derivatives of the bump function b(s) are zero outside the unit interval. This

implies that anywhere the function wj+1 is not well-defined, the derivatives of d̂j

all equal zero. Consequently, all derivatives of d̂j+1 exist and are well-defined over

F̂±
i , and the function d̂n is smooth.

Using these distance functions, for any point x ∈ C we can determine the

face in whose region of influence it lies (i.e., which face it is “closest to”). There

are three different cases. Assume as before that FS ⊆ F̄±
i . First, for some face
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F̄±
j with j 6= i, we say that x lies in the region of influence of F̄±

j if d(x, F̄±
j ) ≤

d(x, F̄±
k ), for all k. Second, we say that x lies in the region of influence of FS if

d(x, F̄±
i ) ≤ d(x, F̄±

k ) for all k and if d̂n(x) ≤ 1− d̂n(x). Finally, x lies in the region

of influence of F̄±
i \ FS if d(x, F̄±

i ) ≤ d(x, F̄±
k ) for all k and if 1 − d̂n(x) ≤ d̂n(x).

The final step is to define a function for each face that interpolates between a

value of zero on the face itself and a value of one on the boundaries of its region of

attraction (loosely, the “faces” of the GVD). As in Section 2.2, we use a product

of analytic switches. For any face F̄±
j with j 6= i, use the following:

s(p) = 1 −
∏

F̄ 6=F̄±

j

d⊥(p, F̄ ) − d⊥(p, F̄±
j )

d⊥(p, F̄ )
, (2.9)

in which F̄ ∈ F are the faces of C. Also, additional product terms need to be

added for faces F that share a larger face ⊂ F̄±
i with the exit face FS. These

product terms use d̂, rather than d⊥. This function is smooth (except where

faces meet), and has the desired property of being identically equal to zero on

the face of the cell and one on the boundary of the region of influence. Using the

shorthand b(p) = b(s(p)), we again define the global vector field V at point p as

V (p) = norm(b(p)Vf (p) + (1 − b(p))Vc(p)), in which Vf is the face vector field for

the face in whose region of influence p lies, Vc the cell vector field, b the bump

function, and norm is the normalization function that forces V to be a unit vector

field.

We must also define the vector field on the goal cell so that the integral curves

converge to the goal point xg inside the goal cell. All face vector fields point

inward in this case; the cell vector field is the vector that points from x to xg, in

relative coordinates. As before, this is defined as Vc(x) := (Jh(x))−1(h(xg)−h(x)).

Similarly, the d⊥ function should be modified to consider coordinates relative to

the goal point xg rather than pa.
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2.3.4 Theoretical results

We need to establish that the feedback plan associated with our constructed vector

field has all of the required properties; the proofs are similar to those in Section

2.2.

Theorem 2.5 The vector field V is smooth except for a set of measure zero and

has smooth integral curves.

Proof: Consider the functions used in the construction of V in a particular cell.

The perpendicular distance function d⊥ is smooth since the bounding polynomials

of the cell are smooth, and the satisfaction functions and distance functions d̂j

are likewise smooth. The parameter function s is smooth except on the (n − 2)

dimensional surfaces where faces meet, and the integral curves never go through

these places. As we know, the bump functions are smooth. They guarantee

smoothness across cell boundaries and between regions of influence within a cell

because all derivatives equal zero there (see Section 2.2). Hence all integral curves

of V are smooth.

Theorem 2.6 The integral curves of V remain in Xfree.

Proof: This property is obvious from the construction of the vector field. In any

collision-free cell, the face vector field corresponding to an obstacle face will be

inward pointing, because an obstacle face can never be the exit face. The vector

field V is identically equal to the face vector field on the face itself, due to the

bump function and its parameter function. Hence, the vector field always points

away from obstacle faces and the integral curves never lead to collision.
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Theorem 2.7 The integral curves of V asymptotically converge to the goal state.

Proof: First, we show that for any nongoal cell C, all the integral curves of C

reach the exit face FS and thus enter the successor cell S. Recall that the cell

vector field is defined as Vc(x) := (Jh(x))−1(h(pa) − h(x)), in which pa is the

algebraic point in the exit face FS. Hence following the integral curves of this

vector field will cause the relative coordinates to converge to those of pa: namely,

hj(x) → hj(pa), 1 ≤ j ≤ n. The face vector fields corresponding to all F̄±
j , j 6= i

also cause the relative coordinates to converge. The only exception is hi, which

must be considered separately because the vector field corresponding to F̄±
i \ FS

points away from pa. Consider all dimensions except dimension i. We know that

the relative coordinates will converge to a neighborhood of those of pa in some

finite time T (again, not considering dimension i). This implies that for a suitably

chosen neighborhood, the region of influence of F̄±
i \ FS cannot be entered after

time T because it lies entirely outside this neighborhood. Consequently, we can

guarantee the convergence of hi after time T , and all relative coordinates are guar-

anteed to converge. Once within a neighborhood of pa (in relative coordinates) in

all dimensions, it is simple to observe that the integral curves reach the exit face

FS in finite time, since the face vector field of FS is outward-pointing.

The case of the goal cell is similar. In this case, the cell vector field and face

vector fields all cause the relative coordinates to converge to those of the goal

state. Therefore, for any neighborhood of the goal point, the integral curves will

converge in finite time. Since the integral curves of V reach the exit face of any

cell in finite time, and reach any neighborhood of the goal state in finite time, we

have the global result that all integral curves of V asymptotically converge to the

goal state.
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2.4 Practical Feedback Planning in Planar Environments

Thus far, vector fields on two different types of cell decompositions have been

described: convex piecewise linear decompositions and cylindrical algebraic de-

compositions. The former can be used to construct feedback plans over the exact

configuration spaces of some robot models, as well as over piecewise linear approx-

imations of other configuration spaces. The latter is used to construct feedback

plans for the generalized piano mover’s problem; it is extremely general, but has

limited practical usefulness.

In this section, we consider the construction of feedback plans for planar disc

and polygonal robots. The robots are fully actuated and move in a piecewise linear

environment. First, we present an exact solution to the case of a disc robot; then,

we show how to construct a conservative, arbitrarily accurate, piecewise linear

approximation of a polygonal robot’s configuration space which will enable the

application of the results already described.

2.4.1 Disc robots

In general, planar robots with bodies have three-dimensional configuration spaces

isomorphic to SE(2); the configuration variables correspond to position and ori-

entation and are usually denoted x, y, and θ. However, fully actuated disc robots

have two-dimensional configuration spaces [8]. This is readily apparent, because

the robot is symmetric about the center of its body.

Even for piecewise linear (PL) environments, the configuration space is not

PL; instead, the configuration space boundary consists of both line segments and

circular arcs. Algorithms for computing the configuration space obstacles are

straightforward, and have been described in detail elsewhere [8,84]; it is sufficient

to note that configuration space obstacles are the Minkowski sum of the environ-
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ment obstacles and the robot’s body (i.e., a disc of some radius). Figure 2.13

illustrates a piecewise linear environment and the corresponding configuration

space.

If the circular arcs are approximated by line segments, the approximate con-

figuration space is polygonal and the algorithm described above can be directly

applied. It is trivial to choose line segments so that the approximation is con-

servative, so strong safety guarantees can still be made in the approximate case.

Since the arcs can be approximated to any resolution, this can be described as

a resolution complete method as well. This will be discussed in more detail in

Section 2.4.2 below.

While a polygonal approximation may be perfectly sufficient for most practical

applications, it is interesting to explore whether or not smooth feedback plans

can be easily constructed over an exact cell decomposition of these configuration

spaces. The general method for cylindrical algebraic decompositions can be used,

but this is probably not practical even for two-dimensional configuration spaces

like these. Below, these configuration spaces will be decomposed into simple

(though non-convex) cells, and vector fields such as those described above will

be used to construct feedback plans that are sufficient to guarantee safety and

convergence.

Decomposing the configuration space

As we have already seen, the boundary of the configuration space consists of line

segments and circular arcs; assume this has already been computed. A simple

algorithm to decompose the configuration space into simple is as follows:

1. Replace each circular arc with a line segment between its endpoints.

2. Perform a convex decomposition the resulting polygonal configuration space.
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Figure 2.13: A piecewise linear environment, and the corresponding configuration
space for a disc robot. The red area is part of the C-obstacle region, in addition
to the original obstacles.
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3. Reinsert the circular arcs as “edges” in the decomposition, subdividing arcs

as necessary to respect the cells in the decomposition.

The first and second steps are easily completed, by any of the convex decom-

position methods mentioned above. Therefore, we will consider the third step in

more detail.

At the outset, note that the third step is always feasible, and that all of the

resulting cells in the decomposition have edges which are line segments or circular

arcs. It is simple to envision a convex decomposition superimposed on the true

configuration space and see that this is true. As a result, it is important to specify

only how the third step is carried out.

The insertion of the circular arcs causes the free configuration space to shrink,

as the area inside the arcs is marked as in collision. However, observe that no

inserted arc will enclose a vertex in the decomposition (or, as a result, an entire

polygon in the decomposition). For this to be true, the decomposition must

not include Steiner points, which are vertices in the decomposition that are not

vertices of polygons in the environment. Most decomposition algorithms do not

yield decompositions with Steiner points, so this is an insignificant restriction.

The proof of this fact is simple: if the vertex is inside the arc, then it is not a

C-obstacle vertex at all—it is in the interior of Cobst, not on its boundary. The

fact that no cells or vertices in the decomposition lie inside the inserted arcs is

important because it greatly simplifies the way arc insertion can modify the cells

in the decomposition.

Assume that we have a set of circular arcs to insert into the cell decompo-

sition, and consider a polygon P whose edges intersect with a particular arc A.

For convenience, make the general position assumption that no edges of P are

tangent to A; also, adopt the convention that any edge that shares a vertex with
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P

A

Figure 2.14: A portion of a polygonal cell decomposition, and an inserted arc.
The arc intersects two edges of the polygon twice, dividing it into multiple cells.

A intersects A. If the edges of P intersect with A, then they do so in one of the

two following ways.

Case 1: Two or more edges of P each intersect A twice. This implies that

inserting A may separate P into multiple cells. See Figure 2.14 for an illustration.

Computing the new cells is achieved by “walking” around the boundary of the

polygon, dividing at the intersections.

Case 2: Exactly one edge of P intersects A twice. In this case, no other edge

intersects A. No double intersection exists by the definition of this case, and no

single intersection exists because that would imply the existence of a vertex inside

the obstacle. Therefore, P is not subdivided; the edge which intersects A is divided

into three new edges, two of which are line segments and one corresponding to A.

This is illustrated in Figure 2.15.

These are the only two possible cases, because any other would imply the

existence of a vertex inside the arc. For example, there cannot be a case as

appears in Figure 2.16, in which the arc intersects once each with two edges. In

each of the two possible cases, it is simple to modify the polygon so that the

inserted arc A is taken into account. Doing so clearly requires linear time in the

edges of the decomposition and the number of arcs to be inserted.
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P

A

Figure 2.15: Part of a polygonal cell decomposition, and an inserted arc. The
arc intersects a single edge of the polygon twice, which does not divide it into
multiple cells.

A

P

Figure 2.16: An arc cannot intersect a polygon edge only once, because that
implies the existence of a vertex inside the obstacle.

Selecting local vector fields

In Section 2.2.2, we saw conditions for face and cell vector fields over convex PL

cells, and the interpolation between them. These conditions guarantee that every

integral curve in an intermediate cell will reach the exit face of that cell while

avoiding other faces. Now, we will see how to choose local vector fields for these

cell decompositions (bounded by straight line segments and arcs) so that the same

guarantees can be made.

First, consider the cell vector fields. In Section 2.2.2, the restrictions on Vc were

made to be as loose as possible. For the sake of simplicity, assume here that Vc is

a constant vector field such that Vc · nx > 0, in which nx is the outward pointing

normal of the exit face. For face vector fields, the necessary modifications are

also straightforward. In the original case of convex polygonal cells, we required

(for nongoal cells) that Vf (p) · n > 0 and Vf (p) · nbf > 0 for any face f other

than the exit face, in which n is the face normal and nbf is the normal of the
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hyperplane equidistant from f and the exit face. Adjusting the first requirement

slightly, require that for any point p on an arc edge, Vf (p) ·n(p) > 0, in which n(p)

is the arc’s normal vector at p. It is easy to show that using a constant vector

field perpendicular to the chord connecting the endpoints of the arc satisfies this

condition. Note that every arc in the decomposition has an angular length less

than π. This is because each arc is generated by the robot as it sweeps around a

vertex of a polygon in the environment. Assuming that there are no degenerate

polygons in the environment (having a vertex with an interior angle of 0) implies

that the arc in configuration space must have angular length less than π. Then

the following theorem applies:

Theorem 2.8 Consider a circular arc A with radius r, and angular length l < π.

Then nc · n(p) > 0 for any p ∈ A, in which nc is the vector normal to the chord

connecting the endpoints of A, and n(p) is the outward pointing normal vector to

the arc at point p.

Proof: Consider an arc A′ with angular length l′ = π, and let the center of

the circle containing A′ be the origin. Then n(p) = (cos(θ) sin(θ))T , for θ =

arctan−1py/px for p ∈ A′. We also have nc = (01)T . Then nc · n(p) = nT
c n(p) =

sin(θ), which is strictly greater than zero for θ ∈ (0, π), which corresponds to the

interior of A′. Since A ⊂ A′, this implies that nc · n(p) > 0 holds for all p ∈ A.

As a result, it is equally easy to select a feasible face vector field in this case

as it is in the polygonal case. An requirement for the goal cell is identical.

Theoretical results

As in Section 2.2.2, we will establish that all integral curves of the vector field

V , obtained by interpolating between the cell and face vector fields, are safe,
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asymptotically converge to the goal state, and are smooth. The proofs are similar

to those above.

Theorem 2.9 In any nongoal cell, all integral curves of V reach the exit face in

finite time and do not contact any other face.

Proof: First, it is clear that no integral curve in V will contact any face other

than the exit face. The vector field V is identically equal to the face vector field

Vf on any face, and we have already seen that all face vector fields are strictly

inward pointing, with the exception of the exit face. Therefore, we simply need

to establish that V always makes sufficient progress toward the exit face, so that

it will reach it in finite time. This is simple to establish from examining the inner

product of V with nx, the normal vector of the exit face. It is clear that V ·nx > 0,

because Vc · nx > 0 over the entire cell, and Vf · nx ≥ 0 over the entire cell. As a

result, the integral curve is always making progress toward the exit face; this is

lower bounded away from zero by the fact that the face vector field for the exit

face, Vfx
, satisfies Vfx

· nx > 0, so the vector field V is outward pointing on the

exit face. Therefore the integral curves of V reach the exit face in finite time.

Theorem 2.10 In the goal cell, every integral curve of V asymptotically con-

verges to the goal state without reaching any cell face.

Proof: Again, no cell face is reached, because all face vector fields are strictly

inward-pointing for the goal cell, and V = Vf on any face. Therefore, we only

need to establish that the integral curves of V asymptotically converge to the goal

state. Since the cell vector field Vc always points at the goal point xg, and the face

vector fields always satisfy Vf (p) · (xg − p) > 0 for any point p in the goal cell, it

is clear that the interpolated vector field must also satisfy V · (xg − p) > 0 for any

p. Then the distance to the goal point xg is always decreasing; a strictly positive
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lower bound is easily established as above, resulting in asymptotic convergence to

xg.

Theorem 2.11 The integral curves of V are smooth.

Proof: As we have seen throughout, the face and cell vector fields are smooth,

and the the vector field V is generated by smoothly interpolating between them.

Therefore V is smooth.

2.4.2 Polygonal robots

Unlike disc robots, polygonal robots that translate and rotate in the plane have

a three-dimensional configuration space. Even though both the obstacles and

the robot body are polygons, the configuration space obstacles have nonlinear

boundaries. While cylindrical decomposition can be used, this section describes

an approximation-based method that is extremely efficient and provides safety,

convergence, and smoothness guarantees. The heart of the idea is to compute

a polygonal approximation of the configuration space, thereby enabling the use

of the algorithm developed in Section 2.2. The approximation proposed here is

conservative, so strong safety guarantees can still be made.

It is well known that for any fixed orientation, the two-dimensional cross sec-

tion of the configuration space is polygonal [8, 84]. The star algorithm, proposed

by Lozano-Pérez [10], is an algorithm for computing the C-space obstacle bound-

aries for any such cross section. He also proposes creating polygonal approxima-

tions of the C-space slices corresponding to a range of orientations, using swept

volumes. Lengyel et al. propose discretizing the configuration space and using

graphics hardware to plan paths in real time [26]; this also results in a polygonal

approximation of the three dimensional configuration space.
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The star algorithm for convex robots and obstacles

The algorithm used for constructing conservative polygonal approximations of C-

space slices is based on the star algorithm [10], which computes the configuration

space obstacle corresponding to a robot with a convex body translating in an

environment with a single convex obstacle. We briefly describe the star algorithm

and then develop the approximation method.

The key to the star algorithm is recognizing that the C-obstacle region can

be obtained by sliding the robot along the perimeter of the obstacle (again, we

only permit the robot to translate for the time being). The resulting C-obstacle is

also a convex polygon, the edges of which are generated either by sliding a vertex

of the robot body along an edge of the obstacle, or sliding an edge of the robot

body along a vertex of the obstacle. These are typically referred to as Type VE

(vertex-edge) and Type EV (edge-vertex) contacts, respectively. The edges and

vertices whose contacts generate the C-obstacle edges are easily determined by

placing the edges of the robot and obstacle in an ordered list, according to the

angles of their normal vectors. The normal vectors of edges of the robot body

are taken to be inward pointing, and those of the obstacle edges are taken to

be outward pointing. The list has topology S1, with the beginning of the list

connected to its end. See Figure 2.17 for an example.

To generate the C-obstacle boundary, traverse this list in order. Each edge will

generate a C-obstacle edge. If the edge is from the robot, the vertex it contacts

will be the vertex shared by the nearest obstacle edges on either side of it in the

list; if from the obstacle, the vertex will be the one shared by the nearest robot

edges on either side of it in the list. The C-obstacle edge will be the edge traced

by the origin of the robot’s body frame as the edge slides along the vertex. Figure

2.18 continues the example from Figure 2.17.

71



r1

r2

r3

o1

o2

o3
o4

r3

r1

r2

o3

o2

o4

o1

Figure 2.17: A triangular robot and a square obstacle; their normal vectors, sorted
in a circular list.

Figure 2.18: The configuration space obstacle generated by sliding the robot
around the environment obstacle. The outline is the origin of the robot (as seen
in Figure 2.17).

72



1 2
1 2

o1

o2

o3
o4

r3

r1

r2

o3

o2

o4

o1

r2

Figure 2.19: Two edges in the C-obstacle, generated by a EV contact and a VE
contact, respectively.

Simple geometry is sufficient to derive the equations describing the edges of

the resulting C-obstacle. First, consider the case of an edge generated by a Type

VE contact. Let the position of the robot vertex be (xv, yv) in the robot body

frame, and the edge vertices be (xe1, ye1) and (xe2, ye2) in the world frame. For a

cross section with θ = θ0, the position of the vertex is







xvn

yvn






=







cos θ0 − sin θ0

sin θ0 cos θ0













xv

yv






=







xv cos θ0 − yv sin θ0

xv sin θ0 + yv cos θ0






.

As the robot slides from (xe1, ye1) to (xe2, ye2), a C-obstacle edge is generated with

endpoints (xe1 − xvn, ye1 − yvn) and (xe2 − xvn, ye2 − yvn).

The case is similar with a Type EV contact. Let the edge of the robot body

have vertices with positions (xr1, yr1) and (xr2, yr2), and let the obstacle vertex

have position (xo, yo). Under the same transformation as above, we have new

robot vertex positions and the generated C-obstacle edge has endpoints (xo −

xr1n, yo−yr1n) and (xo−xr2n, yo−yr2n). Both cases are illustrated in Figure 2.19.
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Approximating C-space slices

The first step in creating a polygonal slice approximation method is to determine

the slices themselves. That is, we must choose the orientations {θ}N
1 , 0 ≤ θ1 <

· · · < θN < 2π, so that each slice [θi, θi+1) is easy to approximate (note that

[θN , θ1) is also a slice). From the discussion above, it is apparent that as the

robot rotates, there are certain critical points where the circular ordering of edge

normals changes; this occurs when the normal vector of a robot edge aligns with

the normal vector of an obstacle edge. These critical points naturally partition the

space into slices in which the C-obstacle has the same basic structure: namely, the

C-obstacle boundary in each slice is generated by the same set of Type VE and

Type EV contacts. Under a general position assumption, there are nm critical

points (and nm corresponding slices) for a robot body with n edges and an obstacle

with m edges.

With this slice structure, we need to determine a conservative polygonal ap-

proximation to the C-obstacle for each slice. How to do this becomes apparent

when we examine how C-obstacle edges vary for different cross sections within

the slice. First, consider a C-obstacle edge generated by a Type VE contact. The

edges generated for any cross section within that slice are parallel, since they are

all parallel to the obstacle edge; see Figure 2.20 for an illustration. Therefore,

we need only to determine the angle for which the robot origin (and, therefore,

the generated C-obstacle edge) is most distant from the obstacle edge. This is a

simple maximization problem, which can be written as

θ = argmax
[θi,θi+1)

(

(

(xe1 − xvn) (ye1 − yvn)

)T

ne

)

,
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Figure 2.20: Several obstacle edges corresponding to different robot orientations
within a slice, for a VE contact. The conservative approximation is the edge
maximally distant from the environment obstacle edge.

in which ne is the outward normal of the obstacle edge, and the other variables

are as defined above. This is simple to solve; the conservative approximation for

this C-obstacle boundary is the edge generated by the contact at this angle.

Having determined a conservative approximation of edges generated by type

VE contacts, we must now construct an approximation of the edges generated

by Type EV contacts (in which edges of the robot slide across obstacle vertices).

There may be any number of Type EV contacts occuring in between two Type VE

contacts; an illustration of two successive Type EV edges is given in Figures 2.21

and 2.22 (edges corresponding to two different angular orientations are shown).

Successive Type EV edges will be referred to as a chain.
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Figure 2.21: A chain of two successive Type EV edges.

Figure 2.22: The same chain as shown in Figure 2.21, for a different angular
orientation.
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Figure 2.23: The motion of the robot origin as the robot rotates, for a first vertex
in the chain.

Illustrations will clarify this discussion; consider the motion of the robot origin as

the robot rotates between the angular orientations seen in Figures 2.21 and 2.22.

Since the chain is of length two, there are three vertices in the chain (the endpoints

of the chain are included). Figures 2.23-2.25 illustrate the motion of the robot

origin over the angular interval, for each vertex in the chain. It is clear that the

origin moves in a circular arc about the obstacle vertex, at a radius determined

by the distance from the origin to the contact vertex.

Now, we need simply to create a conservative approximation for the volume

swept as the chain rotates. To do this, we perform two steps. First, connect

adjacent arcs with straight line segments such that the arcs are entirely contained

in a same halfspace of the segments. Second, approximate the arcs themselves

with straight line segments, as necessary. Consider the following lemma:
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Figure 2.24: The motion of the robot origin as the robot rotates, for a second
vertex in the chain.

Figure 2.25: The motion of the robot origin as the robot rotates, for a final vertex
in the chain.
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Lemma 2.1 Consider two circular arcs with different radii and a common center.

From either endpoint of the arc of larger radius, there exist two line segments

which are tangent to a circle with the smaller of the two arcs’ radii. One of these

contains both arcs in the same halfspace.

Proof: Consider an endpoint on the arc of larger radius and a line tangent to

the arc at that point. The arc is in a single halfspace of that line. Rotating the

line in one direction about the endpoint will cause it to intersect with the arc,

violating this condition. Rotate the line in the opposite direction. The line will

then become tangent to the circle of smaller radius before it rotates far enough to

intersect with the larger arc. This line segment (from the endpoint of the larger

arc to the point of tangency to the smaller circle) contains each arc in the same

halfspace.

This lemma indicates how to choose a line segment to connect two neighboring

arcs: the segment should have one endpoint which is an endpoint of the arc of

larger radius (the endpoint nearest to the other arc), and should be tangent to

the circle with the smaller of the two arcs’ radii. If the point of tangency is not

part of the arc, the second endpoint may be shifted to the nearest endpoint of the

arc. In either case, the entirety of both arcs will be on the same halfspace of the

line segment, which is necessary for the conservative approximation. See Figure

2.26 for an illustration.

Having connected neighboring arcs with line segments, we simply need to

approximate each arc itself. This is necessary if and only if there is a gap between

the endpoints of the segments connecting it to its neighbors. It is obvious that this

can be computed to any desired resolution, so this will not be described further.

Two important theorems need to be proved for this method: first, that the

approximation is conservative; and second, that as the slice width goes to zero,
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Figure 2.26: A conservative approximation is obtained by finding line segments
that contain subsequent arcs in the same halfspace.
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the approximation converges to the true C-obstacle cross section. This will imply

that the approximation is resolution complete.

Theorem 2.12 The polygonal slice approximation described above is a conserva-

tive approximation of the C-obstacle region.

Proof: For every VE contact, the approximation is conservative because the

corresponding edge in the cell is chosen to be the one that is the farthest from

the obstacle edge; therefore, the entire obstacle region of the slice is in a single

halfspace of the edge. For each chain of EV contacts, there is a corresponding

set of arcs, corresponding to the movement of the robot origin as it pivots about

the corresponding obstacle vertex, for one of the robot vertices in the chain. We

described above how to connect subsequent arcs with a line segment such that

both arcs lie in a single halfspace; this likewise implies that the entire obstacle

region for the slice lies on that same halfspace. Therefore, the intersection of

halfspaces for this sequence of edges is a conservative approximation. Since we

have found conservative edges for each VE and EV contact, we have a conservative

approximation of the entire C-obstacle region in the slice.

Theorem 2.13 The polygonal slice approximation converges to the true C-obstacle

cross section as the slice width goes to zero.

Proof: In the case of VE contacts, the edge in the approximation clearly con-

verges to the actual obstacle edge, as the argument of the maximum shrinks to

a single point. Consider EV contacts. In the limit as as the width of the slice

goes to zero, the length of the arcs in the chain also go to zero. Therefore, the

line segments connecting them converge to the segments connecting the endpoints

of the arcs; the endpoints of each arc converge, as the arc collapses to a single

point. These endpoints are exactly the C-obstacle vertices. Therefore the slice
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approximation converges to the true C-obstacle cross section as the slice width

goes to zero.

Complex environments

The star algorithm, and the polygonal slice approximation algorithm based on it,

are for a convex robot and a single convex obstacle. To handle more complicated

scenarios, both robot and obstacles need to be decomposed into convex pieces, and

the approximation algorithm performed for each resulting pair of robot/obstacle

pieces. The polygonal approximations can be performed independently. After

computing the approximations, the resulting polygonal C-obstacles are unioned

together to form a global, polygonal (piecewise linear) Cobst. The resulting piece-

wise linear configuration space can be decomposed and a smooth feedback plan

computed, as described earlier in this chapter. Hence, we obtain a smooth feed-

back plan for a polygonal robot translating and rotating in a polygonal environ-

ment. Since the approximation can be made arbitrarily good, this algorithm is

resolution complete.

One disadvantage of performing all of the polygonal approximations separately

is that the slice structure is lost when the approximations are combined. (Recall

that each robot/obstacle pair will have different slices, since the normal vectors

of the obstacle edges will be different.) As a result, convex decomposition must

be performed for a three-dimensional environment, while each slice is effectively

only two-dimensional (since it is constant with respect to θ). The algorithms for

convex decomposition in three dimensions are much more limited than the wide

assortment of algorithms for planar environments. Therefore, one practical choice

would be to force all polygonal approximations to have the same slices; when they

are combined, the slice structure will remain and each slice can be decomposed
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using a fast 2D algorithm.1 Enforcing the constraint that each approximation

have the same slices requires only that the union of the critical points for all

approximations must be used to determine the slices for each one.

One minor problem with this approach is that because the slices each have

different cross sections (and completely independent convex decompositions), the

faces of cells will not match across cell boundaries. This is similar to what we

saw in Section 2.3, in which cells might share only a partial face. Fortunately, the

solution presented in that section works here as well. For example, assume that

the exit face fx of a cell is enclosed in the interior of a larger cell face f . Then,

the face vector field should be inward pointing on f \ fx, and smoothly blend to

inward pointing over some subset of fx. Any cell in a given slice with an exit face

in the θ direction should be given an artificial “goal point” that projects into the

interior of fx. In this way, face vector fields can be chosen for the faces of the cell

corresponding to the sides of the cylinder (i.e., the sides in the two-dimensional

decomposition), and a vertical vector field (i.e., in the θ direction) will then suffice

to guide the robot from one slice to another.

A more significant practical ramification of this approach is that the number

of slices required to appxoimate a complex environment is greatly increased. In

contrast, approximating the configuration space with a grid of fixed resolution is

not dependent on the geometric complexity of the robot or obstacles. However,

accurately approximating a complex configuration space requires a very fine grid

resolution; hence, the decoupling of approximation size from geometric complexity

is more illusory than actual in the case of the grid approximation. In comparison

with the vertical decomposition algorithm, we have already argued that this ap-

1One possible algorithm to use in three dimensions is vertical decomposition; this algorithm
chooses one dimension, partitions the space into slices along that axis, and recurses on each
slice. Hence, it essentially does what we already implicitly did—sliced the configuration space
along the θ axis.
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proach should be comparable, because vertical decomposition would replicate the

slice structure, at essentially the same “resolution.”

2.5 Conclusion

In this chapter a family of algorithms for smooth motion planning have been pre-

sented. These algorithms are based on cell decompositions and vector fields; by

combining local vector fields through smooth interpolating functions, we obtained

feedback controllers that are globally asymptotically stable, safe, and smooth.

Many previous approaches to feedback planning in obstacle cluttered environ-

ments rely on potential fields to define a control law. In these cases, one must typ-

ically choose between practical efficiency and guaranteed performance—complete

algorithms are difficult to implement in practice, and efficient approaches suf-

fer from problems with local minima in the potential function. In contrast, our

approach is both complete and efficient for many practical robotics problems.

We first outlined the basic algorithm for a d-dimensional point robot moving in

a piecewise linear environment. Next, the algorithm was extended to the feedback

version of the generalized piano mover’s problem, in which the robot and obstacles

are semi-algebraic sets. As one of the most general formulations of the motion

planning problem, this is extremely important from a theoretical perspective.

The results presented here demonstrate that obtaining feedback solutions to this

problem are no more difficult than obtaining an open loop path; hence, feedback

comes essentially “for free,” given the complexity of constructing a cylindrical

algebraic decomposition. Finally, we presented practical solutions to the smooth

feedback planning problem for planar robots with disc or polygon bodies. For disc

robots, an exact decomposition of the configuration space was presented, yielding

a complete solution to the smooth feedback planning problem. For polygonal
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robots, a conservative polygonal slice approximation approach was used, enabling

the algorithm for piecewise linear environments to be applied. In this case, the

algorithm is resolution complete, though not exact.

These results are significant because these algorithms address the classic goals

of control theory (global asymptotic stability) and motion planning (obstacles

avoidance) in a way that is intuitive, theoretically rigorous, and efficient. In

order to be fully relevant to practical robotics, it is important to address more

complicated robot dynamics models. In the next chapter, we consider robots with

simple nonholonomic constraints that are commonly seen in robotics.
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CHAPTER 3

SMOOTH FEEDBACK FOR
NONHOLONOMIC ROBOTS

3.1 Introduction

In Chapter 2, we presented a family of algorithms that address the smooth feed-

back planning problem. They construct global asymptotically stable controllers

that have guaranteed obstacle avoidance and smoothness properties. In addition,

they are simple to implement and efficient in practice. As such, they have much

to offer robotics, from a practical as well as a theoretical perspective.

Thus far, we have considered only fully actuated robots, whose state transition

equations are a trivial ẋ = f(x, u) = u. This greatly simplified the initial presen-

tation of the planning algorithm, but it hardly addresses the needs of practical

robotics. In contrast to free-flying robots, the motion of most mobile robots must

satisfy certain nonholonomic constraints that restrict how they can move. For

example, differential drive (or unicycle) robots can drive forward and rotate in

place, but cannot slide sideways. Car-like robots, another important class of mo-

bile robots, are even more restricted in their motion. They have a limited steering

angle which prevents them from rotating in place; instead, their paths are re-

stricted to having bounded curvature. This makes navigating around obstacles

and through narrow passages extremely challenging.

86



3.2 Background and Motivation

Stabilization of nonholonomic systems in obstacle-free environments has been

studied in depth [186–188]. Important research goals include stabilization to a

point or trajectory and path following; an approach for computing optimal tra-

jectories is presented in [189]. Unicycles are a simple nonholonomic system that

have been studied in depth; in addition to unicycles, car-like robots are common

and have received significant attention [89,190–193].

When the environments are complex, the problem of global feedback control

is especially difficult. Motion planning problems in robotics typically involve non-

convex constraints resulting from obstacles in the environment, which present a

significant problem for traditional feedback control methods. The standard way

to solve problems with obstacles is to plan an open loop path using a motion plan-

ning algorithm, and then use the local controller to track the path or move from

waypoint to waypoint. This approach can be reasonably successful in practice,

assuming that the distance to the obstacles is large relative to the intra-waypoint

distance. A severe weakness of this approach, however, is that it cannot gener-

ally guarantee both obstacle avoidance and global convergence; this is a result of

decoupling planning and feedback. The algorithms developed in this chapter can

make stronger guarantees by integrating the two more closely together.

As mentioned in Chapter 2, one may also use state space sampling together

with dynamic programming to achieve not only feedback, but approximately op-

timal trajectories [138,139,143]. The curse of dimensionality limits the usefulness

of this approach for any but low-dimensional spaces, however. Instead of solv-

ing the entire optimal control problem, one might try receding horizon control, in

which an optimal solution is computed for a short time horizon, and new optimal

solutions computed for each successive time interval [194–196]. Receding horizon
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controllers have been developed for a number of interesting dynamical systems;

one of the key challenges for this method (beyond the basic control problem) is

the practical problem of computing optimal solutions fast enough to keep up with

a tight control loop. Obstacle avoidance has been incorporated into receding hori-

zon controllers through the use of mixed integer linear programming; see [93,197]

and the references therein.

Other approaches to feedback navigation in the presence of obstacles typically

rely on scalar potential functions [94,109]. However, constructing such functions is

quite difficult, and it is difficult to apply potential function or navigation function

methods to systems with nonholonomic constraints (see [114,198] for an approach

for robots with unicycle dynamics).

As in Chapter 2, the approach in this chapter is based on partitioning the state

space into simple cells and constructing local controllers by smoothly interpolating

between vector fields defined over individual cells. Several other approaches based

on cell decompositions include [159, 162, 166, 168]. These generally consider the

problem of control of an affine system on a arbitrary dimensional simplex or

polytope.

3.3 Point Unicycle Robots

Consider the problem of a nonholonomic point robot navigating in a polygonal

environment. We will use the kinematic unicycle model, the motion of which must

satisfy the equation

ẋ sin θ − ẏ cos θ = 0. (3.1)
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The corresponding state space for this nonholonomic model is
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θ̇
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vf cos θ

vf sin θ

vθ













. (3.2)

In addition to being a simple example of a system with nonholonomic constraints,

this is a very natural model for the ubiquitous differential drive robot. The envi-

ronment is a two-dimensional piecewise linear environment, E , which is a bounded

open subset of R2. The configuration space C is three-dimensional, consisting of

position and orientation; formally, C = E × S1, in which S1 = [0, 2π]/∼, with ∼

an equivalence relation with 0 ∼ 2π. The goal point is defined to be the point

xg ∈ E . The goal region, then, is xg × S1. In other words, we ignore the ori-

entation of the robot and consider only its position, for the purpose of solving

the navigation problem. This is entirely reasonable; for the system we consider,

Brockett’s condition [199] implies that no static, smooth vector field (feedback

control) can stabilize the complete state of the system. Additionally, it is often

sufficient from a practical point of view to stabilize only the position of the robot.

Once in the neighborhood of the goal state xg, the orientation may be stabilized

independently. For practical problems, it is also possible to automatically modify

a cell decomposition so that the orientation is “mostly” stabilized when the robot

approaches the goal point; this will be discussed briefly below.

3.3.1 Constructing smooth feedback plans

In this section, smooth feedback plans that satisfy the nonholonomic motion con-

straints while taking the robot to the goal region from any point in the environ-

ment will be discussed. The first step is to construct a smooth feedback plan over
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E as discussed in Chapter 2. This is then used to construct a smooth feedback

plan over C.

A smooth feedback plan satisfying nonholonomic constraints

Assume that a smooth vector field V has been constructed over E , as described

in Chapter 2. In standard coordinates, for any p = (x, y) ∈ E , we have

V (p) = vx
∂

∂x
+ vy

∂

∂y
.

We use this to define the map θt : TE → [−π, π) as θt(V (p)) = tan−1(vy, vx),

in which tan−1 returns the four-quadrant arctangent of vy and vx. We can now

define the target manifold:

Definition 3.1 The target manifold Mt ⊂ C for a smooth vector field V ⊂ TE

is the set of configurations such that the orientation θ for each point matches the

value of V at that point. Formally,

Mt = {(p, θ) | θ = θt(V (p)), p ∈ E}. (3.3)

Note that from any point on the target manifold, the nonholonomic system can

follow the integral curves to the goal. Consider a time-parametrized integral

curve c(t). Recall that by definition, the tangent vector T (t) = d
dt

c(t) = V (c(t)).

Then the angular velocity of an oriented particle following the path is simply

d
dt

θt(T (t)) = d
dt

θ(V (c(t))), which is smooth since the vector field, integral curve,

and function θt are smooth. The tangent space can be parametrized in terms

of forward velocity vf and angular velocity vθ; to follow this integral curve with

the nonholonomic system, simply set vf = 1 (since the curve is parametrized

with unit speed) and vθ = d
dt

θ(V (c(t))). For θV = tan−1(vy/vx), this yields
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vθ = V (θV )(q) = V (q) · ∇θV (q). As a result, we can write an equivalent V as a

vector field on C:

V (p) = vx(p)
∂

∂x
+ vy(p)

∂

∂y
+ vθ(p)

∂

∂θ
.

If the robot is not on the target manifold, then the vector field V is clearly not

admissible (i.e., it does not satisfy the nonholonomic constraints); however, if we

design an admissible vector field such that the target manifold is attractive and

such that it equals the original V on the target manifold, then we will be able to

conclude that all integral curves reach the goal.

It is well known that a simple controller can be designed that will cause the

system to converge to the target manifold. For example, one can use a controller

of the form θ̇ = θ̇t − K(θ − θt) for some gain K, in which θ̇t is the derivative

of θt while moving at the current velocity and heading. The most significant

problem with this approach is that there are no guarantees that the obstacles

will be avoided as the robot converges to the target manifold. In fact, for any

predefined gain K, one can find configurations (positions and orientations) from

which the controller would cause the robot to hit an obstacle. See Figure 3.1

for an illustration. In contrast, the method presented here guarantees safety by

constructing a vector field over the configuration space which points away from

the obstacles at the obstacle boundaries (or, at least, tangent to the obstacle

boundaries). This is accomplished by smoothly interpolating between a nominal

vector field Vn and two orienting vector fields V+ and V−, which guide the robot

to the target manifold.

The nominal vector field, Vn, is defined using the projection of V onto the

constraint distribution, together with the angular rate of change of V induced

by the direction of travel. Formally, for the constraint distribution D (defined
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Figure 3.1: For any fixed gain, there exist initial states such that the robot crashes
into the obstacle.

locally as the span of the tangent vectors to the manifold in which the system can

move), the projection map P : TQ → D is defined locally for some tangent vector

V (p) = vx
∂
∂x

+ vy
∂
∂y

+ vθ
∂
∂θ

as

Vn(p) := P(V (p)) = vf cos θ
∂

∂x
+ vf sin θ

∂

∂y
+ vθ

∂

∂θ
,

in which vf =
√

v2
x + v2

y and vθ = Vn(q) · ∇θVn
(q). Note that on the target

manifold, Vn = V . The orienting vector fields are defined in the obvious way:

V+ = +
∂

∂θ
, V− = −

∂

∂θ
.

It is now possible to define a global vector field that avoids the obstacles,

satisfies the nonholonomic constraints, and whose integral curves are smooth and

converge to the goal region:
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W (p) =















































































































−b(s)Vn(p) + (1 − b(s))V+(p),

θt(p) + π/2 < θ ≤ θt(p) + π,

b(s)Vn(p) + (1 − b(s))V−(p),

θt(p) ≤ θ ≤ θt(p) + π/2,

b(s)Vn(p) + (1 − b(s))V+(p),

θt(p) − π/2 ≤ θ < θt(p),

−b(s)Vn(p) + (1 − b(s))V−(p),

θt(p) − π < θ < θt(p) − π/2,

in which b(s) is the bump function. We also need to define s = θ−1
min × min{|θ −

θt|, |θ − (θt + π)|}. The quantity θmin is defined below.

The vector field W blends between the nominal vector field and the orienting

vector fields. It respects both the original target manifold and a copy of the

target manifold shifted by π in the θ dimension. This is because the robot can

follow the nominal vector field driving backwards from the orientation implied

by the nominal vector field. Note that W = Vn when the robot is on the target

manifold, because b(s) = 0; also, we see that either W = V+ or W = V− when

|θ − θt| = θmin. This means that if the angular difference between the actual and

target orientations is large enough, the vector field acts solely to orient the robot

and does not translate it at all.

There are some requirements for the parameter θmin. First, θmin ≤ π/2. At

this point, Vn = 0 because the original vector field is orthogonal to the orientation

of the robot. Second, recall that the method presented in Chapter 2 guarantees

that at the obstacle boundary, the computed vector field will satisfy the dot

product constraint V · no > 0, in which no is a unit normal vector pointing
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away from the obstacle face. For V also having unit length, this implies that

θmin ≤ π/2 − cos−1(ǫ) in order for safety criteria to be satisfied. Since V can be

constructed so that ǫ = 1, this implies that if such a vector field is used as the

target vector field, then it is possible to set θmin = π/2. Finally, it is obvious that

θmin must be greater than zero. Apart from these restrictions, the choice of θmin

is free.

A choice of small θmin corresponds to an emphasis on actually following the

original vector field; in the limit as θmin → 0, we have the case where if the robot

is initialized at an angle different from θt, it performs an orientation maneuver

and then switches to following the target vector field. A choice of large θmin

corresponds to following the nominal vector field only as much as necessary to

reach the goal eventually. The latter approach is interesting from a philosophical

point of view because it is not at all important to follow the original vector field;

the only thing that matters is that the robot reaches the goal. Rather than being

a “desired” controller that we wish to track, the original vector field on E is simply

an intermediate step which enables us to achieve the goal of building a smooth

feedback plan over the whole configuration space.

Theoretical properties

It remains to verify that the vector field W possesses all the properties we desire.

Theorem 3.1 The vector field W is smooth except for a set of measure zero and

has smooth integral curves.

Proof: The base vector field V is smooth except on the vertices of the convex

cells and some edges that are never crossed by integral curves; so is its projection

onto the constraint distribution, Vn. Similarly, the orienting vector fields V+ and

V− are smooth. These vector fields are interpolated using a smooth bump function
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b; the parameter s is smooth except where |θ − θt| = ±π/2, a zero measure set.

Similarly, the bump functions ensure that W is smooth except for |θ−θt| = ±π/2.

This simply corresponds to the initial choice of whether the robot will converge

to the nominal vector field moving forward or backward (with an appropriate

angular shift of π if moving in reverse). Therefore, the nonsmooth portions of W

are a set of measure zero, and all integral curves flow away from the nonsmooth

portions and are consequently smooth.

Theorem 3.2 The vector field W satisfies the nonholonomic constraints of the

robot at every point.

Proof: The vector field W is constructed via the smooth interpolation of the

three vector fields Vn, V+, and V−. Each of these vector fields satisfies the non-

holonomic constraints: Vn since it is generated by the projection P ; V+ and V−

directly by construction, as P(V+) = V+ and P(V−) = V−. Hence, the linear sum

of these vector fields (through the interpolation) also satisfies the constraints.

Theorem 3.3 The integral curves of W never lead to obstacle collision.

Proof: The integral curves of the original vector field V never lead to obstacle

collision; moreover, V is guaranteed to satisfy the obstacle constraint V ·no ≥ ǫ > 0

at the obstacle faces, as discussed above. Since we choose θmin ≤ π/2 − cos−1(ǫ),

we conclude that b(t) = 0 whenever the projected vector field Vn points into an

obstacle face. This means that for any such point, W = V+ or W = V−, neither of

which can cause collision since they induce rotation only. Consequently, if moving

forward would cause a collision, the robot will rotate without translation until it

is safe to translate once again.

The final result is that the integral curves of W converge to the goal region.

This is a fairly obvious conclusion, given that the target manifold is attractive
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and that the integral curves on the target manifold converge to the goal region.

We arrive at the conclusion via two lemmas.

Lemma 3.1 The integral curves of W converge to the target manifold. In other

words, for any ǫ > 0, ∃T such that for all t > T , |θ(t) − θt(t)| < ǫ.

Proof: For any point p = (x, y, θ), consider the error in the θ coordinate,

d(p) = 1/2(θ − θt(p))2, in which θt(p) is the angle such that (x, y, θt(p)) ∈ Mt.

This has a unique minimum on the target manifold, where θ−θt(p) = 0. Moreover,

since there are two target manifolds separated by π (one corresponding to moving

forward and the other to moving backward), we may assume that θ ∈ [θt(p) −

π/2, θt(p) + π/2]. Therefore, d(p) ≤ π2/8 for all p.

From the construction of W , we can compute the time derivative of the dis-

tance function along any integral curve of the vector field: ḋ = −(1− b(s))|θ−θt|,

in which b is the bump function. The derivative of the distance function is neg-

ative everywhere except on the target manifold, because b(s) = 1 only on the

target manifold, and |θ− θt| > 0 except when θ = θt, which is on the target mani-

fold. Therefore, the angular error of the robot’s trajectory to the target manifold

asymptotically decreases to zero along any integral curve of the vector field W .

Figure 3.2 illustrates this.

Lemma 3.2 Consider two maximal integral curves c1(t) and c2(t) restricted to

a cell other than the goal cell, with c1 lying in the target manifold. Then there

is at most one t0 such that the coordinate projections x(c1(t0)) = x(c2(t0) and

y(c1(t0)) = y(c2(t0)).

Proof: Essentially, this lemma means that if the curves in a cell are projected

into the (x, y)-plane, they can cross at most once. In the plane, the curve c1

partitions the cell into two halves; denote these “left” and “right” (see Figure
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Mt

Figure 3.2: An illustration of convergence to the target manifold, Mt.

3.3 for an illustration). Crossing c1 from left to right corresponds to θ < θt, and

crossing from right to left to θ > θt. This means that if the curves cross twice, they

must cross at one time with θ > θt and one time with θ < θt. This can only happen

if at some point the curve c2 crosses the target manifold. But by construction,

no curve crosses the target manifold, since the vector field is identically equal to

the nominal vector field on the target manifold. In fact, no curve ever actually

reaches the target manifold, although all integral curves approach it tangentially.

Hence, c2 can cross c1 at most once.

Theorem 3.4 The integral curves of W converge to the goal region.

Proof: First, consider the case of an integral curve over some cell in E other

than the goal cell. Using argumentation similar to Chapter 2, we will see that

the integral curve will exit that cell via the exit face of the cell. Recall that the

cell is partitioned into different regions using the GVD. The construction of V

guarantees that if an integral curve of V crosses a face separating two regions of

the cell, then it will not cross that face again. Since we know that a flow from
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c2c1

θ < θt

θ > θt

Figure 3.3: An impossible situation. The integral curve c1 partitions the cell
into two halves; crossing from one side to the other at a given point implies a
relationship between the relative orientations at that point.

W cannot cross any flow from V more than once (Lemma 3.2), this implies that

the flow from W cannot cross a separating face more than once. Therefore, there

are no cycles that cross the GVD; integral curves must either exit the cell or get

trapped in a region corresponding to a particular face. However, we know that

the flows from V do not get trapped because they satisfy a dot product constraint

V · ns > 0 with the normal vector of the hyperplane separating the face from the

exit face. The convergence of the angle θ as shown in Lemma 3.1 implies that for

any ǫ, there exists a time T such that W (t) · V (t) ≥ 1− ǫ for all t ≥ T . Together

with the corresponding fact that ||W (t)|| converges to 1, this implies that there

is also some time T1 such that W (t) · ns > 0 for all t ≥ T1. Hence, by the same

reasoning as in Chapter 2, the integral curve cannot be trapped and must exit

the cell by the exit face.

Just as all integral curves of W must reach the goal cell, all integral curves

in the goal cell converge to the goal region xg × S1. The original vector field V

satisfies the condition V · (xg − p) > 0 at every point p. Exactly as argued above,

we know that there exists a time T such that W (t)·V (t) ≥ 1−ǫ for all t ≥ T . This
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leads to the conclusion that there exists a time T1 such that W (t) d
dt

(xg − p) > 0

for all t > T1.

Since for all nongoal cells the integral curves all properly exit via the exit face

(after sufficient time), and all integral curves in the goal cell converge to the goal

region, the integral curves globally converge to the goal region.

3.3.2 Analysis and examples

From a practical standpoint, this method is highly advantageous. In addition to

the desirable attributes of the system trajectories our feedback strategy induces,

the vector field is extremely fast to compute at any point. The extension to

unicycles has the same algorithmic complexity and practical time requirements

as discussed above. First, the component vector fields must be computed for the

given polygon. If the environment is given as a general PL environment, then it

must first be decomposed into convex pieces. Since it is just two dimensions, this

is algorithmically straightforward and extremely fast.

This implies that the vector field is extremely fast to compute, even for very

large environments. A large environment requires more preprocessing than a small

one, but the execution in real time is no different. Our method is entirely suit-

able for real time feedback control. If the environment is dynamic, not static,

our method is still efficient in practice. If the change to the environment is suf-

ficiently local that the environment polygon and connectivity graph do not have

to be recomputed, then our method incurs no extra cost. In the worst case, the

convex decomposition must be reperformed; however, even this operation is fast

enough that it can be done with no noticable drop in performance for reasonable

environments.
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For the sake of illustration, several examples of the system trajectories of this al-

gorithm are included. There is a substantial amount of design freedom in choosing

how aggressively to approach the target manifold. Figure 3.4 shows several trajec-

tories produced by our algorithm. Starting from an initial point in the plane, the

initial orientation of the robot is set to ±0.5 radians from the angle of the original

vector field at that point. The trajectories of the aligned system are shown by

dashed lines, and trajectories corresponding to more or less aggressive tracking

strategies are shown in the solid lines.

Another example is given in Figure 3.5, which indicates the orientation of the

robot at different points along its trajectory.

3.4 Point Robots with Bounded Curvature Constraints

In this section, we will consider a more difficult system than the unicycle described

above: the smooth feedback planning problem for car-like robots. The input, once

again, is a PL environment and a goal state, xg. We will describe an algorithm to

construct a feedback controller (equivalently, a vector field) such that from any

initial state, following the integral curves of the vector field causes the robot to

asymptotically converge to the goal state. Moreover, the algorithm computes a

smooth feedback controller, which guarantees that all system trajectories are C∞

differentiable.

Car-like robots are characterized by a bounded curvature constraint. This can

be expressed as a constraint on the angular velocity: |θ̇| ≤ αvf , in which α > 0
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xg

xg

Figure 3.4: Two environments, with goal states xg and trajectories from an initial
point with initial angular deviation.
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xg

Figure 3.5: Two trajectories from an initial point, with indications of robot ori-
entation.
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and vf is the forward velocity. The state transition equation for the system is

then


















ẋ

ẏ

θ̇

v̇f
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vf cos θ

vf sin θ

vθ

uf



















, (3.4)

in which we again have |vθ| ≤ αvf . This is illustrated in Figure 3.6. The control

variables for this model are vθ and uf . Car-like robots pose a much more challeng-

ing control problem than differential drive (unicycle) robots due to the bounded

curvature constraint. A unicycle is capable of going around a sharp corner without

any difficulty because of its ability to rotate in place. A car-like robot, however,

may need to reverse directions a number of times to move through an area with

small clearance. The classic example of this is the problem of parallel parking a

vehicle in a tight space.

Note that for car-like robots, there is no smooth (or even continuous) vector

field over the configuration variables (x, y, θ) alone that can reverse the velocity

of the vehicle. Any such trajectory could at best converge to vf = θ̇ = 0, since

vf = θ̇ = 0 is an equilibrium, and there is no way to go from vf > 0 to vf < 0

except through the equilibrium. Taking vf as a state variable allows us to define

smooth controls that reverse velocity. In the examples in Section 3.4.2, what may

appear to be “cusps” in the configuration space are actually smooth curves in

the expanded (x, y, θ, vf ) space. Although vf is included in the state space, note

that there are no bounds on the inputs. This is important for obstacle avoidance

because there is no way to guarantee that the obstacles will be avoided without

having unbounded inputs as the robot approaches the obstacle boundary.

Another notable feature of this model is the absence of a steering angle. In

standard car models, the angular velocity is typically θ̇ = vf/L tan φ, in which L
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θ̇

vf

θ̇

vf

slope = 1/α

Figure 3.6: Angular versus linear velocity, for a car-like robot (left) and a unicycle
(right).

is the length of the car (i.e., the distance between the front and rear wheels), and

φ is the steering angle. In our model, however, the robot is a point, and L = 0.

As a result, steering angle ceases to be meaningful. That said, an implicit steering

angle can be computed from the vθ determined by our feedback controller, given

some L > 0.

Brockett’s condition [199] implies that no static, smooth vector field (feedback

control) can stabilize the complete state of the system; therefore, only partial state

stabilization is attempted. If desired, other controllers can be used to stabilize the

full state of the system after the robot reaches a sufficiently small neighborhood

of the goal state. This is still a significant result, because other approaches are

either open loop (losing the robustness of feedback control) or cannot guarantee

obstacle avoidance as well as global asymptotic convergence.

3.4.1 Feedback plans for car-like robots

In this section, smooth feedback plans for car-like robots amidst obstacles are

described. As in Chapter 2, the strategy is as follows:

1. Decompose the environment into convex cells and compute a discrete plan

over the cell connectivity graph.
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2. Define local controllers (vector fields) corresponding to each cell and each

face separating adjacent cells.

3. Construct a global controller by interpolating between vector fields defined

in each cell.

By using a smooth interpolating function, smoothness can be guaranteed, not

only in the interior of each cell, but also across cell boundaries.

Constructing a smooth feedback plan

First, the environment (a polygonal subset of R2) must be decomposed into convex

cells and a discrete plan computed. Once the decomposition has been computed,

consider the connectivity graph of the cells which is the dual of the decomposition.

Let the cell containing the goal point, xg, be denoted as Cg. Then, beginning with

Cg, search the connectivity graph to obtain a chain of cells from any cell to Cg.

The remaining task is to construct local controllers that avoid obstacles, are

consistent with the computed discrete plan, and satisfy the smoothness require-

ment. Since each node in the graph corresponds to a convex cell, consistency with

the high level plan is equivalent to solving the control to facet problem: that is, all

integral curves must exit from a particular facet in finite time while avoiding all

other facets. These controllers are constructed by defining a vector field over the

cell, as well as one corresponding to each face. In the interior of the cell, we will

interpolate between these vector fields in such a way that all the requirements are

met. In particular, the vector field at a point p in a particular cell is defined as

V (p) = b(p)Vi(p) + (1 − b(p))Vc(p), (3.5)

in which b is the interpolating function, Vi is the vector field corresponding to
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some face fi, and Vc is the vector field corresponding to the cell. Interpolation is

once again accomplished using the generalized Voronoi diagram (GVD).

Now, we will describe the cell and face vector fields in detail. The vector field

corresponding to the cell, Vc, contains only a rotational component. The sole

purpose of the rotational vector field is to orient the robot so it may freely cross

the exit face into the next cell, without encountering another face first. Assume

that we are in an intermediate cell (the case of the goal cell will be considered

later), and that we are given a point on the exit face of the cell; such a point

is trivial to compute. Define θe as the angular error of the robot to the point,

given the current orientation. The absolute angle to the point from the robot is

θp = atan2(yp − y, xp − x). We then have θe = min{θ − θp, 2π − θ + θp}. Clearly,

this has a maximum of π when the robot is pointing directly away from the point

and a minimum of zero when the robot is oriented directly at the point. Let

θe = θ − θp. For any simple control law of the form θ̇ = −Kθe = −K(θ − θp)

with K > 0, it is clear that θe will remain less than π for all time and therefore

θe = θ−θp always (a transition to θe = 2π−θ+θp is never made). The importance

of this fact will be made clear. Define the cell vector field:

Vc = −α|vf |sgn(θe)b(θe/ǫ)
∂

∂θ
(3.6)

for some ǫ > 0, with b the bump function above and vf the velocity. The pres-

ence of αvf in the product guarantees that the bounded curvature constraint is

satisfied by this vector field. Also, θe never switches between terms in the min

expression, which is important for preserving smoothness. Finally, the sign of θe

never changes, as we argued above; this is also necessary for smoothness. The

effect of the rotational vector field is to orient the robot toward the point p on the
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exit face. Even though the value of θe is not monotonically decreasing, it should

be clear that it will eventually converge to zero; this will be proven later.

Now we consider the vector fields {Vi}
n
1 corresponding to the faces {fi}

n
1 . The

face vector fields will have no rotational component, but will consider only the

forward velocity. The purpose of the face vector fields is to prevent the robot

from reaching any face other than the exit face (by reversing the velocity of the

robot). We can construct each face vector field using two other vector fields; one

to decelerate the robot and prevent it from hitting the face, and one to accelerate

the robot in the opposite direction.

A couple of preliminary definitions are required. Assume that the point q =

(x, y, θ, vf ) is in the region of influence of fi (i.e., the Voronoi region corresponding

to fi). Then, define the hitting time th to be the time until the robot hits the fi,

while maintaining the current heading and forward velocity. If the integral curve

through q does not hit fi but leaves the region of influence of fi, let th = ∞. Note

that the integral curve containing q does not depend on the velocity vf , since the

rotational component defined by Vc is proportional to vf ; thus, whether or not

the integral curve hits fi can be determined without considering Vi. Define the

saving vector field:

Vs(q) = −(vf/th)
∂

∂vf

. (3.7)

Observe that if the robot travels in a straight line, this is sufficient to stop the

robot before the edge is reached, assuming |vf | ≤ 1.

In addition to the saving vector field, we need a vector field over the entire

cell that accelerates the robot away from the face. This will increase the forward

velocity if the robot is moving away from the face (i.e., th = ∞) and slow the robot

down if it is moving toward the face (th < ∞). Let V+ = sgn(vf )(1− b((|vf |/ǫ)−

(1 − ǫ))); this vector accelerates the robot to its maximum speed of one. Also
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define V− = −sgn(vf ), which decelerates the robot. Let θi be the absolute value

of the angle between the robot’s velocity and the inward pointing normal of face

fi; then define the acceleration vector field:

Va(q) = b((θi/ǫ)V+(q) − (1 − b((θi + ǫ)/ǫ))V−(q). (3.8)

If the integral curve does not hit the face (with th = ∞ as a result), simply

let Va(q) = V+(q). Simply, this vector field decelerates if θi < 0 and accelerates if

θi > 0, smoothly interpolating between the two in the interval (−ǫ, ǫ).

The face vector field for face fi is then defined as

Vi = b(th − tsafe)Vs(q) + (1 − b(th − tsafe))Va(q) (3.9)

for some tsafe > 0. The face vector field smoothly interpolates between the saving

vector field (when collision is imminent) and the ordinary acceleration vector field

(when collision is at least tsafe time from occurring). The only exception is when

the face is the exit face, in which case we set Vi = Va, since we want the integral

curve to reach the exit face.

We have seen how to construct vector fields over intermediate cells; now, con-

sider the case of the goal cell. In this case, the target point is the goal point xg

which is in the interior of the cell, rather than on the boundary as in the previous

case. This would seem to complicate things because it is no longer trivial to ar-

gue that rotating in the same direction will lead to orientation toward the target

point. Since xg is in the interior of the cell, it is possible for the integral curves

to converge to a circular orbit about the goal point. The most straightforward

way to remedy this is to partition the goal cell into new cells such that the goal

point is once again on the boundary. This is easily accomplished; partition the
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xgoal

xgoal
...ǫ

ǫ/2

Figure 3.7: A goal cell, subdivided. On the right, an infinite sequence of cells is
created, each of which is guarantee that the robot is within ǫ/2i for some i.

cell into triangles, one per face, the vertices of which are the vertices of that face

together with the goal point. Then, for some ǫ > 0, add a new edge with vertices

on the two edges incident on xg and ǫ distant from it. Thus, crossing that edge

ensures that the robot is no more than ǫ away from the goal point. At this point,

the vector field is constructed exactly as has already described. This procedure is

illustrated in Figure 3.7. Inside the new “corner” cell, the procedure can be re-

peated by trimming off the corner at distance ǫ/2, and so on. This will guarantee

global convergence to the goal state (in position, not orientation).

Theoretical analysis

To establish that the algorithm correctly computes feedback plans, several im-

portant results must be proven. First, we will verify that the controller satisfies

the bounded curvature constraints. Second, it is straightforward to show that

the controller is safe, avoiding all obstacles. Third, we will show that all integral

curves of the global vector field V are smooth. Finally, we will prove that the

controller stabilizes the position of the robot. These results directly follow from

the construction of the vector fields over the individual cells.

Theorem 3.5 The vector field V satisfies the bounded curvature constraint.
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Proof: Our two control inputs, as determined by V , are v̇f and θ̇. From the

definition of the cell vector field Va, we see that θ̇ ≤ αvf , which is precisely the

bounded curvature constraint.

Theorem 3.6 The controller defined by V avoids all obstacles.

Proof: Each obstacle face is a face on one of the cells in the convex decomposi-

tion. Consider first the case of a trajectory approaching a point in the interior of a

face fi. From the construction of V , we see that V = Vi on the face. Therefore, we

need only consider the face vector field Vi. As the robot approaches the face, the

hitting time th goes to zero and Vi → Vs, the saving vector field. We have already

mentioned (and it is trivial to verify) that the saving vector field is always strong

enough to reverse the velocity before the face is reached. Another important case

is when the integral curve approaches an endpoint of the face, rather than a point

in its interior. It is somewhat more difficult to show that safety is preserved in

this case; the results will not be given here, but it is always possible to choose the

saving vector field Vs large enough that obstacle collision is avoided in this case

as well.

Theorem 3.7 All integral curves of V are smooth.

Proof: The bump function b is smooth, as is the analytic switch we use to

interpolate between the face and cell vector fields in each face’s region of influence.

So we simply need to consider the smoothness of the cell and face vector fields.

Consider the face vector fields. If the velocity-independent integral curve does

not lead to the face, then we have th = ∞ and the velocity along that integral

curve smoothly increases to the maximum velocity, |vf | = 1. Consider, then, the

integral curves along which the system must reverse direction so that the face is

not reached. In this case, the vector field is a smooth interpolation of the saving

vector field Vs and the acceleration field Va. The saving vector field is clearly
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smooth, since the hitting time and velocity are smooth. The only potential issue

is when the the hitting time goes to infinity, which happens when vf = 0 or θ

becomes parallel to the face. At this point, however, we have Vi = Va and all

derivatives of the bump function are identically zero; therefore, smoothness is

preserved. Likewise, Va is also smooth.

Now, consider the cell vector field, which controls rotation. The velocity vf

is smooth, as we have shown above. We have also discussed the fact that θe is

smooth, since the system always rotates in the same direction. Therefore, the cell

vector field Va is smooth. Therefore, all component functions and vector fields are

appropriately smooth, so all integral curves of V are smooth.

Theorem 3.8 All integral curves of V converge to the goal state, xg.

Proof: To show this, we will prove that for any cell, all integral curves will reach

the exit face of that cell in finite time. After a number of such faces are crossed,

we can guarantee that the robot is at most ǫ, ǫ/2, ǫ/4, . . ., distant from the goal

state, which establishes convergence.

First, we can verify that when the robot changes direction to avoid hitting a

face, it actually changes direction rather than simply converging to a point. The

robot will not converge to a point under the acceleration vector field Va, because

the only place where Va = 0 is when θ = θi. The only time when vf = 0 is when

the robot reverses direction, but it is not possible for θ to equal θi at this point,

because then the robot would not be at risk of hitting the face (i.e., it would

proceed to another face’s region of influence instead). Therefore, the robot would

not decelerate and change direction. The case where vf = 0 and θ = θi does

correspond to an equilibrium point, but one which has no region of attraction (if

the system starts at this point, perturb it; otherwise, no integral curve converges

to the state).
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Consider, then, the saving vector field Vs. The term vf/th implies that the

deceleration applied is independent of the magnitude of the velocity, since th

depends linearly on vf . Since the deceleration is velocity-independent, this will

never lead to the robot converging to a point.

One potential problem is on the faces of the GVD, where V = Vc. There is

no linear acceleration on the GVD face since Vc is purely rotational, and since Vc

depends linearly on vf , any point on the GVD such that vf = 0 is an equilibrium

point. However, it can be seen that these have no region of attraction, since any

perturbation will lead away from the equilibrium region. This means that the

robot will never converge to this region. If the robot is in this location due to an

initial condition, a random perturbation will free it from the equilibrium, so there

is no problem. Note that while we do not describe it here, it is possible to add a

linear acceleration component to Vc which will eliminate this issue entirely.

Finally, it must be shown that the robot will eventually be oriented toward

the target point enough that it will be able to leave via the exit face of the cell.

Recall that we have already discussed the fact that within a cell, the robot will

always rotate in the same direction, due to the cell vector field. Define a trajectory

segment to be an interval of an integral curve between two velocity reverals. Con-

sider a sequence of trajectory segments t1, t2, t3, t4. Denote by e1, . . . , e4 the linear

extrapolation of the endpoints on the faces of the polygon. Assuming that we are

rotating in the positive direction, we know that e3 is located counter-clockwise

of e1 along the boundary of the polygon, and e4 is likewise counter-clockwise of

e2. Taking then a sequence of every other endpoint, we can see that this must

eventually reach the exit face. There can be no limit point at any other point

along the boundary, because this would imply that the angular change over the

trajectory segments goes to zero, which is impossible. Therefore, the robot will
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Figure 3.8: On the left, the robot makes an extra reversal but always crosses edges
moving forwards. On the right, the robot crosses moving backwards but saves a
reversal.

always rotate in such a way to be oriented toward the exit face and therefore exit

the cell via that face.

3.4.2 Extensions and practical results

This feedback planning algorithm can be improved and extended in a number of

ways. In Section 3.4.1, we defined the cell vector field in such a way that the

robot always rotates in the same direction. This was utilized in the convergence

proof above. Practically, this means that the robot will leave a cell with a velocity

identical in sign to the velocity it entered with. This means that if the robot enters

the cell moving forward, it will exit the cell moving forward. This is desirable

behavior, if there is a practical difference between forwards and backwards for

the robot. If there is not such a distinction, then it may be possible to improve

path quality by allowing the robot to reverse the direction with which it crosses

the edge. This can be seen in Figure 3.8. In order to do this, the robot may

no longer always rotate in the same direction, but may reverse the direction of

rotation when the robot is moving away from the target point. Following this

strategy may lead to many fewer path reversals, especially when the robot must

go around sharp corners.

A second way to modify the vector field is to permit the robot to reverse

direction even when a collision with the edge is not imminent. For example, if the

robot is moving away from the exit face but oriented toward it, it is advantageous
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for the robot to immediately reverse direction rather than waiting until an edge

is approached. We have not investigated this approach at present.

Although our method defines a global feedback plan, it can also be used to

generate open loop trajectories. In fact, dynamic programming can be used to

reduce considerably the number of path reversals in an individual open loop tra-

jectory. Consider an initial state xi. If there are n possible exit edges, then there

are n possible choices of cell vector field; add an open node corresponding to each

choice to a priority queue. For each of these, the integral curve through the ini-

tial state will reach some face, either crossing it or reversing velocity. For each

possibility, insert a new node in a priority queue with cost equal to the number

of reversals so far (in the first iteration, the node corresponding to crossing the

edge would have lower cost with zero reversals, and the state remaining in the

current cell would have high cost with one reversal). Each time a cell is reached,

new nodes are added based on the number of possible exit edges. Using dynamic

programming, continue to extend each trajectory segment, adding new elements

to the queue every time a cell boundary is reached. Once the goal is reached, we

can guarantee that the minimum number of reversals has been achieved for that

open loop query, from the class of all possible controllers constructed according

to our method.

Finally, several examples of paths computed using this method are presented

in Figures 3.9 and 3.10. These figures depict only two-dimensional projections

of individual integral curves; however, the method determines a global feedback

plan over the entire four-dimensional state space.

In some cases, it may seem that there are unnecessarily many path reversals.

To some extent, reversals are unavoidable because of the bounded curvature re-

striction; several properties of our algorithm increase the number of path reversals.

In particular, many reversals can be induced by the requirement that once a robot
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xgoal

Figure 3.9: Paths through a winding corridor, for robots with different turning
radii.

enters a particular cell, it cannot leave that cell except via the exit face (small

cells greatly magnify this problem). Other factors that contribute to reversals are

the choice of the target point and the fact that edges are crossed with zero angular

velocity. It is simple to modify the choice of target point; for example, it could

be replaced with a target interval on the exit face, which would still guarantee

convergence but would not “compress” the integral curves to the target point as

is seen in the examples (in the examples, the target point is the midpoint of the

edge). It may be possible to add a rotational component to the face vector fields,

which would likely improve path quality; however, global convergence under such

a scheme has not been shown.
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xgoal

xgoal

Figure 3.10: Paths through an obstacle cluttered environment, for two robots with
different turning radii.
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CHAPTER 4

FURTHER EXTENSIONS

4.1 Introduction

In the previous chapter, we described smooth feedback planning algorithms for

two types of simple nonholonomic systems: unicycles and car-like vehicles. In

addition to their practical relevance, these results are significant because they

demonstrate that the vector field interpolation paradigm is applicable for systems

other than the fully actuated ones described in Chapter 2.

The purpose of this chapter is to explore several additional results which can

be easily attained using vector field interpolation. The main goal, once again, is

to demonstrate the flexibility and usefulness of this approach for practical mobile

robot tasks. First, we describe how to construct simple trajectory tracking con-

trollers using vector field interpolation. Second, we briefly describe a centralized

algorithm using vector field interpolation to solve the problem of multiple robot

coordination. The results in this chapter will not be described in as much detail

as in the previous chapters; rather, the intent is to present key ideas which may

motivate future theoretical and practical work.

4.2 Trajectory Tracking

In this section, we will see how to construct smooth feedback plans which cause

the robot to converge to a specified target trajectory, rather than to a goal point.
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Figure 4.1: A robot patrol task might be specified as a curve through an environ-
ment.

This is an important problem for many mobile robot applications, because tra-

jectories can often be used to encode the execution of robot tasks. For example,

the trajectory might represent a safe path through a dangerous environment, or

a route to patrol (see Figure 4.1). The trajectory could be provided by a human

user; automatically generating trajectory tracking plans is one way to enable effec-

tive human-robot teams. Trajectory tracking controllers could also be useful for

machining operations or manufacturing tasks. Using the vector field interpolation

framework described in this dissertation, we can construct safe, obstacle-avoiding

trajectory tracking controllers in a straightforward and natural way.

4.2.1 Background

Consider a robot task that involves following a specified trajectory c(s), 0 ≤ s ≤ S

through the workspace. This trajectory could be a closed loop (i.e., c(0) = c(S)),

or it could have distinct endpoints. In classical control theory, a standard approach
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is to parameterize the target trajectory by time [79,80]. Using t as the parameter

of the curve, we can write the error at time t as e(t) = c(t)− x(t); the controller,

then, should force |e(t)| → 0 as t → ∞.

Many have noted that this time dependence is often an unnecessary encum-

brance for many robotics applications [130, 137]. It is generally more impor-

tant for the robot to follow the path geometrically that to adhere to a strict

time parameterization. If time dependence is unnecessary, then a trajectory

tracking controller should simply cause d(x(t), c) → 0 as t → ∞, in which

d(x(t), c) = mins d(x(t), c(s) is the distance from x(t) to the closest point on

the curve c. The most trivial way to accomplish this, which is to choose any point

on the curve (perhaps the current nearest neighbor) and stabilize the system to

that point, is inadequate because it neglects the key requirement of the trajectory

tracking problem: that the robot proceed along the path at some rate (albeit not

not at a prespecified one).

A number of different approaches to solving this problem have been adopted

in the literature, which can be divided into two types. One basic approach is to

explicitly choose a reference point on the curve for any state of the robot; this

might be defined as r : X × R → X, taking arguments of state and time and

returning the reference point. Alternatively, the reference point could be a simple

robot configuration rather than a state. If the reference point function is chosen

carefully, then the robot should converge to the path and proceed along it. The

dynamic path following approach chooses the nearest point on the path as the

reference point for any robot state and adds a component that induces a forward

velocity along the path [200]. Egerstedt et al. choose a reference point using a

“virtual vehicle” approach, in which the reference point moves along the curve

according to a differential equation that involves error feedback [201].
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A second approach is to define a vector field whose integral curves converge to the

target trajectory. A prominent example is velocity field control, which has been

used for control of manipulator arms and mobile robots [129–131,133,134,137,202].

In these approaches, a vector field (velocity field) over the workspace is defined

such that following the vector field is equivalent to solving the task (following

the trajectory). A passive controller for the system is then designed so that

convergence to the velocity field is guaranteed.

This approach combines aspects of both of these approaches. On the one hand,

the overall philosophy of this approach is certainly oriented toward vector fields.

However, whereas velocity field control is less concerned with the construction

of a task-solving vector field and more concerned with the passive controller, we

are primarily concerned with constructing a vector field which provably solves

the task and avoids obstacles. Similar to the previous work utilizing reference

points, the convergence proof of this approach relies upon guaranteeing that the

distance to a chosen reference point always decreases along integral curves of the

constructed vector field.

4.2.2 Preliminary results

There are two key steps to constructing a vector field for tracking a specified

trajectory in the plane. First, the decomposition needs to consider the curve as

well as the environment; the curve segment within each cell should be simple

enough that it is straightforward to define a vector field that causes the robot to

get closer to the curve as it traverses the cell.

Once a good cell decomposition has been constructed, the vector field will be

constructed by smoothly blending component vector fields. As one might expect,
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these vector fields correspond to the intuitive requirements of (i) converging to

the curve, and (ii) progressing along it.

Constructing a good decomposition

For a general smooth planar curve, the task of constructing an appropriate cell

decomposition can be quite difficult. The problem is closely related to that of

approximating the curve itself, so consider the problem of approximating a planar

curve c(s) with straight line segments. How should we determine the endpoints

of the line segments so that the curve is approximated “well enough”? At a high

level, this is clearly determined by the curvature of c. If the curve (or a region

of it) has high curvature, then the curve must be approximated by many line

segments; if it has low curvature, then a few line segments should suffice. Building

a decomposition containing the curve is quite similar, with the exception that our

goal is to construct a polygonal tunnel around the curve, rather than simply a

piecewise linear approximation of it.

We may begin by introducing a few necessary definitions and assumptions.

Let the parameter s correspond to the unit length parameterization of c. The

(absolute) curvature k(s) is defined as

k(s) =

∣

∣

∣

∣

dT (s)

ds

∣

∣

∣

∣

,

in which T (s) is the tangent vector to k(s). Recall that for a curve c(s) with

maximum curvature kmax, the radius of the smallest osculating circle of the curve

is 1/kmax.

Assume the following with respect to c:

1. The maximum absolute curvature of c(s) is kmax, with 0 ≤ kmax < ∞.
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2. There exists a number dmin > 0 such that:

(a) dmin < 1/kmax,

(b) The curve is separated from the obstacles by at least dmin, and

(c) The curve is separated from itself by at least dmin.

The condition that the curve be separated from itself by dmin means that for

any point c(s0), |c(s1) − c(s0)| ≤ dmin implies that |c(s) − c(s0)| ≤ dmin for all

s ∈ [s0, s1]. In other words, the curve never loops around in such a way that it is

closer than dmin from a previous point on the curve. (Later, we will briefly address

the case where the curve intersects itself, such as when the desired trajectory is a

figure eight.)

An important implication of these assumptions is that for any point s0 on the

curve and ball of radius dmin centered on c(s0), B(c(s0), dmin), the line normal to

the curve at s0 partitions the curve such that one half of B(c(s0), dmin) contains

only curve points c(s) for s > s0, and the other half contains only curve points

c(s) for s < s0. This is illustrated in Figure 4.2. The curve enters the ball on

one side of the line, passes through c(s0), and exits the ball on the other side of

the line. The curve does not cross the line inside the ball except at c(s0), and

never enters the ball apart from the interval (sa, sb). The separation requirement

guarantees that the curve never reenters the ball; that the curve does not cross

the normal line except at s0 is guaranteed by the condition dmin < 1/kmax, since

that would imply a violation of the maximum curvature assumption.

Now, we may consider the construction of a polygonal tunnel that contains c,

lies entirely in the free configuration space, and is sufficiently simple that defining

a convergent vector field will be easy. First, partition c into regions with sign-

invariant curvatures, and further partition the curve so that for each region, the

maximum difference in φ(T (s)) (the angle of the tangent vector) is ǫπ for some
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dmin

c(sa)

c(s0)

c(sb)

Figure 4.2: A ball of radius dmin centered at c(s0), partioned by the line normal
to the curve at s0.

0 < ǫ < 0.5. Denote the set of endpoints of these regions as {si}
n
0 ; line segments

normal to the curve at these points will be used as edges in the decomposition.

This is illustrated in Figure 4.3. The following proposition will allow us to consider

the discrete intervals between subsequent line segments independently.

Consider the curve c with parameterization s, and two subsequent critical

points si and si+1. Denote the lines passing through these points and normal to

the curve as ni and ni+1. Orient these lines such that for all s ∈ (si, si+1), c(s)

is in the positive halfspace of ni and the negative halfspace of ni+1, denoted h+
i

and h−
i+1, respectively. (Note that this is always possible, because of the choice

of critical points described above.) Finally, continue to denote the ball of radius

dmin centered on c(s) as B(c(s), dmin).

Proposition 4.1 Consider the tunnel of radius dmin centered on c between c(si)
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Figure 4.3: A target trajectory, divided into segments which are sufficiently simple.
Red dots mark critical points due to curvature changes; blue dots mark critical
points due to angular change of the trajectory’s tangent vector over the interval.

and c(si+1), defined as

T (c, si, si+1, dmin) =





⋃

s∈(si,si+1)

B(c(s), dmin)



 ∩ h+
i ∩ h−

i+1.

This tunnel does not intersect with any obstacles and does not contain any c(s)

for s /∈ (si, si+1).

Proof: First, the tunnel does not intersect with any obstacles because of the

separation assumption above. Second, the tunnel does not contain any portion of

the curve outside of the interval between the two critical points. Recall the curve

separation assumption made above; it stated that for any point c(s0), |c(s1) −

c(s0)| ≤ dmin implies that |c(s) − c(s0)| ≤ dmin for all s ∈ [s0, s1]. This means

that once the curve leaves the ball at a particular point, it cannot reenter it. As

we have already seen, the curve cannot recross the normal vector to the curve at

a given point without leaving the ball at that point. This implies that once the
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curve crosses the line segment at the end of the interval, it cannot reenter the

tunnel without leaving the ball centered at the endpoint. As a result, it is also

forced to exit B(c(s), dmin) for any s ∈ (si, si+1), and therefore never reenters any

of them, thereby never reentering the tunnel.

The proposition above implies that as long as a polygonal decomposition can

be computed for each segment of the curve such that it lies inside the tunnel about

that segment, then the polygonal cells are guaranteed to be nonoverlapping, either

with the obstacles or with each other. It is unnecessary to go into significant detail

on building the polygonal decomposition for each segment; many approaches are

feasible, using algorithms that approximate curves with arbitrary precision. Using

the fact that each curve segment has sign-invariant curvature, it is quite easy

to build piecewise linear lower-approximations and upper-approximations of the

curve, and shift these slightly to obtain the polygonal region between ni and

ni+1, entirely inside the tunnel about that segment. For more sophisticated curve

approximation approaches to use for this purpose, see [203] and the references

therein.

The result of such a decomposition can be seen in Figure 4.4. Once the cells

containing the trajectory have been computed, the remainder of the space can

be decomposed using any convex decomposition algorithm. To ensure that the

resulting decomposition respects the curve cells, treat them as “obstacles” for the

purposes of the subsequent convex decomposition; then, combine the two sets of

cells to obtain a decomposition of the entire free space. Figure 4.5 illustrates the

final result.

Constructing the vector field

With the decomposition we have constructed, it is nearly trivial to define local

vector fields that avoid obstacles and converge to the given trajectory in the cells
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Figure 4.4: A polygonal decomposition containing the target trajectory. Individ-
ual cells are formed using line segments normal to the trajectory at the critical
points shown in Figure 4.3.

Figure 4.5: A polygonal decomposition of the entire free configuration space. The
decomposition respects the decomposition in Figure 4.4.
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enclosing the curve. We will define the face and cell vector fields for these cells

first, and then address the cells which do not contain any curve segment. We will

also initially describe the case where the trajectory is a closed curve, and then

mention application to instances where it is not. As in Chapter 2, the face vector

fields should prevent the robot from crossing a nonexit face while permitting it

to cross the exit face (here, the exit face is clearly the face from which the curve

exits). In this case, the face vector fields will also induce convergence to the

trajectory. The cell vector field will cause the robot to cross the exit face of the

cell (or, alternatively, cause it to progress along the trajectory).

We may build face and cell vector fields using vector fields parallel and normal

to the curve in the cell. For any point p in the cell, define r(p) as the point on the

curve such that the line normal to the curve at r(p) goes through p. This is well-

defined for any point in the cells containing the curve, because they are contained

within a tunnel of radius dmin about c, and each cell contains a sign-invariant

segment of c. The curvature constraints imply that the radius of any osculating

circle of c has radius greater than dmin; therefore, the normal lines sweep through

the cells such that each point is touched only once. Therefore, we can define the

perpendicular vector field as follows:

Vperp(p) = norm(r(p) − p).

Define the parallel vector field as

Vpar(p) = T (r(p)),

in which T (r(p)) is the tangent vector to c at r(p), following the convention above.

We can now define the face and cell vector fields.

127



Consider a cell face, other than those through which the curve enters or exits.

For such a face f , let Vnf be the inward pointing constant vector field normal to

the face. Then, define the face vector field as

Vf (p) = βVnf + (1 − β)Vpar(p),

in which β is a smoothly varying parameter that equals one on the face itself and

zero on the curve c. This parameter can be constructed by an analytic switch, as

described in Chapter 2. This face vector field always guarantees that the vector

field is decreasing the distance to the curve, as measured by ||r(p)−p||. We know

that Vnf · Vperp > 0 because of the condition that the angular change of the curve

in the cell is less than π/2; therefore, the normal vector of any face in between the

entrance and exit cells is guaranteed to have positive dot product with r(p) − p

for any point in the cell. The parameter β ensures that as the robot approaches

the target trajectory, it follows the trajectory rather than crossing over it. We

have β = 0 on the face itself so that the face vector field can smoothly match its

analogue in the cell on the other side of the face (which may not contain a curve

segment, instead feeding into this cell through the face f). It is also possible to

shape β in a variety of ways to get desired practical behavior.

For the entrance and exit faces of the cell, define Vf = αfVperp + (1− αf )Vpar,

for some αf ∈ (0, 1). This vector field is smooth across the entrance and exit

faces because the tangent and normal vectors of the curve change smoothly, since

the curve itself is smooth. Similarly, define the cell vector field as Vc = αcVperp +

(1 − αc)Vpar, for some αc ∈ (0, 1). The vector field Vpar does not increase the

distance to the curve, and Vperp decreases it. Using the interpolation scheme

described in Chapter 2, it follows almost immediately that the integral curves

of this vector field converge to the specified trajectory. It is also clear that the
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integral curves avoid the obstacles, because the vector field is inward-pointing

on all obstacle edges. The integral curves are also smooth; the smoothness of

the target trajectory means that both Vpar and Vperp are smooth, so a smooth

interpolation of them is also smooth.

Finally, consider two additional constructions. First, assume the trajectory is

an open curve rather than a closed one. We need only to consider the initial and

terminal cells; furthermore, all component vector fields except for the correspond-

ing entrance and exit vector fields can be defined as in Chapter 2. So, consider the

face vector field for the entrance face of the terminal (goal) cell; the face vector

field on the other side of the face is Vf = αfVperp + (1 − αf )Vpar, as described

above. This is suitable for the face vector field in the goal cell as well, because the

vector field causes convergence toward the goal point (movement along the curve).

The cell vector field for the terminal cell should be as described in Chapter 2. In

the initial cell, the exit face’s vector field can be defined similarly, and it is not

difficult to show that a cell vector field oriented toward the exit face is sufficient

to guarantee convergence.

Second, consider a target curve that intersects itself; this causes it to violate

the separation requirement we made above, which allowed us to construct a safe

decomposition of the environment. An example of such a trajectory is seen in the

original example in Figure 4.1. We can observe that if an open ǫ-ball centered on

each intersection is removed, the remainder of the curve satisfies the separation

requirement. Therefore, the cells for these curve segments can be constructed.

Then, construct two decompositions for the remainder of the space, one corre-

sponding to each curve segment that was deleted when the intersection ball was

removed. When the robot reaches the intersection, it follows the vector field of

the decomposition constructed for the segment of the curve that it is supposed to

follow, which is simple to do (recall that the vector field depends on the param-
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eterization s of the curve, so the robot knows where it is along the curve). If we

wish to write the vector field as a static vector field on the state space, we need

to add a single new state variable which can then encode this information.

4.3 Multiple Robot Coordination

Finally, consider multiple robot coordination, which is the problem of stabilizing a

set of robots to their respective goal points, while preventing the robots from col-

liding with obstacles or with each other. See Figure 4.6 for a simple yet challenging

example of his type of problem. The problem of multiple robot coordination is

well-studied; the two main types of solutions to this problem are centralized and

decentralized.1 In centralized control schemes, a central controller coordinates the

actions of the individual robots to accomplish the task; this necessitates a high de-

gree of communication between the agents. In contrast, decentralized approaches

involve each robot acting on its own, with limited knowledge of each other and

limited ability to communicate between them. Since we continue to assume per-

fect knowledge of the goal states of the robots and of the state of the system

(namely, the states of each of the robots), our approach is a centralized one. It

may be possible to consider decentralized versions, but almost certainly with a

loss of completeness guarantees.

4.3.1 Background

Centralized controllers typically plan in the composite configuration (or state)

space of the robots. For a set of robots {Ri} with corresponding configuration

spaces {Ci}, the composite configuration space is C =
∏

i Ci. For motion planning

and control problems, this implies an enormous increase in the computational cost,

1In open loop multiple robot coordination work, this is typically referred to as decoupled.
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Figure 4.6: A challenging multiple robot navigation problem. The red and blue
robots must exchange places.

due to its exponential dependence on the dimension of the configuration space.

Decentralized approaches compute plans for each robot independently, each in

the configuration space of that individual robot. This may appear to offer hope

that the problem can be solved more efficiently, since the individual configuration

spaces have much lower dimension than the composite one; however, the worst

case bounds cannot be bypassed so easily. Complete algorithms for planning

and control still require exponential time; decentralized approaches may be more

efficient in some practical cases, but the worst case bound is the same.

In addition to a great deal of work on the subject of open-loop multiple robot

coordination [204–207], a number of approaches have been developed for comput-

ing closed loop plans for multiple robot systems [111, 113, 114, 208–210]. Some

of the closed loop approaches are based on navigation functions, which were dis-

cussed in Chapter 2. They have the desirable properties of safety, smoothness,

and completeness, but are difficult to use in practice. In contrast, the trivial ex-

tension of this approach to the case of multiple robots yields a resolution complete

solution that is highly practical compared to some of these methods.
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4.3.2 A polygonal approximation approach

Consider a set of disc robots {Ri}
n
1 , with radii {ri}

n
1 , moving in the plane. As we

described in Chapter 2, it is possible, in the case of a single robot, to compute

smooth feedback plans over either the exact configuration space or its piecewise

linear approximation. For our purposes here, consider the piecewise approxima-

tion of the configuration space for each robot. Without considering interrobot

collisions, the composite configuration space (with 2n dimensions) is also clearly

piecewise linear. In order to apply the methods of Chapter 2, we only need to

describe the interrobot collision constraints in a piecewise linear way.

It has been widely noted in the literature that the configuration space resulting

from the consideration of robot-robot collisions is cylindrical: for planar robots,

each constraint can be specified as

(xi − xj)
2 + (yi − yj)

2 > (ri + rj)
2,

which is a cylinder in the four-dimensional composite configuration space. This

cylinder can easily be approximated, conservatively and to an arbitrary resolution,

by a set of hyperplanes (exactly as you would approximate a circle with straight

line segments). We now have a composite configuration space that conservatively

considers robot-obstacle and robot-robot collisions and that is piecewise linear.

Therefore, the results from Chapter 2 can be directly applied, and a resolution

complete solution to the closed loop multiple robot coordination problem is ob-

tained.

While a rigorous analysis has not been carried out, we believe that further

results would be straightforward to obtain. First, given the results already derived

for polygonal robots in the plane, it should be straightforward to extend the

approximation to the multirobot case as well. Second, it may be possible to use
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the proof ideas for planar unicycles and apply them to higher dimensional unicycle

models. If this is possible, then that should imply a solution for multiple unicycle

disc robots as well (although unicycles with polygonal bodies pose a much more

difficult problem).

4.4 Conclusion

In this chapter, several extensions of the basic approach were described. First,

we saw how to construct smooth feedback plans whose integral curves converge

to a target trajectory while avoiding obstacles. This will allow great flexibility

in the specification of robot tasks, while providing the important guarantees of

convergence, obstacle avoidance, and smoothness. Second, we outlined a simple

approach for computing smooth feedback plans for the multiple robot coordination

problem. Even though the problem is likely intractable for large numbers of robots

(due to the dimension of the composite configuration space), it is potentially

applicable for small to medium teams of robots.
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CHAPTER 5

CONCLUSIONS

In this chapter, we will overview the contributions made in this dissertation, and

directions for future work will be described.

5.1 Summary

The goal of this dissertation has been to present a complete, efficient solution to

the global navigation problem for mobile robotics. Robots have emerged in the

consumer market through products such as iRobot’s Roomba vacuuming robot

and Friendly Robotics’ Robomow lawn mowing robot. Autonomous vehicles are

already being used for many applications, such as space exploration, military

operations, and traffic monitoring. Efforts like the DARPA Urban Challenge

are spurring research that will eventually enable robots to drive safely on public

roads, following traffic laws and avoiding collisions with pedestrians, cyclists, and

other drivers. In this context, the development of algorithms that automatically

guide robots to desired goal locations while avoiding obstacles is of tremendous

importance. One way to approach this is to design control laws that have the

properties of safety and convergence: applying the controller from any initial state

guarantees that the robot will asymptotically converge to the goal state, and will

not collide with any obstacles. If, in addition, the controller always yields smooth

(i.e., C∞) trajectories for the robot, the controller solves the smooth feedback

planning problem.
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In this dissertation, an approach to the smooth feedback planning problem

has been presented, utilizing cell decomposition and vector field interpolation.

Cell decompositions have been used for motion planning since the introduction

of the configuration space by Lozano-Pérez and Wesley [9]. Decompositions have

been used to exactly represent the free and obstacle regions in the configuration

space, as well as to build resolution complete approximations that can be used for

efficient planning. These methods gradually disappeared, as sampling-based mo-

tion planning algorithms increasingly focused on high-dimensional configuration

spaces, where geometric decompositions are inefficient. The key advantage of cell

decompositions in the context of smooth feedback planning is that they partition

the space into pieces for which simple control laws can be constructed.

These simple control laws are constructed by smoothly interpolating between

a set of vector fields defined over each cell. Many approaches to global feedback

in environments with obstacles are based on potential fields, which generate con-

trol inputs by taking the gradient of the potential function. While it is easy to

incorporate intuitive concepts such as “move toward the goal” and “avoid obsta-

cles” into a potential function, it is difficult to do so in such a way that does

not introduce undesirable local minima into the potential function. Rimon and

Koditschek developed navigation functions to address precisely this issue; while

their method is theoretically impressive, it is difficult to implement and use in

practice. In contrast, the algorithms presented in this dissertation achieve both

completeness and practicality.

In Chapter 2, the basic approach was presented and applied to fully actuated

robots moving in polygonal and semi-algebraic environments. In polygonal en-

vironments (or, more generally, environments with piecewise-linear boundaries),

construction of smooth feedback plans were constructed for PL environments of

any dimension. This simple polygonal case was important in later chapters, be-
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cause it provided a platform from which further results could be easily derived. A

second type of cell decomposition, cylindrical algebraic decomposition, was then

discussed, and it was shown how to compute smooth feedback plans over such

decompositions. While not feasible for practical problems, this result solves the

feedback version of the generalized piano mover’s problem, which is a foundational

problem in robotics. The algorithm takes a cylindrical algebraic decomposition

(CAD) and generates a smooth feedback plan over that decomposition, requiring

only linear time with respect to complexity of the decomposition itself. This im-

plies that obtaining full feedback solutions to the generalized piano mover’s prob-

lem is no more difficult than solving the basic motion planning problem—you get

“feedback for free.” Finally, decompositions were presented for state spaces aris-

ing from disc or polygon robots moving in planar polygonal environments, and

algorithms for computing smooth feedback plans over these environments were

presented.

In Chapter 3, smooth feedback planning algorithms were developed for simple

nonholonomic robots moving in polygonal environments. Many practical robots

can be modeled as simple nonholonomic systems such as the unicycle. Smooth

feedback planning algorithms were presented for unicycle robots and car-like

robots, which move on bounded curvature paths. The algorithms were shown

to be complete, as well as practical and efficient. For unicycles, it is possible to

compute smooth feedback plans with little additional effort beyond computing a

plan for a fully actuated robot. The bounded curvature constraint for car-like

robots implies that path reversals are necessary to traverse arbitrary environ-

ments; i.e., the robot must sometimes stop and reverse direction in order to go

around sharp corners. By adding an additional state space variable (forward ve-

locity vf , in addition to the three configuration space variables of x, y, and θ),
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it was possible to compute feedback plans in which the robot smoothly reverses

direction as many times as necessary to continue toward the goal point.

In Chapter 4, we presented extensions of the basic method to several inter-

esting problems. First, a trajectory-tracking controller was presented, whereby a

robot converges to a specified smooth trajectory while avoiding obstacles. This

is useful for many practical robotics applications, such as security/patrolling or

for receiving guidance from a human partner. Second, the basic smooth feed-

back planning algorithm was applied to the problem of centralized multiple robot

coordination. In this way, one can easily enable multiple robots to share an envi-

ronment, each carrying out its assigned tasks without colliding with another. The

primary limitation to this approach is that the dimension of the combined state

space increases linearly with the number of robots, so the approach is feasible

only for small teams.

5.2 Future Directions

There are a number of interesting theoretical and practical challenges that remain

in this line of work. Given the promise of mobile robotics and the general efficiency

of decomposition/vector field based approaches, there could be significant value

in pursuing this research further.

One significant step toward general smooth feedback planning for mobile robots

is the problem of nonholonomic robots with polygonal bodies. This dissertation

demonstrated smooth feedback planning for disc robots, but results for polygonal

robots have not been shown. While many robots are designed such that modeling

them as discs is a reasonable approximation, many real world vehicles simply do

not fit the bill. In many real-life problems, as well as problems in computer graph-

ics and animation (for movies or video games, for example), autonomous vehicles
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cannot be modeled as discs. What happens when a fire truck needs to cross a

narrow bridge? Or school buses need to drive in parallel? Disc models simply

do not suffice for these situations, yet handling these problems is imperative for

comprehensively addressing the areas of mobile robotics and autonomous vehicle

navigation.

A number of interesting theoretical problems remain open. For example, the

results for planar unicycles can be extended to arbitrary dimensions. Applications

for second order systems can be explored, perhaps in the context of spacecraft with

limited thrust capabilities. It may not be possible to obtain solutions that are

comprehensive and complete, but resolution complete approximations could be

used to make it possible for spacecraft to perform delicate docking maneuvers

under the guidance of a provably safe and convergent control law. Further in-

tegration with sampling-based motion planning algorithms can be pursued, with

the methods of this dissertation being used to create local control policies without

the cost of performing a decomposition of the entire configuration or state space.

These methods are practical and useful for real robotics applications, in ad-

dition to being theoretically sound. The algorithms presented here can be used

in conjunction with complex decision logic to solve a variety of behavior tasks.

The methods sketched in this dissertation, for path following and multiple robot

coordination, have many applications. The greatest amount of work, practically

speaking, could easily lie in developing and implementing practical convex decom-

position algorithms for high dimensional spaces. Vertical decomposition can easily

handle this challenge, but we know of no actual implementation that can robustly

handle piecewise linear spaces in arbitary dimensions. For more on this problem

in the context of computational geometry, see Halperin [174]. In contrast, there

are a number of outstanding convex decomposition algorithm implementations for

planar environments, such as Triangle [211]. The ability to perform convex de-
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compositions in higher dimensions might make centralized approaches to multiple

robot coordination problems feasible for small teams of robots (perhaps with 3-5

members).

Robotics and automation will be pivotal in advances in science and technology

over the coming decades. The changes that will most impact people’s lives involve

robots in the real world—moving and interacting with human beings in human-

centered environments. Moreover, robots will need to operate robustly, without

the need for human help every time an unexpected situation arises. Feedback

control can address some of these challenges, but the need for obstacle avoidance

must be included from the outset. This dissertation has presented first steps at

what may prove to be a profitable approach for robust real-world robot navigation.
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