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Improving Motion PlanningAlgorithms by Ef�cient
Nearest-NeighborSearching

Anna Yershova, Steven M. LaValle

Abstract— The cost of nearest-neighborcalls is one of the bot-
tlenecks in the performance of sampling-basedmotion planning
algorithms. Therefore, it is crucial to develop ef�cient techniques
for nearest-neighborsearching in con�guration spacesarising in
motion planning. In this paper we present and implement an
algorithm for performing nearest-neighbor queries in Cartesian
productsof R, S1 and RP 3 , the most commontopological spaces
in the context of motion planning. Our approach extends the
algorithm basedon kd-tr ees,called ANN, developedby Arya and
Mount for Euclidean spaces.We argue the correctnessof the
algorithm and illustrate substantial performance impr ovement
over brute-force approach and several existing nearest-neighbor
packagesdevelopedfor general metric spaces.Our experimental
results demonstrate a clear advantage of using the proposed
method for both probabilistic roadmaps (PRMs) and Rapidly-
exploring Random Trees(RRTs).

Index Terms— Sampling-based motion planning, nearest-
neighbor searching, kd-tr ees,con�guration space,RRTs, PRMs.

I . INTRODUCTION

NEAREST-neighborsearchingis a fundamentalproblem
in many applications,suchaspatternrecognition,statis-

tics, andmachinelearning.It is alsoan importantcomponent
in several path planning algorithms. Probabilistic roadmap
(PRM) approaches[2], [17], build a graph of collision-free
pathsthat attemptsto capturethe connectivity of the con�g-
uration space.The verticesrepresentcon�gurations that are
generatedusing random sampling, and attemptsare made
to connecteach vertex to nearby vertices.Some roadmaps
contain thousandsof vertices,which can lead to substantial
computationtime for determiningnearby vertices in some
applications.Approachesbasedon Rapidly-exploring Random
Trees (RRTs) [20], [22], [24] rely even more heavily on
nearestneighbors.An RRT is a tree of pathsthat is grown
incrementally. In each iteration, a random con�guration is
chosen,and the RRT vertex that is closest(with respectto
a prede�nedmetric) is selectedfor expansion.An attemptis
madeto connecttheRRT vertex to therandomly-chosenstate.

An approachthat ef�ciently �nds nearestneighborscan
dramaticallyimprove the performanceof thesepathplanners.
Several packagesexist, suchasANN ([26], U. of Maryland),
Ranger(SUNY Stony Brook),which aredesignedfor ef�cient
nearest-neighborgenerationin Rd. Thesetechniques,however,
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Fig. 1. Some2D manifoldsobtainedby identi®cationsof theboundarypoints
of subsetsof R2 . Arrows on a pair of oppositeedgesindicateidenti®cationof
the oppositepointson the edges.If arrows aredrawn in oppositedirections,
then thereis a twist in the identi®cation.

are developeduniquely for Euclideanspacesand cannotbe
applied directly to path planning algorithmsbecauseof the
topologiesof con�gurationspaces.Thetopologiesthatusually
arisein thecontext of motionplanningareCartesianproducts
of R, S1, and RP 3, real projective space,for which metric
information must be appropriately processedby any data
structurethatperformscorrectnearest-neighborcomputations.
Several other nearest-neighborpackagesexist, suchas sb(S)
[9], andcover trees[7], that answernearest-neighborqueries
in general metric spaces.These packagesuse the metric
function provided by the useras a “black box” for building
a datastructurebasedonly on metric evaluationsbetweenthe
data points. Since any valid metric can be provided as the
input, thesemethodsare very generaland usually introduce
high computationaloverheadfor Euclideanspacesandsimple
topologicalspacesthat arisein motion planning.

Kd-trees [13], [28], [4] are well known for their good
performanceon Euclideandatasets.They usuallyoutperform
otherapproachesin practice,exceptin rarepathologicalcases.
In this paper, we show how thekd-tree-basednearest-neighbor
algorithm and part of the ANN packageof Arya and Mount
[26] can be extendedto handletopologiesarising in motion
planning.The resultingmethodretainsthe performanceben-
e�ts of kd-treesby introducing a very little computational
overheadfor handlingthe appropriateconstraintsinducedby
the metric and topology of the con�guration space.First, we
formulate the problem and describethe appropriatemetric
spacesin SectionII. A literature overview of existing tech-
niquesfor nearest-neighborsearchingis coveredin SectionIII.
We thenpresentour algorithmandprove thecorrectnessof the
approachin SectionIV. We demonstratethe ef�ciency of the
algorithmempirically in SectionV. Our experimentsshow the
performanceimprovementof the proposedalgorithmover us-
ing linear-time naive nearest-neighborcomputations,thesb(S)
library, andthecover-treelibrary. Thespeedupis a few orders
of magnitudein somecases.We alsopresentexperimentsthat
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show substantialperformanceimprovementin the PRM and
RRT methodsappliedto dif�cult pathplanningexamples.We
have implementedtheproposedmethodasa softwarepackage
publicly availableat [29].

I I . PROBLEM FORMULATION

Thecon�gurationspace,C, which arisesin motionplanning
problemsis usuallya non-Euclideanmanifold or a collection
of manifolds.A 2D rigid body freely translatingandrotating
in theplanehasthecon�gurationspaceC = R2 � S1, in which
circle S1 representsthe 2D rotations.3D rigid body rotations
leadto three-dimensionalreal projective spacecon�gurations,
RP3. Toroidal manifolds arise as the con�guration spaces
of revolute joints of a manipulator. In the caseof multiple
bodiesthe resultingcon�guration spaceis a Cartesianproduct
of the copiesof R, S1, and P3. When several of the joints
of a manipulatorform closedloops, the con�guration space
is usually a collection of submanifoldsof one of the above
con�guration spaces(see[23] for moredetails).

Many of thesed-dimensionalcon�guration spacescan be
representedby de�ning a subsetof Rd, andidentifying appro-
priatepairsof boundarypointsto obtainthe desiredtopology.
For example,several two-dimensionalmanifolds can be ob-
tainedby identifying points on the unit squareor unit circle
in the plane,asshown in Figure1. Whenmotion planningis
performedon suchcon�gurationspaces,anappropriatemetric
needsto be de�ned, and the searchfor nearestneighbors
must be performedwith respectto the metric and topology
of the space.In this sectionwe describethe metricsthat are
used for the most common con�guration spacesin motion
planning,andwe formulatethe nearest-neighborproblemfor
thesespaces.

A. CommonMetric Spaces

Throughout this paper we consider the following metric
spaces.

1) Euclideanone-space:it arisesfrom rigid translations,
and is representedby (0; 1) � R. The metric for two points
p;q 2 R1 is de�ned as

distR(q; p) = jq � pj:

2) Circle, S1: it canbe representedby S1 = [0; 1]=0 � 1,
a unit interval with identi�ed endpoints.This con�guration
spacearisesfrom 2D rigid rotations.Themetricfor two points
p;q 2 S1 is de�ned as

distS1 (q; p) = min(jq � pj; 1 � jq � pj):

3) Real projective space, RP 3: it can be representedby
three-dimensionalsphere embeddedin R4 with antipodal
points identi�ed. That is, RP 3 = S3=x � � x; in which
S3 = f x 2 R4 j jj xjj = 1g.

Each element x = (x1; x2; x3; x4) 2 RP3 is a unit
quaternion,x1 + x2i + x3j + x4k, representinga 3D rotation.
The metric for two pointsx; y 2 RP 3 is de�ned asthe length
of thearcbetweenthesetwo pointson thesurfaceof thesphere

distRP 3 (x; y) = min(cos� 1(x � y); cos� 1(x � (� y))) ;

in which (x � y) denotesthe dot productfor vectorsin R4.
Note: Sometimes Euler angles are used for repre-

senting 3D rigid rotations instead of quaternions. In
this case, each rotation is represented as a vector
(x1; x2; x3); x i 2 [� � ; � ]= � � � � : Sincethe topology
of the spaceis S1 � S1 � S1, the techniquesdescribedin the
following sectionscanbeusedfor Euleranglesrepresentation
aswell asquaternions.

4) Cartesian products of the spacesabove: Given two
metric spaces,(T1; distT1 ) and (T2; distT2 ), the weighted
metric for two points,q; p, in the CartesianproductT1 � T2

is de�ned as

distT1 � T2 (q; p) =
q

� T1 dist2
T1

(q; p) + � T2 dist2
T2

(q; p);

in which the weights,� T1 and� T2 , arearbitrarynonzeroreal
constants.

B. ProblemFormulation

Considerone of the metric spacesdescribedin SectionII-
A, T = T1 � � � � � Tm , in which eachTi is oneof R, S1 or
RP3. Considerthe weightedmetric de�ned on this manifold,
distT : T � T ! R. Supposethat a setof n datapoints,S, is
a subsetof T. The problemis: given any querypoint q 2 T,
ef�ciently report the point p 2 S that is closestto q.

Note that the brute-forcecomputationsof all the distances
is one way of �nding a correct nearestneighbor. However,
our goal is to achieve signi�cantly fasterrunning times. We
allow somepreprocessingtime for organizing the datapoints
in a datastructure.In return,we expectthat the answerto the
nearest-neighborquery is found signi�cantly faster than the
brute-forcecomputations.

I I I . NEAREST-NEIGHBOR SEARCHING OVERVIEW

There has been a signi�cant interest in nearest-neighbor
and related problemsover the last couple of decades.For
Euclideandatasetskd-tree-basedmethodsproved to be one
of the mosteffective in practice.The kd-treedatastructureis
basedon recursively subdividing the rectangleenclosingthe
data points into subrectanglesusing alternatingaxis-aligned
hyperplanes.Given the appropriatedistancemeasurebetween
points and rectanglesin the space,kd-treesallow eliminate
some of the points in the data set from the searchduring
the query phase.Given a query point, q, it may be possible
to discardsomeof the points in the data set basedonly on
the distancebetweentheir enclosingrectangleand the query
point. That is, basedon onemetriccomputation,thewholeset
of points inside the rectangleis eliminatedfrom the search.
The classicalkd-tree usesO(dn lg n) precomputationtime,
and answersorthogonal range queries in time O(n1� 1=d).
One of the �rst appearancesof the kd-tree is in [13], and
a moremodernintroductionappearsin [11]. Improvementsto
thedatastructureandits constructionalgorithmin thecontext
of nearest-neighborsearchingare describedin [28]. In [4] it
is shown that using kd-treesfor �nding approximatenearest
neighborsallows signi�cant improvementin runningtimewith
a very small lossin performancefor higherdimensions.Other
data structuresfor nearest-neighborsearchingin Euclidean
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spacesare usedfor high-dimensionalproblems[15], and for
dynamicdata[1].

Different techniqueshave been developed for nearest-
neighborsearchingin generalmetric spaces[10], [14]. Many
ef�cient algorithms[8], [19], [7] wereimplementedandtested
on variousdatasets[9], [7]. Most of thesetechniquesconsider
themetricasa “black box” functionprovidedto thealgorithm.
Usually thesemethodsgroup the points in sucha way that it
is possibleto eliminatesomegroupsof pointsfrom thesearch
in thequeryphasebasedon someinexpensive test.In theway,
this approachis similar to kd-tree-basedapproach,in which
the pointsareeliminatedfrom the searchif they areenclosed
by a rectanglefarenoughfrom thequerypoint.However, since
thesetechniquesaremoregeneralandallow any metric space
to be searched,they areusuallynot asef�cient on Euclidean
spacesastechniquesdesignedprimarily for Euclideanspaces,
suchaskd-trees[9].

The goal of this paperis to show how to adaptkd-treesto
handlespacesdescribedin SectionII, introducingonly a little
computationaloverheadfor handling topological constraints
and, therefore,keeping the simplicity and ef�ciency of kd-
trees.Next Sectionintroducesour method.

IV. APPROACH BASED ON KD-TREES

First, we elaborateon possibleways of using kd-treesfor
given spaces,and thenwe presentour approach.

A. A NaiveWay to UseKd-Trees

To apply kd-tree-stylereasoningto the metric spacesof
interest,a naive approachwould beto embeda givenmanifold
into a higher-dimensionalEuclideanspace,and then treat the
set of points lying on this manifold as a Euclideandataset.
For example,the setof all rotationscanbe representedusing
3 � 3 matrices,which placesthem in EuclideanspaceR9.
The drawback of this approachis that the dimensionality
of the spaceis signi�cantly increased,which often implies
worse performanceof nearestneighbormethods.Moreover,
the Euclidean metric in the resulting Euclidean space is
differentfrom thenaturalmetricde�ned over quaternions.For
many applicationsthis is not tolerable,andkd-treescannotbe
immediatelyapplied.Next we show how a differentapproach
can be taken so that the kd-tree data structure is adapted
naturallyandef�ciently to the metric spacesof interest.

B. Representingthe Spacesof Interest

Considerthe metric spacesof interestbeforethe identi�ca-
tionsaredone.Thatis, thecircle is consideredasaunit interval
in R1 andthe quaternionreal projective spaceasa 3D sphere
embeddedin R4. The kd-treecan be �rst constructedinside
R1 and R4. Next, to obtain a correctanswerto the nearest-
neighborquery, identi�cations andthecorrectmetricareused
in the query phase.That is, when computingdistancesfrom
the query point to a point or an enclosingrectangleof a set
of points, the correct metric respectingthe topology of the
spaceis used.In this manner, a rectangulardecompositionis
doneon thesenon-Euclideanspaces,and, at the sametime,
the correctmetric is usedthroughoutthe search.

In therestof this subsectionwe de�ne thenotionof enclos-
ing rectangle,anddistancebetweena point anda rectanglein
eachof the de�ned metric spaces.

1) Euclideanone-space:The enclosingrectanglesarereg-
ular intervals in R1, and the distancebetweena point, p, and
a rectangle,[a;b], is the usualHausdorff metric:

distR(p; [a; b]) = inf
r 2 [a;b]

distR(p; r ):

2) Circle S1: The enclosingrectanglefor a set of points
on thecircle is any subinterval of [0; 1]. Thedistancebetween
a point, p, anda rectangle,[a;b], is the Hausdorff distanceon
S1:

distS1 (p; [a; b]) = inf
r 2 [a;b]

distS1 (p; r ):

3) RealprojectivespaceRP 3: Rectanglesthat enclosethe
data lying on the unit sphereS3 � R4 are usualrectangular
regions[a1; b1] � � � � � [a4; b4] in R4. The distancebetweena
point, p, anda rectangle,R, couldbede�ned astheHausdorff
distancebetweenp andthe intersectionof R with the surface
of the sphere.However, the distancethat we usein this paper
is more ef�cient to computeand guaranteesthe correctness
of the nearest-neighborsearch,as we prove in SectionIV-G.
Essentially, the following is the Hausdorff distancebetweenp
andR in R4, respectingthe identi�cations of RP 3:

distRP 3 (p;R) = min(dist R4 (p;R); distR4 (� p;R)) :

4) Cartesian product of the spacesabove: Considerthe
topologicalspaceT, suchthat T is a CartesianproductT =
T1� � � �� Tm of copiesof R, S1 andRP 3. Enclosingrectangles
for this spacearethoseformedby enclosingrectanglesin the
projectionsof T on eachof R, S1 and RP 3. The distance
betweena point anda rectangleis de�ned as

distT (p;R) =
s X

i

� T i dist2
T i

(p;R):

C. KD-Treesfor the Spacesof Interest

The kd-tree-basedapproachfor the nearest-neighborprob-
lem formulated in Section II consistsof �rst precomputing
the datastructurefor storing points, and then searchingthis
datastructurewhen a query is given. In this subsection,we
describethekd-treedatastructurefor themanifoldsof interest
in more detail, and in the following subsectionswe provide
the algorithmsfor the constructionandqueryphases.

Consider the set of data points, S, lying inside a d-
dimensionalenclosingrectangleasdescribedabove. We build
the kd-treedatastructureinside this rectangle,and de�ne it
recursively asfollows. The setof datapoints is split into two
parts by splitting the rectanglethat containsthem into two
child rectanglesby a hyperplane,accordingto somespeci�ed
splitting rule; one subsetcontains the points in one child
box, and anothersubsetcontainsthe rest of the points. The
information about the splitting hyperplaneand the boundary
valuesof theinitial boxarestoredin therootnode,andthetwo
subsetsare storedrecursively in the two subtrees.When the
numberof the datapointscontainedin somebox falls below
a given threshold,a node associatedwith this box is called



IEEE TRANSACTIONS ON ROBOTICS / SHORT PAPER 4

1

2

3

5
4

6

9

8

7

(a) (b)

5

3

1

6

8

4 9

2 7

Fig. 2. A kd-tree:a) how a torusis subdivided,b) the correspondingbinary
tree.

a leaf node,and a list of coordinatesfor thesedatapoints is
storedin this node.

We usesplitting rules suggestedin [26], which divide the
currentcell throughits midpointorthogonalto its longestside.
If thereareties, it selectsthedimensionwith the largestpoint
spread.However, in the casein which points are all on one
sideof thesplittingplane,thealgorithmslidestheplanetoward
the �rst encountereddatapoint. Accordingto [26] theserules
performvery well with typical datasetsin Rd.

Figure 2 illustrateshow the splitting is done,and how the
correspondingbinary treelooks for thedatapointson a torus.

D. ConstructionPhase

Our kd-tree is constructedusing a recursive procedure,
which returns the root of the kd-tree (see Figure 3). This
construction algorithm is essentially identical to the case
of constructinga kd-tree in a Euclidean space [26]. The
identi�cations andpropermetricsarenot usedin construction
phase,and the points are treatedas lying inside someRd as
describedin the beginning of this Section.

E. QueryPhase

Thequeryphasemustbehandleddifferently in comparison
to a standardkd-tree, by incorporating the correct metrics
de�ned in SectionsII and IV when traversing the tree. In
everything else, the searchproceedsin the samemanneras
the searchin classicalkd-trees.At �rst, the query algorithm
descendsto a leaf node that containsthe query point, �nds
all distancesfrom the data points in this leaf to the query
point, and picks up the closestone. It then recursively visits
only thosesurroundingrectanglesthat arecloserto the query
point than the closest point found so far (with respectto
the correctmetric). Thosethat are further arediscardedfrom
consideration.Figure4 describesthe queryalgorithm.

We borrowed someef�cient techniquesfrom [3] to further
speedup the computations.Using squareddistancesprevents
calculatingcostly squareroots. We also modi�ed methodof
incrementaldistancecalculation for speedingup the calcula-
tions of a distancebetweenthe query point and a rectangle.
This methodcanbedescribedasfollows.Let T bea Cartesian
product of several manifolds, T = T1 � � � � � Tm , and let

BUILD KD TREE(P, d, T, m, b, s)
Input: A set of points,P, the dimensionof the space,d, the
topology of the space,T, the numberof points to store in a
leaf, m, the boundingbox, b, for P, and the splitting rule, s.
Output: The root of a kd-treestoringP

1 if P containslessthanm points
2 then return a Leaf storing thesepoints
3 elsesplit b into two subboxes,b1, b2, according

to s by planel, orthogonalto dimensionk.
4 Find P1 andP2, the setsof the datapoints

falling into boxesb1 andb2.
5 v1 = BUILD KD TREE(P1; d;T; m; b1; s)
6 v2 = BUILD KD TREE(P2; d;T; m; b2; s)
7 Createa Nodev storing the splitting plane,l ,

the splitting dimension,k, the topologyof the
spaceTK of this dimension,the projection
of the box, b, on TK , andv1 andv2, the
childrenof v.

8 return v

Fig. 3. The algorithmfor constructingkd-treein topologicalspaceT .

coordinateaxisk correspondto somespaceTK . Supposethat
a querypoint,q, andanenclosingrectanglefor thedataset,S,
in T aregiven.Divide R with a planeorthogonalto coordinate
axis k into two child rectanglesR1 and R2. If it is known
that dist 2(q; R) = dbox , then the squareddistancefrom one
of the rectangles(without loss of generalityit can be R1) to
q is also dbox . To calculatedist 2(q; R2), note that R2 has
the sameprojectionsas R on every Ti except for TK , by
de�nition of weightedmetricin T (SectionIV-B.4).Therefore,
if dist 2

TK
(q; R1) = dist 2

TK
(q; R), then

dist 2
T (q; R2) = dbox � dist 2

TK
(q; R1) + dist 2

TK
(q; R2):

Therefore,calculatingdistancefrom a point to a rectangle
nodein d-dimensionalspace,T, takesO(d) time only for the
root node,and for any othernodethe time is proportionalto
the time for calculatingdistancefrom a point to a rectangle
in TK , the subspaceof T.

F. Making KD-TreesDynamic

In some algorithms, such as the RRT, the number of
pointsgrows incrementallywhile nearest-neighborqueriesare
performedat each iteration. In this case,it is inef�cient to
rebuild the kd-treeat every iteration. One approachto make
the nearest-neighboralgorithm dynamic is to use the point
insertion operationwith tree rebalancing[27]. It is costly,
however, to ensurethat the treesarebalanced.

Anotherapproach,which we usedin our implementation,is
astandardmethodto performstatic-to-dynamictransformation
of a datastructure,called the logarithmic method[6]. For n
points,thereis a treethatcontains2i pointsfor each“1” in the
i th placeof thebinary representationof n. As bits arecleared
in therepresentationdueto increasingn, the treesaredeleted,
and the points are includedin a tree that correspondsto the
higher-order bit which changedto “1”. This generalscheme
incurs logarithmic-timeoverhead,regardlessof dimension.It
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KDTree::SEARCH(q)
Output: the closestto q point p storedin kd-tree.

1 Calculatesquareddistancedbox from the box
associatedwith the r oot nodeto q.

2 p = N ULL
3 r oot ! SEARCH(dbox , 1 , p)
4 return p

Node::SEARCH(dbox , dbest , p)
Input: squareddistance,dbox , from q to the box containing
current Node, and squareddistance,dbest , from q to the
closestpoint, p, seenso far; dbest andp are to be updated.

1 if dbox < dbest

2 Split bK (the projectionof the currentNodeonto
the spaceTK , storedin this Node) into two
subboxes,bK 1 andbK 2 , by the splitting line l ,
correspondingto v1 andv2 respectively.

3 d1 = dist 2
TK

(q; bK 1 )
4 d2 = dist 2

TK
(q; bK 2 )

5 if d1 < d2

6 then v1 ! SEARCH(dbox , dbest , p)
7 v2 ! SEARCH(dbox � d1 + d2, dbest , p)
8 elsev2 ! SEARCH(dbox , dbest , p)
9 v1 ! SEARCH(dbox � d2 + d1, dbest , p)

Leaf::SEARCH(dbox , dbest , p)
Input: squareddistance,dbox , from q to the box containing
the current Leaf, and squareddistance,dbest , from q to the
closestpoint, p, seenso far; dbest andp are to be updated.

1 Calculatesquareddistancesfrom q to all the points
in the currentLeaf, andupdatep anddbest .

Fig. 4. The algorithm portionsfor searchingkd-treeon the root level and
internaland leaf nodeslevels.

is alsostraightforward to implement,andleadsto satisfactory
experimentalperformance.

G. Analysis

Proposition 1 The algorithm presentedin Figure 4 correctly
returnsthe nearestneighbor.
Proof: We argue that the points in the kd-tree, that are not
visitedby our algorithmcannotbetheclosestneighborsto the
querypoint,sincethey arealwaysfurtherfrom thequerypoint
than somepoint which was alreadyvisited by the algorithm.
At �rst, the searchproceduredescendsto the leaf node to
which the query point belongs.Therefore,the closestpoint
to the query point from this leaf will be the �rst candidate
to be the nearestneighbor. After searchingthis leaf nodethe
algorithm skips only thosenodes(enclosingrectangles)that
are further from the query point than the candidateto the
nearestneighborseenso far. Any point insidea nodethatwas
skippedcannotbe the nearestneighbor, sincethe point inside
a rectangleis further from the querypoint than the rectangle
itself. This holds true for Hausdorff distancesde�ned on R1

and S1 by de�nition. It is also true for the distancewe used
on RP3, since

distRP 3 (q; R) � distR4 (q; p);

for all p 2 R, by de�nition of distRP 3 (q; R). Sincethe length
of the arc along the sphereis longer than the length of the
correspondingchord,we obtain

distRP 3 (q; R) � distR4 (q; p) � distRP 3 (q; p);

for all p 2 R:
Proposition 2 For n points in dimensiond, the construction
time is O(dn lg n), the spaceis O(dn), and the querytime is
logarithmic in n, but exponentialin d.
Proof: This follows directly from the well-known complexity
of the basic kd-tree [13]. Our approachperforms correct
handling of the topology without any additional asymptotic
complexity.

Themetricevaluationsaremorecostlydueto identi�cations
in themanifoldde�nition; however, this resultsonly in a larger
constantin theasymptoticanalysis.For example,eachS1 sub-
spacerequirestwo moreoperationsper distancecomputation
(seeSectionsII-A.2, IV-B.2), which essentiallydoesnot affect
theoverall runningtime. For eachRP 3 therearesometimes3
to 6 additionaloperationsper distancecomputation(seeSec-
tionsII-A.3, IV-B.3).Two of theseoperationsarecos� 1, which
areexpensive andsometimestake severalordersof magnitude
longer than basic addition or multiplication operations.This
resultsin higherconstantsin the asymptoticrunningtime for
spacescontainingRP 3.

By following several performanceenhancementsrecom-
mendedin [26], theeffectsof highdimensionalityon thequery
time are minimized, yielding good performancefor nearest-
neighborsearchingin up to several dozendimensionsin both
ANN andour algorithm.Performancecanbefurther improved
by returningapproximatenearestneighbors,if suitablefor a
particularmotion planningmethod.

V. EXPERIMENTS

We have implementedour nearest-neighboralgorithm in
C++ as part of the new library, MPNN, for nearest-neighbor
searchingon dynamic data sets in the context of motion
planning.This library is publicly available at [29]. The kd-
treeimplementationthat we usedin MPNN is borrowed from
the ANN library. We thenusedMPNN in implementationsof
RRT-basedand PRM-basedplannersin the Motion Strategy
Library [21]. The experimentsreportedherewere performed
on a 2.2 GHz PentiumIV runningLinux andcompiledunder
GNU C++.

We have comparedthe performanceof the MPNN library
to the brute-forcealgorithm as well as two generalmetric
spacenearest-neighborlibraries,cover trees[7] andsb(S)[9].
Figures5-7 indicatethe performanceof thesemethodsin the
time to complete100 queriesin various topological spaces.
The performanceimprovementof the kd-tree-basedapproach
is several orders of magnitude in some casesover other
methods.As the dimensionof the spaceincreases,though,
thebrute-forcealgorithmoutperformsall themethods,aswell
as kd-trees,becauseof the hiddenexponentialdependencies
on the dimensionin thesemethods.However, the data sets
in motion planningoften have small intrinsic dimensionality.
Obstaclesand other constraints,such as kinematic or dif-
ferential constraints,reduce the effective dimension of the
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Rd

d MPNN naive cover tree sb(S)
3 0.2 + 0.01 0.22 0.63 + 0.01 2.43 + 0.02
6 0.34 + 0.01 0.38 0.79 + 0.1 14.0 + 0.08
9 0.48 + 0.02 0.56 1.36 + 0.19 41.7 + 0.46
12 0.64 + 0.14 0.74 3.72 + 0.77 90.6 + 0.91
15 0.77 + 0.47 0.94 9.52 + 1.30 158.3+ 1.76
18 0.97 + 1.61 1.14 23.0 + 2.16 238.3+ 3.25
21 1.16 + 2.17 1.55 51.5 + 2.36 273.4+ 3.19
24 1.40 + 3.20 1.65 84.4 + 3.31 327.6+ 5.71
27 1.58 + 3.70 1.78 135.4+ 3.59 373.3+ 6.59
30 1.80 + 4.11 2.04 242.0+ 4.33 392.8+ 7.59

Fig. 5. Nearest-neighborcomputationsare shown for 50000 data points
generatedat random in Euclidean spacesRd . The time to perform 100
queriesis shown for the naive, brute-forcealgorithm.For othermethodsthe
constructiontime is addedto the time requiredto perform100 queries.

(S1)d

d MPNN naive cover tree sb(S)
3 0.21 + 0.01 0.26 0.69 + 0.02 2.97 + 0.01
6 0.32 + 0.01 0.44 1.06 + 0.04 13.0 + 0.07
9 0.48 + 0.01 0.69 2.34 + 0.15 39.8 + 0.46
12 0.63 + 0.05 0.85 7.31 + 0.87 88.5 + 1.06
15 0.77 + 0.38 1.04 17.8 + 2.11 156.9+ 1.77
18 0.98 + 0.89 1.21 45.4 + 2.89 239.7+ 2.9
21 1.20 + 1.83 1.37 104.8+ 3.73 321.7+ 3.26
24 1.40 + 2.68 1.58 186.9+ 6.21 411.0+ 8.83
27 1.62 + 3.30 1.72 289.7+ 5.62 478.5+ 9.07
30 1.80 + 4.03 1.89 545.6+ 8.43 499.2+ 9.25

Fig. 6. Nearest-neighborcomputationsare shown for 50000 data points
generatedat randomin spaces(S1 )d . The time to perform 100 queriesis
shown for thenaive,brute-forcealgorithm.For othermethodstheconstruction
time is addedto the time requiredto perform100 queries.

problem.Our experiments(seeFigure7) alsosuggestthatkd-
treesoutperformother methodsin up to 56 dimensionson
randomlygeneratedsetsin (R3 � RP3)k dueto the choiceof
the constantsin weightedmetric. Rotationsareusuallygiven
smallerweight thantranslationsin motionplanningproblems.
For example,� R3 = 1; � RP 3 = 0:15 are the standardvalues
usedin MSL. This works to the advantageof kd-tree-based
approaches,and,therefore,makesthempotentiallyapplicable
to many motion planning problems with high-dimensional
con�guration spaces.

Figures 8 and 9 show performanceof the methods in
bidirectionalRRT-basedplannersfor 3-dof and 48-dof prob-
lems, respectively. Performancefor a basic PRM applied to
a 6-dof example is shown in Figure 10. Theseexperiments
suggestthat the MPNN library can be effectively used in
up to 56-dimensionalspaceswith considerablerunning time
improvementsin the performanceof RRT-basedand PRM-
basedplanning algorithms.It is important to note, however,
that nearest-neighborsearchingdoes not representthe only
bottleneckin motion planning.Samplingstrategiesandcolli-
sion detectionissuesare also critical. For the experiments,
we focused on examples that lead to a large number of

(R3 � RP3)k

d k MPNN naive cover tree sb(S)
7 1 0.29 + 0.02 3.17 1.1 + 0.06 19.5 + 0.1
14 2 0.47 + 0.12 6.18 5.6 + 0.4 106 + 0.9
21 3 0.75 + 1.10 9.20 25.8 + 2.8 231 + 1.7
28 4 0.89 + 1.82 12.2 89.5 + 4.3 457 + 5.9
35 5 0.97 + 3.72 15.2 215 + 6.8 723 + 10.1
42 6 1.17 + 6.2 18.2 469 + 9.2 981 + 18.5
49 7 1.43 + 9.32 20.9 658 + 12.0 1205+ 21
56 8 1.63 + 11.2 24.0 1435+ 13.4 1374+ 27

Fig. 7. Nearest-neighborcomputationsare shown for 50000 data points
generatedat random in spaces(R3 � RP 3 )k . The time to perform 100
queriesis shown for the naive, brute-forcealgorithm.For othermethodsthe
constructiontime is addedto the time requiredto perform100 queries.

R2 � S1 MPNN naive cover tree sb(S)
nodes 29,754 30,805 31,712 30,277

time (sec) 99.47 7,496.41 353.37 175.94

Fig. 8. This exampleinvolvesmoving the C-shapedobjectto the endof the
maze.Therearemany narrow corridorsin the con®gurationspace,R2 � S1 .
The problemwassolved usinga RRTConCon[25].

nodesso that the nearest-neighborsearchingwould dominate.
In general,the developmentof the most ef�cient algorithms
shouldinvolve considerationof all of theseissues.

VI . CONCLUSIONS

We have presentedand implementeda practicalalgorithm
for performingef�cient nearest-neighborsearchfor the topo-
logical spacesthat commonly arise in motion planning.We
have illustratedtheimportanceof performingef�cient nearest-
neighborcomputationsin the context of path planning.Our
methodextendsprevious techniquesdesignedfor Euclidean
spacesby building kd-treesthat respecttopologicalidenti�ca-
tions and the resultingdistancemetric.

Our method has been implemented,and is observed to
be orders of magnitudefaster than naive nearest-neighbor
searching.It is substantiallyfastereven in high-dimensional
spaces,which areof greatimportancein motionplanning.We
evaluatedthe implementedalgorithmasa meansto accelerate
performancein both PRM and RRT algorithms.Substantial
improvement was observed in both cases;however, it is
important to note that the bene�ts are substantialonly if
the nearest-neighborcomputationsdominatethe total running
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(R3 � RP3)8 MPNN naive cover tree sb(S)
nodes 18,920 18,485 20,907 22,210

time (sec) 2,055.57 4,152.19 5,273.14 6,161.47

Fig. 9. This 56-dimensionalproblem involves exchanging positions of
8 L-shapedobjects containedin a rectangularbox. It was solved using
RRTConCon[25].

R3 � RP3 MPNN naive cover tree sb(S)
nodes 37,634 37,186 35,814 37,922

time (sec) 191.96 2,302.49 187.99 361.43

Fig. 10. This exampleis solved using the PRM approach[17]. The goal is
to move the 3D rigid objectout of the cage.

time. Collision detectionis a competingbottleneckin path
planning algorithms; therefore,strong performancebene�ts
can be expectedin casesin which the numberof PRM or
RRT nodesis large in comparisonto thenumberof primitives
in the geometricmodelsusedfor collision detection.

Several directionsarepossiblefor future work. The exten-
sionto differenttopologicalspacescanalsobeappliedto other
extensionsof the kd-tree that have been used for nearest-
neighborsearching,such as the relative neighborgraph [3]
and balancedbox-decompositiontree [5]. It hasbeenshown
recentlythat it is possibleto remove exponentialdependencies
in dimensionfrom the nearest-neighborproblem [16], [18].
Powerful new techniquesarebasedon approximatedistance-
preservingembeddingsof the points into lower-dimensional
spaces.It remainsto be seenwhetherthesetheoreticalideas
will lead to practicalalgorithms,and whetherthey will yield

superiorperformancefor the dimensionandnumberof points
that arecommonin pathplanningproblems.In pathplanning
problemsthat involve differential constraints(nonholonomic
and kinodynamic planning), it might be preferableto use
complicateddistancefunctions[12]. Suchfunctionsshouldbe
well-suitedfor a particularnonlinearsystem,and they might
not even be symmetric.In thesedif�cult cases,it remainsto
determinepractical,ef�cient nearest-neighboralgorithms.
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