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Abstract. We present algorithms for generating deterministic sample sequences
using incremental grid-based sampling. Our algorithms are designed to generate
dense sample sequencesover spacescommon in robotics, such as the unit cube,
SO(3), and SE (3). Our sampling techniques provide the advantageous properties
of uniformit y, lattice structure, and incremental qualit y. In addition, the inherent
structure of grid-based sequencesnot only enablesthem to be used in the place of
other sampling techniques in existing algorithms, but also permits the development
of new algorithms aimed at exploiting this structure.

1 In tro duction

Numerous algorithms in robotics rely heavily on the generation of samples
over a continuous state space.Motion planning algorithms, for example,use
sampling along with e±cient collision detection to ¯nd collision-free paths
in the con¯guration space.Hence, it is of great importance that the under-
lying sample sequencesbe as good as possible. Previous work has argued
that randomization is not the key to the successof modern motion planning
algorithms; rather, there are deterministic sampling schemeswhich can be
expected to perform as good or better than sampling uniformly at random
[9,10]. Furthermore, it was speculated that integrating sampling methods
more closely into motion planning algorithms could be advantageous com-
pared to viewing sampling asa \black box". One way to do this is by using a
samplesequencewith lattice structure, and developing algorithms which ex-
ploit that structure. In order to make this possible,it is of ¯rst importance to
develop samplesequenceswhich have lattice structure as well as high incre-
mental quality, which is of great importance in many situations. Incremental
quality is the property that if the sequenceis stopped after any number
of samples,the samplestaken up to that point uniformly cover the space.
Previous work addressedthis by the intro duction of incremental grid-based
sequenceswhich optimized discrepancy[11].Thesesequenceshave high incre-
mental quality; however, the methods described require exponential spaceto
store the optimal ordering. This renders thesemethods unsuitable for high-
dimensional problems. In this paper, we intro duce a new kind of grid-based
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sequencewhich optimizes a di®erent uniformit y measure.The orderings we
¯nd are simple and compact to represent, making them suitable for high-
dimensional problems. In addition to this, we show how to usethesesample
sequencesto sample other topological spacescommon in robotics, such as
SO(3) and SE(3). The methods we present use Platonic solids as a means
to apply sampling techniquesoriginally developed for the unit cube to these
spaces,and were originally formulated in [23].

We begin by brie°y overviewing important conceptsin the areaof unifor-
mit y measuresand uniform sampling techniques.

2 Uniformit y Measures

Uniform sampling criteria and techniqueshave beendeveloped by numerous
mathematicians over the past century . Excellent overviews of the subject
include [12,13]. Here we brie°y intro duce only the conceptsneededfor this
paper. Let X = [0; 1]d ½ Rd de¯ne a spaceover which to generatesamples.
De¯ne a range space, R, as a collection of subsetsof X . Let R 2 R denote
one such subset.Reasonablechoicesfor R include the set of all axis-aligned
rectangles,the set of all balls, or the set of all convex subsets.

Let ¹ (R) denote the Lebesguemeasure(or volume) of subset R. If the
samplesin P are uniform in someideal sense,then it seemsreasonablethat
the fraction of thesesamplesthat lie in any subsetR should be roughly ¹ (R)
(divided by ¹ (X ), which is simply one). We de¯ne the discrepancy [22] to
measurehow far from ideal the point set P is:

D (P; R) = sup
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in which j ¢j applied to a ¯nite set denotesits cardinalit y.
Whereasdiscrepancyis basedon measure,a metric-basedcriterion, called

dispersion, can be intro duced:

±(P; ½) = sup
q2 X

min
p2 P

½(q; p): (2)

Above ½denotesany metric, such as Euclidean distance or `1 . Intuitiv ely,
this corresponds to the radius of the largest empty ball (assuming all ball
centers lie in [0; 1]d).

Intuitiv ely, discrepancycan be thought of as enforcing two criteria: ¯rst,
that no region of the spaceis left uncovered; and second,that no region is
left too full. Dispersioneliminates the secondcriterion, leaving only the ¯rst.
It can be shown that low discrepancyimplies low dispersion [13]. It is easyto
conceive of a uniformit y criteria that emphasizesthe secondcriterion, rather
than the ¯rst. A criterion such as this would require that points be spread
as far away from each other as possible; we call this mutual distance, and
intro duce it in Section 4.
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3 Uniform Sampling Techniques

Motiv ated by integration and optimization problems, sampling issueshave
beenstudied extensively in the applied mathematics communit y. Samplesets
and sequenceswere developed to replacethe random sequencestraditionally
used for these applications; they received the name quasi-Monte Carlo to
denote this connection. Due to the fundamental importance of numerical
integration, and the intricate link betweendiscrepancyand integration error,
most of the quasi-Monte Carlo literature focuseson the discrepancymeasure
intro duced in Section 2.

Low-discrepancysampling methods can be divided into three categories:
Halton/Hammersley sampling, lattices, and (t; s)-sequencesand (t; m; s)-nets.
The ¯rst category represents one of the earliest methods, basedon the orig-
inal ideas of van der Corput [20]. The Halton sequence is a d-dimensional
generalization that usesvan der Corput sequencesof d di®erent bases,one
for each coordinate [3]. The Hammersley point set is an adaptation of the
Halton sequence[4]. For the i th sampleof a Hammersleypoint set with N el-
ements, the ¯rst coordinate is i=N and the last d¡ 1 coordinates are the same
as the i th sampleof a (d¡ 1)-dimensionalHalton sequence.The construction
of Halton/Hammersley samplesis simple and e±cient, which has led to their
widespreadapplication. However, the constant in their asymptotic analysis
increasessuperexponentially with dimension [13].

The secondcategory is lattices, which can be consideredas a general-
ization of grids that allows nonorthogonal axes [12,18,21].Rank-1 lattices
were intro duced by Korobov [7]; a rank-1 lattice of N points is the set
ff ih=N g : i = 0; : : : ; N ¡ 1g, in which h is a d-dimensional generating vec-
tor of integers(depending on N ) and f¢g represents the fractional part of the
real value (modulo-one arithmetic). While historically lattices have required
the speci¯cation of N in advance,making them examplesof low-discrepancy
point sets,there has beenincreasinginterest in extensible lattices, which are
in¯nite sequences[5].

The third category is (t; s)-sequencesand (t; m; s)-nets [13]. The key idea
for these techniques is to enforce zero discrepancy over a particular subset
of axis-aligned rectanglesknown as canonical rectangles,and all remaining
elements of the rangespacewill contribute only small amounts to the overall
discrepancy. The most famousand widely-used(t; s)-sequencesareSobol' and
Faure (see [13]). The Niederreiter-Xing (t,s)-sequencehas the best-known
asymptotic constant, (a=d)d, among all low-discrepancy sequences;in the
expression,a is a small constant [14].

4 Optimal Grid Sampling Techniques

In contrast to the sampling techniquesdiscussedabove,we intro ducemethods
basedon incremental sampling of grid points. In [11], grid samplesequences
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which optimized discrepancywereintro duced.In that work, it wasshown how
to construct discrepancy-optimal grid sampling sequences,and several inter-
esting properties of such sequenceswere proven. In this section, we examine
optimal grid sampling sequenceswith respect to a di®erent quality measure.
The new sequencewill retain the good properties of the discrepancy-optimal
sequencesand will add key new advantages.

Before proceedingto describe the sequenceitself, several de¯nitions will
be useful. Consider a classical grid in the d-dimensional unit cube, I d =
[0; 1]d ½ Rd; we de¯ne a multiresolution classical grid of resolution level l ,
Pn

l to be a grid with 2dl points (i.e., 2l points per axis). More formally,
Pn

l =
©¡

i 1=2l ; ¢¢¢; i n =2l
¢

: i 2 Z; 0 · i · 2l ¡ 1
ª

. One may also de¯ne the
grid region associated with point j at resolution level l : Gj ;l =

£
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¢
£

¢¢¢£
£
j n ; j n + 1=2l

¢
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Our previous work focusedon optimizing discrepancy;however, discrep-
ancy is only oneof several interesting and useful uniformit y criteria. In addi-
tion to this, discrepancy-optimal sequencescurrently su®erfrom the require-
ments of both exponential time to compute and exponential spaceto store.
By optimizing a di®erent uniformit y criterion, we will derive sequenceswhich
eliminate the exponential spacerequirement, leading to sequenceswhich have
very compact,e±cient representations. We call this criterion mutual distance;
the mutual distance of a set S is

½m (S) = min
x;y 2 S

½(x; y)

Our sequencewill be designedto maximize this property; intuitiv ely, it cor-
responds to forcing sequencepoints to be as far from each other as possible.

The rest of this section proceedsas follows. First, we will describe the
representation that our ordering takes and how it is used to generatesam-
ples. Second,we prove the existenceof optimal orderings admitting the rep-
resentation given. Third, we show how we compute optimal orderings and
approximations of the optimal orderings.

4.1 The digital construction metho d

In Section 3, we described (t; m; s)-nets and (t; s)-sequences.The most com-
mon method of generating such sample sets and sequencesis known as the
digital construction. The digital construction of a (t; m; s)-net (in base 2)
takes a set of generator matrices and computes sample locations based on
multiplying thesevectors by the bit representation of the sampleindex. Our
approach for computing grid orderings which optimize mutual distance uses
this sameidea.

Consider the integers[0; 1; : : : ; 2d ¡ 1]. Each integer can be written in the
following form:

x =
d¡ 1X

i =0

ai 2i ; ai 2 Z2:
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The following matrix de¯nes an ordering in four dimensions.
0

B
B
@

1 0 0 0
1 1 0 0
1 0 1 0
1 1 1 1

1

C
C
A

An integer x = a0 + a121 + a222 + a323 2 [0; 15] is written in vector form as
(a0 a1 a2 a3)0. Multiplying this vector on the left by the given matrix yields an-
other vector, whose elements are interpreted as the coordinates of a 4-dimensional
grid. Applying the transformation to the sequencef 0; 1; : : : ; 15g yields an order-
ing which optimizes mutual distance for the grid of resolution level 1. Points
in higher resolution levels are obtained by recursively applying this ordering.

Fig. 1. An example of the digital construction method in 4 dimensions.

Hence, there is a straightforward bijection between this set of integers and
the group Zd

2. Now considera d£ d matrix, with each element eij 2 Z2. If this
matrix is full rank, it de¯nes a linear transformation for the vector spaceZd

2
over Z2 (using standard matrix/v ector multiplication). Via this transforma-
tion, and the previously-mentioned bijection, the bit representations of the
integers[0; 1; : : : ; 2d ¡ 1] are mapped to d-dimensional vectors corresponding
to grid points. Each transformation represents a unique ordering of the set
of all grid points in the grid of resolution 1. SeeFigure 1 for an example.
It is clear that the spaceof all grid orderings is much larger than the or-
derings that can be generatedby matrices of this type. It is desirable that
our orderings take this form, due to its compact representation and the ease
of computation it a®ords.Fortunately, there exist orderings which both op-
timize mutual distance and which admit this representation; we proceedto
show that this is the case.

4.2 Optimal orderings using the digital metho d

A grid ordering which optimizesmutual distanceis de¯ned to bea sequenceof
points such that, given the ¯rst k elements of the sequence,the (k + 1)-th ele-
ment is chosento maximize the mutual distanceof the set f x1; x2; : : : ; xk+1 g.
If we usea generator matrix to specify an ordering, we do not needto com-
pute the matrix as a unit; rather, we may build it column by column. This
is the casebecauseonly the ¯rst i columns a®ectthe location of the ¯rst 2i

samples,sincein the bit representation of the ¯rst 2i integers, the ¯nal d ¡ i
elements are zero. Our approach, then, will be to construct the generator
matrix by selecting d generator vectors one at a time. The selection of the
(i + 1)-th generatorvector will be determined by the 2i samplesgeneratedby
the ¯rst i generatorvectors. In this section,we show that such a construction
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is possible,and what the column selectioncriteria should be. We begin with
a useful lemma:

Lemma 1. Let Gi = f g1; g2; : : : ; gi g be i linearly independent vectors in Zd
2,

and let Si = Span(Gi ) = f x : x =
P

j aj gj ; aj 2 Z2g. Take some vector
u 2 Zd

2 n Si , and construct the sets Gi +1 = Gi [ u and Si +1 . If the distance
from u to its nearest neighbor in Si is d, then the distance from everyelement
of Si +1 n Si to its nearest neighbor in Si is also d.

Proof. The set Si +1 n Si is simply the left coset of Si generatedby u. It is
obvious that the di®erencebetweenany element of the cosetand any element
of Si is an element of the coset; its magnitude is the sameas the distance
betweenu and someelement of Si . Hencethe distance from every element of
Si +1 n Si to its nearestneighbor in Si is d.

While simple at ¯rst glance, this lemma is important for understanding
grid orderings constructed using the digital method. After choosing i gener-
ator vectorsand generating the points corresponding to them, the remaining
2d¡ i grid points are divided into equivalenceclasses(each of size 2i ), corre-
sponding to di®erent choices of the next generator vector gi +1 . The above
lemma shows that all vectors in a given equivalence class have the same
distance to the set of points generatedby the ¯rst i generator vectors.

Prop osition 1. The ¯rst generator vector is (1 1 : : : 1)0.

Proof. The ¯rst point in the sequence(for any choice of initial generating
vector) is the zero vector. Hence, the ¯rst generator vector g1 should be
chosento be maximally distant from the zero vector. That vector is clearly
(1 1 : : : 1)0.

Prop osition 2. Let Gi = f g1; g2; : : : ; gi g be i linearly independent vectors
in Zd

2 with g1 = (1 1 : : : 1)0, and let Si = Span(Gi ) = f x : x =
P

j aj gj ; aj 2
Z2g. If the next generator vector gi +1 is chosen to be some vector u 2 Zd

2
which is maximally distant to Si , then mutual distance is maximized for all
samplesin the sequence with indices in the range(2i ; 2i +1 ].

Proof. In order that the mutual distance be maximized for sample index
2d + 1, the vector chosen must be maximally distant from the set Si , as
assumed.Sinceselectingthis vector as the next generating vector will result
in the generation of the next 2i elements of the sequence,we must show
that making such a selection will maximize mutual distance for the next 2i

elements. Assume that the distance from u to Si is r . Then, the mutual
distanceof the resulting set is ½m (Si [ u) = min(r; ½m (Si )). Taking gi +1 = u,
we know by Lemma 1 that each element in the set Si +1 n Si (that is, each of
the next 2i elements in the sequence)is alsoof distancer to Si . Also, it is the
casethat ½m (Si +1 n Si ) = ½m (Si ). So, the addition of the next 2i elements
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does not change the mutual distance of the set, which after the addition of
the vector u was already min(r; ½m (Si )). Thus at each point of the sequence
with index in the range (2i ; 2i +1 ], the mutual distance remains maximized.

Hence,by choosingthe (i+ 1)-th generatorvector to maximize the distance
from the set generatedby the previous i generator vectors, we maximize the
mutual distancefor the next 2i elements of the sequence.By constructing our
generatormatrix from d such vectors,then, we obtain an ordering for the ¯rst
2d points of the sequencewhich optimizes our criterion of mutual distance.
To obtain the entire in¯nite sequence,then, it remainsonly to specify how to
apply to generatormatrix to sampleswhoseindex is greater than or equal to
2d (note that the ¯rst samplehas index 0, so the ¯rst 2d elements have index
up to 2d ¡ 1). As in the caseof the discrepancy-optimal sequence[11], we
apply the ordering recursively to each of the 2d grid regionscorresponding to
the ¯rst 2d points. After the top-level grid region is selectedby applying the
generator matrix to the ¯rst d bits of the sample index, the position within
that region is found by applying the generator matrix to the next d bits of
the sample index. This processis repeated until the ¯nal sample location is
found.

Theorem 1. The sequence generated by the above procedure optimizes mu-
tual distance at every point in the sequence.

Proof. We show this by induction on the resolution level l . By Propositions
1 and 2, the sequenceoptimizes mutual distance for the ¯rst 2d samples,
which correspondsto l = 1. Now, assumethat the sequenceoptimizes mutual
distance for resolution level l , and examine the sequenceduring resolution
level l + 1. It is clear that within a particular grid region, the points are
addedin an order which maximizesthe mutual distance(this follows directly
from the fact that the generator matrix maximizesmutual distance, and the
matrix is applied recursively to each grid region). Now, it is also the case
that if somepoint is added to a particular grid region (chosenrecursively as
described above), a corresponding point is added to every other grid region
in the spacebeforeany another point is added to the initial grid region (this
is becausethe grid region is determined by the lowest dl bits of the sample
index, which cycle through all possibilities beforea higher bit changes).This
implies that if somepoint x of resolution level l + 1 occurs in the sequence
and decreasesthe mutual distance, the next 2dl points to be added will be
points corresponding to x, but in di®erent grid regions. This implies that
they will not reduce the mutual distance, becausethey will have the same
distancefrom their neighbors that x had from its neighbors. Note that points
from neighboring grid regions do not interact in such a way as to decrease
the mutual distance, becausethere will always be an analogouspoint in the
same grid region with identical distance, and we know that all intra-grid
region distances follow a mutual distance-maximizing ordering. Since each
point x which reducesthe mutual distance is addedaccording to the optimal
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ordering given by the generator matrix, and all other points do not reduce
the mutual distance, we seethat each point added in resolution level l + 1
is added in a way that maximizes the mutual distance. Hencethe inductiv e
hypothesis is seento be true and the theorem proved.

4.3 Useful Prop erties for Motion Planning

In [11], several properties of discrepancy-optimal grid sequenceswere shown.
The sameproperties hold for the sequencesoptimizing mutual distance; we
present the two main properties here.For each of theseproperties, dimension
is consideredto be constant. However, at various points we note dependence
on dimension; in all cases,dimension has only a limited e®ecton practical
performance.

A ¯rst consideration is the amount of time required to generate each
sample. If it is computationally expensive to generatethe sample sequence,
this may o®settime gained through the quality of the sequence.Hence,we
give bounds on the time required to generatea particular sample.

Property 1. The position of the i -th sample in the d-dimensional sampling
sequenceSd can be generatedin O(log i ) time.

Proof. The bit representation of the i -th samplecontains O(log i ) bits. Thus
the vector representing the samplewill have this length. There will beO(log i )
recursions (the number of recursions is the number of bits divided by the
dimension). Each recursionrequiresO(d2) operations, which is constant time
sinced is constant. Hencethe total time is O(log i ).

Property 2. Let the number of samplestakensofar beN . Then, the existence
of a neighbor (in the current resolution level) of any of thesesamplescan be
found in O(log N ) time.

Proof. Given the index of samplei , onecan ¯nd its position in O(log i ) time.
Then, depending on the total number of samples,N , taken, add the appro-
priate quantit y to the calculated position, re°ecting the desiredneighbor. To
calculate the index of this sample,one can easily use the inverseof the pro-
cedure used to generatethe position (the inverseof the generator matrix is
easily computed, since it is full rank). Then a hash table can be queried to
seeif a sample of that index exists, in constant time. The cost to compute
the inverseindex is at most O(log N ), so the total cost is O(log N ).

These properties indicate the potential of the sequenceswe have intro-
duced.Thesesamplescan be generatedvery quickly (especially given the fact
that all mathematical operations can be doneusing simple bit operations). In
fact, samplessuch as theseare likely to cost much lessthan \good" random
points, such as thosegeneratedby sophisticatednonlinear congruential tech-
niques. In addition to this, sampling from a set of grid points gives implicit
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structure to the sampleset. This structure can be exploited e±ciently , which
could be of value when using the sample sequencefor applications such as
motion planning.

5 Deterministic Sample Sequences for Spheres and
SO(3)

Thus far, we have consideredsampling in the unit cube I d = [0; 1]d ½ Rd.
Problems in robotics, however, typically result in much more complex topo-
logical spaces.Algorithms for tasks such as motion planning typically take
samplesfrom the unit cube and transform them to the appropriate space.
However, it may be possibleto designsamplesequencesexplicitly with par-
ticular topological spacesin mind. In this section, we consider the caseof
spheresand SO(3). We will then discusshow to sample SE(3) using these
methods. We begin with somebrief de¯nitions.

5.1 De¯nitions and Qualit y Measures for Poin ts on Spheres and
SO(3)

We considergenerating samplesover spheresand SO(3). Let Sd represent a
d-dimensional sphere,embeddedin Rd+1 as

Sd = f x 2 Rd+1 j kxk = 1g:

The set of all rotations in R3 is denoted as SO(3), which is de¯ned as
the set of all 3 £ 3 orthonormal matrices. It will be helpful to sometimes
represent SO(3) asthe set, H , of unit quaternions,each of which is expressed
as h = a + bi + cj + dk, with the identi¯cation h » ¡ h [8]. Note that it
appears that H = S3, except that antip odal points on S3 are identi¯ed in
the de¯nition of H . This leads to a closerelationship between sampling on
sphereand sampling on SO(3).

Discrepancyand dispersionmay be de¯ned for thesespaces,analogousto
the caseof Rd given in Section 2. The de¯nition of discrepancy is identical;
a rotation-in variant measure ¹ is used (the Haar measureover the set of
all rotation matrices in SO(3)), and typical range spacesare the set of all
spherical caps (intersections of the sphere with half spaces)or the set of
all spherical slices (intersections of two half-spheres) [2,15]. Likewise, the
de¯nition of dispersion is identical; the metric ½is required to be rotation-
invariant.

We now proceedto outline a general method for generating sampleson
spheresand SO(3). For more detail, see[23].
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Fig. 2. Distribution of points on the sphereS2 generated by a grid (Sukharev [19])
on each spherical face.

5.2 Generating Samples on Spheres and SO(3)

Our generalapproach to sampling is basedon Platonic solids. In R3, a Pla-
tonic solid or regular polyhedron, is a polyhedron for which every face is a
copy of a regular polygon, ¯xed over all faces,and the degreeof every vertex
is ¯xed. Let (v; e;f ) denotethe numbersof vertices,edges,and facesof a reg-
ular polyhedron. Although there are an in¯nite number of regular polygons,
there are only ¯v e regular polyhedra: tetrahedron (4,6,4), cube (8,12,6), oc-
tahedron (6,12,8), icosahedron(12,30,20),and dodecahedron(20,30,12).The
notion of regular polyhedron can be generalizedto higher dimensionsto ob-
tain a regular polytope. In R4, it turns out that there are six regular poly-
topes:simplex (5,10,10,5),cube (16,32,24,8),crosspolytope (8,24,32,16),24
cell (24,96,96,24),120 cell (600,1200,720,120),600 cell (120,720,1200,600).
The forth element in each sequencedenotesthe number of 3D cells (which
are regular polyhedra). Finally, in Rd for any d > 4, there are only three
regular polytopes:simplex, cube, and crosspolytope.

We ¯rst addressthe problem of generating a uniformly distributed set of
points over Sd. Consider inscribing any (d+ 1)-dimensional regular polytope
inside of Sd, so that all of its n vertices lie in Sd. The set of vertices are
beautifully arranged around Sd so that the points are evenly spaced.Fur-
thermore, the edgesof the polytope yield a regular lattice structure that is
natural for building roadmapsin planning problems.For the caseof sampling
SO(3), we simply use a set of vertices that lie in one hemisphere(making
sure that no antip odal pairs of points appear in the set). The edgescan be
obtained directly from the polytope by making the appropriate identi¯cation
of antip odal pairs.

Unfortunately, there are only a few combinations of n and d, for which
these ideal samplesmay be constructed for Sd and SO(3). This might be
suitable for someapplications, such as picking a set of candidate directions
from Sd for gradient descent of a potential function; however, in general,we
would like to a have a nice distribution of points for any value of n.

To the best of our knowledge, it is impossibleto perfectly spacen points
around Sd, for any n and for d > 1. Onesimple idea that increasesthe number
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of samplesis place one point in the center of each of the c d-cells of some
regular polytope, and lift it to Sd. If we take the union of thesepoints with
the set of v polytope vertices, a nice point set of sizec+ v may be obtained.
If more points are placed; however, the problem becomesmore complicated.
Therefore, we are willing to tolerate some distortion in the distribution of
points. It still seemsuseful, however, to borrow some of the properties of
the regular polytopesto generategood samples.The generalidea pursued in
this paper is to sampleuniformly on the surfaceof the regular polytope, and
then transform generateddistribution on the surfaceof the sphere.We next
describe this generalmethod and discussthe induced distortion.

Consider a (d + 1)-dimensional regular polytope inscribed in the sphere
Sd. Supposethere exists a good method of sampling the surfaceof this poly-
tope. The faces(d-dimensionalcells) of the polytope, if projected outward to
the surfaceof the sphere,form a tiling of the surfacewith the d-dimensional
spherical polytopes. Consider someparticular face, F , and its corresponding
spherical face, F 0. Each point inside F can be described by the barycentric
coordinate systemsinducedby verticesof F after its triangulation. Now imag-
ine that a distribution of points is generatedinside F . Each of the points in
this distribution can be obtained through several stepsof linear interpolation
betweenthe vertices of the barycentric coordinate systems.The distribution
on F 0 can be obtained then through similar steps of interpolating between
the verticesof F 0, except that the interpolation should be doneon the surface
of the sphere[16]. This idea is similar to the oneproposedin [1] for strati¯ed
sampling of spherical triangles. As an example, considera cube inscribed in
the sphere S2, and sample the surface of the cube by placing a Sukharev
grid [10,19] on each face of the cube. Using the proposedmethod we get a
distribution of sampleson S2 as shown on Figure 2.

The distribution of points on the sphereSd obtained by this method will
intro ducedistortion sincespherical arcs corresponding to the intervals inside
F with the samelength may have di®erent lengths in F 0. The amount of the
distortion, and therefore bounds on the dispersion and discrepancy, can be
obtained through the analysis of the maximal arc di®erences.

This idea can also be adapted to SO(3) (and in general to the projective
spaceof any dimension). Take a four-dimensional regular polytope inscribed
in S3 and useonly half of the facesto generatethe distribution on the surface.
Wepick the facessothat in the set of usedfaces,there must not exist a pair of
antip odal points, one from each of two di®erent faces.This way the obtained
sampleswill cover exactly half of the sphere,which forms SO(3) surface.

While this approach can incorporate any uniform sampling method, we
usethe grid sequencesdescribed above and in [11]. In what follows we intro-
duce the concept of a layered Sukharev grid sequence.
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5.3 Layered Sukharev Grid Sequences for Spherical Cub es

In the construction of our basic grid sequences,we consideredonly classical
multi-resolution grids. We canusethesegrid sequencesto construct Sukharev
grids; a Sukharevgrid of k points per axis is identical to a classicalgrid, with
the exception that the samplesare placed in the center of the kd grid regions
rather than in the bottommost corner. We will be using a layered version
of this sequence;a layered Sukharev grid of resolution l is the union of all
Sukharevgrids with 2i points per axis, for 0 · i · l . A layered Sukharev grid
sequence constructs the Sukharev grids one resolution at a time. Sinceeach
individual Sukharev grid is a shifted version of a classicalgrid, we can use
the sequencespreviously described to generatethe samples.In what follows
we generalizelayeredSukharevgrid sequenceto the sphereSd. We ¯rst show
how the points should be generatedin each of the spherical cubes,and then
how all thesepoints can be combined into one sequenceon the sphere.

Consider a face, F , of a (d + 1)-cube inscribed in a sphere Sd. F is a
d-dimensionalcube, which in each of its cornershasd edges.If we project all
of theseedgesonto the surfaceof the spherethey form arcs, which delineate
a spherical d-cube, F 0. The lengths, ®, of thesearcs are equal for all edgesof
F . If we considerthoseequatorial anglesthat correspond to the edgescoming
from a common vertex of F , we can de¯ne an angular coordinate systemfor
the sphericalfaceF 0. Indeed,the coordinates (x1; x2; :::xn ¡ 1) with all possible
valuesx i 2 [0; ®] specify all possiblepoints of F 0.

The construction of the sequence,T, essentially follows the construction
of the layered Sukharev grid sequencefor the unit cube, except that instead
of the Euclidean coordinate system we use the angular coordinate system
de¯ned above. We call this a Sukharev spherical grid. The dispersion of the
resulting sequencecan be calculated, as can the discrepancy, which is espe-
cially appropriate whenusinga discrepancy-optimalgrid ordering to generate
the Sukharev spherical grid. Theseresults can be found in [23]. It should be
fairly obvious that the time complexity of generating sampleson a Sukharev
spherical grid is the same as for generating ordinary grid samples.Conse-
quently , Properties 1 and 2 from Section 4.3 hold.

5.4 Layered Sukharev Grid Sequences for Sd

Now that we have de¯ned a sequencefor each of the spherical cubes sepa-
rately, we needto de¯ne an ordering by which thesewill be combined to form
a sample sequenceover the entire surface of the sphere. A straightforward
way to do this is to place one point from each of the faces' sequencesat a
time. The order in which the facesshould be consideredcan be explicitly
computed using the sameuniformit y criteria used in computing the under-
lying grid sequence.This ordering, combined with the grid orderings of each
individual spherical cube, yields the entire spheresampling sequence.
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6 Sample Sequences for Cross Pro ducts of Rn and Sd

We have de¯ned the multiresolution grid sequencesfor the unit cube (Section
4), and the sphereSd (Section 5). The spacesthat arise in robotics are often
the crossproducts of these.For example, the set of all rotations and transla-
tions of a 3d rigid body, denotedas SE(3), can be represented by R3 £ RP3.
The rotations and translations of m multiple rigid bodies is represented by
(R3 £ RP3)m .

When designinguniform sequencesfor such spacesthe parameterization
of the spacetogether with the choice of measureand metric on the space
should be de¯ned carefully. For SE(3) the Haar measureshould be taken.
However, since there is no natural metric on SE(3), the weighted sum of
the metrics on R3 and SO(3) is usually used. While the weighted metric
can be de¯ned on general cross products of the spaces(which is assumed
in the construction below), in somecasesparticular techniques for designing
sequencesmight be advantageous.

In what follows we construct the multiresolution grid sequencefor the
spacethat is a crossproduct of multiple copiesof Rn and Sd. We de¯ne it
inductiv ely, starting with any tuple of multiresolution grid sequences.

Let T1 and T2 be two multiresolution grid sequences.Let T1 be de¯ned
over the spaceX 1, and T2 be de¯ned over the spaceX 2. Either of X 1 or X 2

may be Rn or Sd. Let dim(T1) = d1 and dim(T2) = d2 be the dimensions
of these sequences.Let m1 (m2) be the number of points at the resolution
level 0 of sequenceT1 (T2) respectively. (For example,the unit cube multires-
olution sequencesequencehas 1 point at the resolution level 0, and sphere
sequencehas 2(d + 1) points.) When weighted Eucledian metric is de¯ned
on X 1 £ X 2 more points can be chosenat the resolution level 0 so that the
appropriate weights of X 1 and X 2 are respected. Then the number of points
at the resolution level l is m1 ¢2l d1 and m2 ¢2l d2 for sequenceT1 and T2

respectively.
With each point p = (p1; :::pd) at the resolution level l one may de¯ne

the grid region associated with this point as Gp;l =
£
p1; p1 + a=2l

¢
£ ::: ££

pd; pd + a=2l
¢
, in which a = 1 for the unit cube sequenceand a = ® (Section

5) for the spheresequence.
Next consider the space X = X 1 £ X 2. The multiresolution grid se-

quence that we de¯ne for this spacehas m1 ¢m2 ¢2l (d1 + d2 ) points at the
resolution level l . Each of these points can be expressedas p = (p1; p2) =
(p1;1; :::p1;d1 ; p2;1; :::p2;d2 ), where p1 2 T1 and p2 2 T2. Each of these points
hasan associated grid region:Gp;l =

£
p1;1; p1;1 + a=2l

¢
£ :::£

£
p1;d1 ; p1;d1 + a=2l

¢
££

p2;1; p2;1 + b=2l
¢

£ ::: £
£
p2;d2 ; p2;d2 + b=2l

¢
.

The sequencefor X is constructedoneresolution level at a time. The order
in which the points from each resolution level are placed in the sequencecan
bedescribedasfollows.The ordering, L X (), of the ¯rst m1¢m2¢2(d1 + d2 ) points
determine the order of the grid regionswhithin X and shouldbeprecomputed
in advance.Every successive m1 ¢m2 ¢2(d1 + d2 ) points in the sequenceshould
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Random Layered Sukharev
Sequence Grid Sequence

a) 1088 1067
b) 3460 3285
c) 3481 3202

Fig. 3. Problems involving: a) moving a robot (black) from the north pole to the
south pole. Multiple views of the geometry of the problem are shown (obstacles are
drawn in lighter shades); b) moving a robot from one corner of a 3d grid to the
opposite corner; c) moving an L-shaped object through the holes in the obstacles.
The comparisonsof the number of nodesgeneratedby di®erent sampling strategies
are shown in the table.

be placed in thesegrid regions in the sameorder. Where exactly each point
should be placedwithin each of the grid regionsshould be determined by the
recursion procedurede¯ned for [0; 1](d1 + d2 ) .

7 Exp erimen ts

We have implemented our algorithm in C++ and applied to implementations
of PRM-based planner [6] in the Motion Strategy Library . The experiments
reported here were performed on a 2 Ghz Pentium IV running Linux and
compiled under GNU C++.

Performanceresults are shown in Figure 3. The robot in the model a) is
allowed only to rotate; therefore, the con¯guration spaceis RP 3. The robots
in the models b),c) are allowed to translate and rotate; therefore the con¯g-
uration spaceis R3 £ RP3. We comparedthe number of nodesgeneratedby
the basic PRM planner using a pseudo-randomsequence(with quaternion
components [17]), and the layered Sukharev grid sequences.The results for
pseudo-randomsequenceswere averagedover 50 trials. When we tested the
deterministic sequences,we madesure that each particular problem doesnot
have any advantage due to coincidental alignment with the grid directions
of the sequence.Therefore, in each trial a ¯xed, random quaternion rotation
waspremultiplied to each sample,to displacethe entire sequence.The results
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obtained were averagedover 50 trials (a di®erent random rotation was used
in each).

Basedon our experiments we have observed that the performanceof the
deterministic sequencesis equivalent to the performance of the random se-
quencesfor the PRM-based planner, which makesit an alternativ e approach
to random sampling. It is important to note, however, that for some ap-
plications, such as veri¯cation problem, only deterministic guarantees are
acceptable,making random sequencesinappropriate.

8 Conclusions and Future Work

In conclusion,wehavepresented a family of newgrid-basedsamplesequences.
These sequenceshave the advantageouscriteria of uniformit y, lattice struc-
ture, and incremental quality. Our sample sequences,basedon maximizing
the measureof mutual distance,havevery compact representations and hence
are applicable to high-dimensionalproblems,unlike the grid-basedsequences
of [11]. In addition to this, we have intro duced methods for applying sam-
pling methods designedfor the unit cube to such topological spacesasSO(3)
and SE(3). The sequencespresented are widely applicable to algorithms in
robotics and motion planning. Like traditional Monte Carlo or quasi-Monte
Carlo sampling techniques, thesesequencesare uniform and have high incre-
mental quality; hence,they may be easilysubstituted into existing algorithms
in placeof other samplingmethods. In addition, thesesequenceshave implicit
lattice structure, which permits the development of new algorithms designed
to exploit that structure.

There are several directions for future work. First, we plan to actually
compute theseorderings for very high dimensions.Using approximation and
heuristic search techniqueswill enablegood (though not optimal) orderingsto
be found for up to several thousanddimensions.Second,the samplingmethod
presented for SE(3) hints at a more general approach to forming products
of multi-resolution sample sequences.We hope to study this more carefully
and formally characterize how to ¯nd such sequenceproducts. Finally, we
plan to develop algorithms which speci¯cally exploit the regularity implicit
in grid sample sequences.By integrating the sampling method more tightly
with planning rather than viewing it simply asa black box, it may be possible
to seesigni¯cant advantagesnot otherwise available.
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